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ADVERTISEMENT. 


The  work  ofM.  Leoendre,  of  which  the  following  is  a  trans- 
lation^  is  thought  to  unite  the  advantages  of  modern  discoveries 
and  improvements  with  the  strictness  of  the  ancient  method.  It 
has  now  been  in  use  for  a  considerable  number  of  years,  and  its 
character  is  sufficiently  established.  It  is  generally  considered  as 
the  most  complete  and  extensive  treatise  on  the  elements  of 
geometry  which  has  yet  appeared.  It  has  been  adopted  as  the 
basis  of  the  article  on  geometry  in  the  fourth  edition  of  the 
Encyclopaedia  Brittanica,  lately  published,  and  in  the  Edinburgh 
Encyckqisedia,  edited  by  Dr.  Brewster. 

In  the  original  the  several  parts  are  called  books,  and  the 
propositions  of  each  book  are  numbered  after  the  manner  of 
Euclid.  It  was  thought  more  convenient  for  purposes  of  refer- 
ence  to  number  definitions,  propositions,  corollaries^,  &c.,  in  one 
continued  series.  Moreover  the  work  is  considered  as  divided 
into  two  parts,  one  treating  of  plane  figures  and  the  other  of 
solids ;  and  the  subdivisions  of  each  part  arc  denominated  sec- 
tions. 

The  translator  has  omitted  a  number  of  propositions  on  spher- 
ical isoperimetrical  figures  terminating  the  third  secti(m  of  the 
second  part,  an  appendix  to  the  second  and  third  sections  of 
this  part  on  regular  polyedrons,  and  most  of  the  notes.  These 
arc  printed  in  a  smaller  character  in  the  original  to  denote  that 
they  are  less  useful,  or  that  they  require  more  attention  tLan 
other  parts  of  the  work.  Also  the  articles  numbered  in  the 
translation  from  229  to  235  inclusive^  and  from  295  to  $12 1n- 
rlusive,  and  article  348,  are  distinguished  by  the  author  in  the 
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same  manner ;  and  may  be  passed  over  or  not  in  the  first  read* 
ing  at  the  discretion  oF  the  teacher. 

As  the  reader  is  supposed  to  bo  acquainted  \i'ith  algebraical 
signs  and  the  theory  of  proportions,  a  brief  explanation  of  tlicsr, 
taken  chiefly  from  Lacroix's  geometry,  and  forming  properly  a 
supplement  to  his  arithmetic,  is  prefixed  to  the  work  under  the 
title  of  an  introduction. 

The  translation  is  from  the  11th  edition,  printed  at  Paris  in 

CambrklgCy  AprU,  1819.  « 


PBEFACE. 


The  method  of  the  ancients  is  very  generaUy  regarded  as  the 
most  satisfactory  and  the  most  proper  for  representing  geomet- 
rical  truths.  It  not  only  accustoms  the  student  to  great  strict- 
ness in  reasoning,  which  is  a  precious  advantage,  but  it  oflTers 
at  the  same  time  a  discipline  of  peculiar  kind,  distinct  from  that 
of  analysis,  and  which  in  important  mathematical  researches 
may  afford  great  assistance  towards  discovering  the  most  simile 
and  elegant  solutions. 

I  have  thought  it  proper  therefore  to  adopt  in  this  work  the 
same  method  which  we  find  in  the  writing  of  Euclid  and  Archi- 
medes ;  but  in  following  nearly  these  illustrious  models  I  have 
endeavoured  to  improve  certain  points  of  the  elements  which 
they  left  imperfect,  and  especially  the  theory  of  solids,  which  has 
hitherto  been  the  most  neglected. 

The  definition  of  a  straight  line  being  the  most  important  of 
the  elements,  I  have  wished  to  be  able  to  give  to  it  all  the  exact- 
ness and  precision  of  which  it  is  susceptible.  Perhaps  I  might 
have  attained  this  object  by  calling  a  straight  line  that  which  can 
have  only  one  position  between  two  given  points.  For,  from  this 
essential  property  we  can  deduce  all  the  other  properties  of  a 
straight  line,  and  particularly  that  of  its  being  the  shortest 
between  two  given  points.  But  in  order  to  this  it  would  have 
been  necessary  to  enter  into  subtile  discussions,  and  to  distinguish, 
in  the  course  of  several  propositions,  the  straight  line  drawn 
between  two  points  from  the  shortest  line  which  measures  the 
distance  of  these  same  points.  I  have  preferred,  in  order  not  to 
render  the  introduction  to  geometry  too  difficult,  to  sacrifice 
something  of  the  exactness  at  which  I  aimed.  Accordingly  I 
shall  call  a  straight  line  that  which  is  the  shortest  between  two 
points,  and  I  shall  suppose  that  there  can  be  only  one  between 
the  same  points.  It  is  upon  this  principle,  considered  at  the 
same  time  as  a  definition  and  an  axiom,  that  I  have  endeavoiirad 
to  establish  the  entire  edifice  of  the  elements. 
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It  is  necessary  to  the  understanding  of  this  work  that  the 
reader  should  have  a  knowledge  of  the  theory  of  proportions»  which 
is  explained  in  common  treatises  either  of  arithmetic  or  algebra  \ 
he  is  supposed  also  to  be  acquainted  with  the  first  rules  of  alge- 
bra ;  surh  as  the  addition  and  subtraction  of  quantities,  and  the 
mfjst  simple  operations  belonging  to  equations  of  the  first  degree. 
The  ancients,  who  had  not  a  knowledge  of  algebra,  supplied  the 
want  of  it  by  reasoning  and  by  the  use  of  pro[)ortions,  which 
they  managed  with  great  dexterity.  As  for  us,  who  have  this 
instmment  in  addition  to  what  they  possessed,  we  should  do 
wrong  not  to  make  use  of  it,  if  any  new  facilities  are  to  be 
derived  from  it.  I  have  accordingly  not  hesitated  to  employ  the 
signs  and  operations  of  algebra,  when  I  have  thought  it  neces- 
sary, but  I  have  guarded  against  involving  in  difficult  operations 
what  ought  by  its  nature  to  be  simple ;  and  all  the  use  I  have 
made  of  al^i^ebra  in  these  elements  consists,  as  I  have  already 
said,  in  a  few  very  simple  rules  which  may  be  understood  almost 
without  suspecting  that  they  belong  to  algebra. 

Besides,  it  has  appeared  to  me  that,  if  the  study  of  geometry 
ought  to  be  preceded  by  certain  lessons  in  algebra,  it  would  be 
not  less  advantageous  to  carry  on  the  study  of  these  two  sciences 
together,  and  to  intermix  them  as  much  as  ])ossible.  According 
as  wx  advance  in  geometry,  wc  find  it  necessary  to  combine 
together  a  greater  number  of  relations,  and  algebra  may  be  of 
great  genico  in  conducting  us  to  our  conclusions  by  the  readiest 
and  most  easy  method. 

This  work  is  divided  into  eight  sections,  four  of  which  treat 
of  plane  geometry,  and  four  of  solid  geometry. 

The  first  section,  entitled  jir^t  principUSf  &£.  contains  the 
properties  of  straight  lines  which  meet,  those  of  perpendiculars, 
the  theorem  upon  the  sum  of  the  angles  of  a  triangle,  the  theory 
of  parallel  lines,  &c. 

Tlic  second  section,  entitled  tlie  circkf  treats  of  the  most  sim- 
])lc  properties  of  the  circle,  and  those  of  chords,  of  tangents  and 
of  tiie  measure  of  angles,  by  the  arcs  of  a  drde. 

These  two  sections  are  followed  by  the  resolution  of  certain 
problems  relating  to  the  construction  of  figures. 

The  third  section,  entitled  the  proportions  qfjipires,  contains 
the  measure  of  surfaces,  their  comparison,  the  properties  of  a 
right-angled  triangle,  those  of  equiangular  triangles,  of  similar 
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figures^  &€•  We  shall  be  Tound  Tault  with  perhaps  for  having 
blended  the  properties  of  lines  with  tiiose  of  surfaces ;  but  in 
this  we  haye  followed  pretty  nearly  the  example  of  Euclid,  and 
this  order  cannot  fail  of  being  good,  if  the  propositions  are  well 
connected  together.  This  section  also  is  followed  by  a  series 
of  problems  relating  to  the  objects  of  which  it  treats. 

The  fourth  section  treats  of  regular  polygons  and  of  the  meas- 
ure  of  the  drde.  Two  lemmas  are  employed  as  the  basis  of  this 
measure^  which  is  otherwise  demonstrated  after  the  manner  of 
Archimedes.  We  have  then  given  two  methods  of  approxima- 
tion for  squaring  the  circle,  one  of  which  is  that  of  James  Gre- 
gory. This  section  is  followed  by  an  appendix,  in  whicli  we 
have  demonstrated  that  the  circle  is  greater  than  any  rectilineal 
figure  of  the  same  perimeter. 

The  first  section  of  the  second  part  contains  the  properties 
of  planes  and  of  sdid  angles.  This  part  is  very  necessary  for 
the  understanding  of  solids  and  of  figures  in  which  different 
planes  are  considered.  We  have  endeavoured  to  render  it  moie 
clear  and  more  rigorous  than  it  is  in  common  works. 

The  second  section  of  the  second  part  treats  of  pdyedrous  and 
of  their  measure.  This  section  will  be  found  to  be  very  differ- 
ent from  that  relating  to  the  same  subject  in  other  elements ;  we 
have  thought  we  ought  to  present  it  in  a  manner  entirely  new. 

The  third  section  of  this  part  is  an  abridged  treatise  of  ilie 
sphere  and  of  spherical  triangles.  This  treatise  does  not  ordina- 
rily make  a  part  of  the  elements  of  geometry ;  still  we  have 
thought  it  proper  to  consider  so  much  of  it  as  may  form  an  intro- 
duction to  spherical  trigonometry. 

The  fourth  section  of  the  second  part  treats  of  the  three  round 
hodieSf  which  are  the  sphere,  the  cone  and  the  cylinder.  The 
measure  of  tlie  surfaces  and  solidities  of  these  bodies  is  determined 
by  a  method  analogous  to  that  of  Archimedes,  and  founded,  as 
to  surfaces,  upon  the  same  principles  wliich  we  have  endeavoured 
to  demonstrate  under  the  name  of  preliviinary  lemmas. 
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Iv  order  to  abridge  the  language  of  geometrj  particular  sigiii  are 
tabstitated  for  the  words  which  most  frequently  occur ;  and  when 
we  are  employed  upon  any  number  or  magnitude  witiiout  consider- 
ing its  particular  value,  but  merely  with  a  view  to  indicate  its  rela- 
tion to  other  magnitudes^  or  tiie  operations  to  which  it  is  to  be 
snbjeeied,  we  distinguish  it  by  a  letter  of  the  alphabet,  which  thus 
becomes  an  abridged  name  for  this  magnitude. 

I.  +  signifies  plus  or  added  to. 

The  expression  Ji  +  B  indicates  the  sum  which  results  from  the 
magnitude  represented  by  the  .letter  A  being  added  to  that  repre- 
sented by  By  or  A  plus  B. 

—  signifies  minus. 

«tf*-«jB  denotes  what  remains  after  the  magnitude  represented  by 
B  has  been  subtracted  from  that  represented  by  A. 

X  signifies  multiplied  by. 

AxB  indicates  the  product  arising  from  the  magnitude  repre- 
sented by  A  being  multiplied  by  the  magnitude  represented  by  B^  or 
A  multiplied  by  B,  This  product  is  also  sometimes  denoted  by 
writing  the  letters  one  after  the  other  witiiout  any  sign,  thus  AB 
ttgnifies  the  same  bmAxB. 

The  expression  Ax{B+  C^^D)  represents  the  product  o(A  by 
tiie  quantity  B  +  C—  Dj  the  magnitudes  included  within  the  paren- 

thesis  being  considered  as  one  quantity. 

A 

•s  indicates  the  quotient  arising  from  the  magnitude  represented 

by  A  being  divided  by  that  represented  by  JS,  or  A  divided  by  B. 

AwbB  signifies  that  the  magnitude  represented  by  A  is  equal  to 
tiiat  represented  by  Bj  or  A  equal  to  B. 

A^B  signifies  that  the  magnitude  represented  by  A  exceeds  that 
represented  by  By  or  A  greater  than  B. 

b 
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A<^B  signifies  A  less  than  B. 

2J9j  SJIj  &€•,  indicate  doable,  triple,  &c.,  of  the  magnitade  repre« 
sented  bjr  A» 

II.  AVhen  a  number  is  multiplied  bj  itself,  the  result  is  the  second 
power  J  or  squarej  of  this  number ;  5  x  5,  or  25,  is  the  second  power, 
or  square,  of  5. 

The  second  power  therefore  is  the  product  of  two  equal  factors ; 
each  of  these  factor^  is  the  square  root  of  the  product;  5  is  the  aquare 
root  of  25. 

if  the  second  power  be  multiplied  by  its  root,  flie  result  is  flie  third 
power  or  cube  ;  5  x  25  or  125  is  the  third  power  of  5. 

The  third  power  is  a  product  formed  by  the  multiplication  of  three 
equal  factors  ;  each  of  tiiese  factors  is  the  etibe  root  of  this  product ; 
125  is  the  product  of  5  multiplied  twice  bj  itself,  or  5  X  5  x  5  ;  and 
5  is  the  cube  root  of  125. 

In  general  JBi*j  being  an  abbreviation  oidx^iy  indicates  the  second 
power  or  square  of  J. 

^Ji  indicates  the  square  root  of  A,  or  the  number  which  being  mul- 
tiplied by  itself  produces  the  number  represented  by  JL 
Ji^f  being  an  abbreviation  ofJixJixJij  indicates  the  third  power 

or  cube  of  •(£• 

s  _ 

V*^  indicates  the  cube  root  ofJij  or  the  number  which,  being  mul- 
tiplied twice  by  itself,  produces  the  number  J. 

The  square  of  a  line  AB  is  denoted  by  JiBm 

llie  square  root  of  a  product  .^  x  ^  is  represented  by  y/A  x  B. 

All  numbers  are  not  perfect  squares  or  perfect  cubes,  that  is,  they 
have  not  square  roots  or  cube  roots  which  can  be  exactly  expressed; 
19,  for  example,  as  it  is  between  16,  the  square  of  4,  and  25,  the 
square  of  5,  has  for  its  root  a  number  comprehended  between  4  and 
5,  but  which  cannot  be  exactly  assigned. 

In  like  manner  89,  which  is  between  64,  the  cube  of  4,  and  125, 
the  cube  of  5,  has  for  its  cube  root  a  numbed  between  4  and  5,  bat 
which  cannot  be  exactly  assigned.  Algebra  furnishes  methods  for 
approximating,  as  nearly  as  we  please,  the  roots  of  numbers  which  are 
not  perfect  powers. 


III.  1.  When  two  proportions  have  a  common  ratHS  it  if  evident 
that  the  two  other  ratios  may  be  put  into  a  proportion,  since  thej  are 
each  eqaal  to  that  which  is  common.    If,  for  examplci  we  have 

E:F::C:Dp 

thicn  we  shall  have  Jt  :B::E:F. 

£.  When  two  proportions  have  the  same  antecedentii  the  conse- 
quents may  be  put  into  a  proportion  $  for,  if  we  have 

d:B:tC:l)j 

diEiiCiFj 
by  changing  the  place  of  the  means,  these  proportions  will  become 

diCiiB'.Dj 

A  I  C::B:F} 
v^hence  B  :  J)ts  S  :  Fj 

or  BiEziDiF. 

IV.  Other  changes,  besides  the  transposition  of  terms,  may  be  made 
among  proportionals  without  destroying  the  equality  of  the  product 
of  the  extremes  to  tiiat  of  the  means. 

1.  If  to  the  consequent  of  a  ratio  we  add  the  antecedent,  and 
compare  this  sum  with  the  antecedent,  this  last  will  be  contained 
once  more  than  it  was  in  the  first  consequent  $  the  new  ratio  then 
will  be  equal  to  the  primitive  ratio  increased  by  unity.  If  the  same 
operation  be  performed  upon  the  two  ratios  of  a  proportion,  there 
will  evidently  result  from  it  two  new  ratios  equal  to  each  other,  and 
consequently  a  new  proportion* 

Let  there  be,  for  example,  the  proportion. 


4  :  6  : :  1£  :  IS, 

we  shall  have 

6  +  4  :  4  : :  18  +  1£  :  It, 

or 

10  :  4  : :  90  :  IS. 

2.  If  from  the  consequent  of  a  ratio  we  subtract  the  antecedent, 
and  compare  the  difference  with  the  antecedent,  this  last  will  be 
contained  once  less  than  it  was  in  the  first  consequent ;  the  new 
ratio  then  will  be  eqiial  to  the  primitive  ratio  diminished  by  unity. 
If  the  same  operation  be  performed  upon  the  two  ratios  of  a  proper* 
tion,  there  will  result  from  it  two  new  ratios  equal  to  each  other, 
and  consequently  a  new  proportion. 


xii  tntrod$idUnu 

Fran  the  proportion 

4  :  6  : :  12  :  18, 
we  tfans  dednce  6  —  4  :  4  : :  18—  12  :  12, 

or  3  :  4  : :  6  :  12* 

There  being  a  proportion  among  any  magnitudes  whatever 
nated  bj  the  letters  ' 

we  have,  by  the  ibove  changes, 

B  +  Ji:d::D  +  C:Cj 

B  —  Ai^iiD—CiC. 

If  we  change  the  place  of  the  means  in  these  resnlts^  Hb^j  will 

become 

B  +  AiD+  CiiJii  C 

B-^AiD^CiiAi  C; 

but,  by  the  same  change,  the  proportion 

AiBii  C:D 

gives  also  d:  C : :  jB  :  H, 

and,  since  the  ratios  j9  :  C,  JS :  /I  are  equal,  we  obtain 

B  +  A:B  +  C:id:  CoriiB:  D^ 

B—JiiD-^CiiJii  Cor::  J7:JD, 

a  result  which  may  be  thus  enunciated. 

In  any  proporHmi  whatever  the  mm  of  the  two  firet  terwie  ie  to 

the  eum  of  the  two  last^  and  the  difference  of  the  twojirei  ierme  is 

to  the  difference  of  the  two  lastj  as  the  fvnt  is  to  the  Mrdf  or  as 
the  second  is  to  the  fourth. 

Moreover  the  two  ratios  JiiCjBiBj  being  common  to  ihe  two 

proportions  above  obtained,  it  follows  that  the  other  ratios  of  the 

same  proportions  are  equal,  and  that  consequently 

B  +  d:B+C::B^d:B—Cj 

or,  by  changing  the  place  of  the  means, 

B  +  diB^diiB+CiB-^C; 

that  is,  ^  sum  of  the  two  first  terms  of  a  proportion  is  to  their  dif*^ 

ferenccj  as  the  sum  of  the  two  last  is  to  their  difference. 

For  example, 

6  +  4:6  —  4::  18+12:18  —  12, 

or  10  :  2  : :  SO  :  6. 


Iniroiiiction,  xiii 

When  the  proportion 

is  changed  into  J3i:  C ::  BiBj 

A  and  B  are  the  antecedents,  C  and  /I  the  consequents ;  and  the 

proportions 

B  +  A  I  B  +  C i:  A  I  C OT :  I  B  I  B^ 
B-^AiB-^Ciidi  Cor:iB:Bj 
answer  to  the  following  enunciation  ; 

Uie  sum  of  the  antecedents  of  a  proportion  is  to  the  sum  of  the 
consequents^  and  the  difference  of  the  antecedents  is  to  the  difference 
of  the  consequmtSj  as  one  antecedent  is  to  its  consequent  $ 

Whence  it  follows  that  the  sum  of  the  antecedents  is  to  their  i^- 
ference  as  the  sum  of  the  consequents  is  to  their  difference* 
If  we  have  a  series  of  equal  ratios 

AiBiiCzBiiEiFj 
hj  considering  only  the  two  first,  which  form  the  proportion 

AiBiiCiB^ 
we  obtain  by  what  precedes 

A  +  CiB  +  B:iAiB\ 
and,  since  the  third  ratio  ^ :  F  is  equal  to  the  first  A:B,we  have 

A+ C:B  +  B  11  EiF. 
If  we  take  the  sum  of  the  antecedents  and  that  tf  tht  consequents  in 
this  last  proportion)  the  result  will  be 

A  +  C  +  E :  B  +  B  +  F :  i  B  :  F or  : I  Ai B. 
By  proceeding  in  the  same  manner  with  any  number  of  equal  ratios, 
it  will  be  seen  that,  ths  sum  of  any  number  whatever  of  antecedents  is 
to  the  sum  of  their  consequents^  as  one  antecedent  is  to  its  consequent. 
y*  Let  there  be  any  two  proportions 

A:Bi:  CzB, 
BiFti  Gi  Hj 
if  we  multiply  them  in  orders  that  is,  term  by  term,  the  products  will 
form  a  proportion,  thus 

AxEiBxFitCxGiBxBtf 

This  is  evident,  since  the  new  ratios  <= — jp  j; — jrt>  *re  respec- 
tively the  products  of  the  primitive 


sir  MroiudimL 

B      ,  F  D      ,H 

-J  and  g,  ^  and  g, 

which  are  equal. 

If  we  multiplj  the  proportion 

AiBii  C:D 
hj  AiBiiCiD 

we  shall  have  (U)  J*  :  ^«  : :  C«  :  1^, 

whence  it  follows,  that  the  squares  of  four  proporHonal  guaniUits 
form  a  new  proportion* 

By  multipljing  the  proportion 

A^  :B*  iiC*  :B» 
by  Ji   :B  ::C   zDy 

we  shall  have  JSi^  :B^i:C^  :  D^j 

that  is,  the  cubes  of  four  proportional  quantities  form  a  new  fro* 
portion. 

Particular  words  are  often  used  with  reference  to  the  changes  that 
are  made  in  the  order  or  magnitude  of  proportional  quantities ;  as 
permutando  or  altemandoj  by  permutation  or  alternately f  when,  with 
respect  to  four  proportionals,  it  is  inferred  that  the  first  is  to  the 
third  as  the  second  is  to  the  fourth ;  invertendoj  by  inverstony  when 
it  is  inferred  that  the  second  is  to  the  first  as  the  fourth  is  to  the  third  $ 
componendoj  by  eompositiouj  when  it  is  inferred  that  the  first  together 
with  the  second  is  to  the  second,  as  the  third  together  with  the  fourth 
is  to  the  fourth ;  dividendoj  by  division^  when  it  is  inferred  that  the 
excess  of  the  first  above  the  second  is  to  the  second,  as  the  excess  of 
the  third  above  the  fourth  is  to  the  fourth ;  convertendoj  by  conversion^ 
when  it  is  inferred  that  the  first  is  to  its  excess  above  the  second,  as 
the  third  is  to  its  excess  above  the  fourth. 

VI.  When  a  proportion  is  said  to  exist  among  certain  magnitudes, 
these  magnitudes  are  supposed  to  be  represented,  or  to  be  capable  of 
being  represented  by  numbers;  if,  for  example, in  the  proportion 

^:B::  C:D, 
Aj  By  C,  2>,  denote  certain  lines,  we  can  always  suppose  one  of  these 
lines,  or  a  fifth,  if  we  please,  to  answer  as  a  common  measure  to 
the  whole,  and  to  be  taken  for  unity ;  then  A^  B,  C,  l)y  will  each 
represent  a  certain  number  of  units,  entire  or  fractional,  commen- 
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surable  or  iDcoininensurable)  and  the  proportion  among  the  lines  dj 
Bj  Cj  Dy  becomes  a  proportion  in  numbers.  ' 

Hence  the  product  of  two  lines  A  and  Dy  which  is  called  also  tiieir 
rectanghy  is  nothing  else  than  the  number  of  linear  units  contained 
in  Ji  multiplied  by  the  number  of  linear  units  contained  in  B ;  and 
we  can  easily  conceive  this  product  to  be  equal  to  that  which  results 
from  the  multiplication  of  the  lines  B  and  C« 

The  magnitudes  Ji  and  B  in  the  proportion 

J:B::C:D^ 
may  be  of  one  kind,  as  lines,  and  the  magnitudes  Cand  D  of  another 
kind,  as  surfaces ;  still  these  magnitudes  are  always  to  be  regarded 
as  numbers  ^  J3l  and  B  will  be  expressed  in  linear  units,  C  and  1)  in 
superficial  units,  and  the  product  d  x  D  will  ^e  a  number,  as  also  the 
product  B  xC. 

Indeed,  in  all  the  operations,  which  are  made  upon  proportional 
quantities,  it  is  necessary  to  regard  the  terms  of  the  proportion  as  so 
many  numbers,  each  of  its  proper  kind;  then  we  shall  have  no  diffi- 
culty in  conceiving  of  these  operations  and  of  the  consequences  which 
result  from  them. 


ELEMENTS  OP  GEOMETRY. 


J}efiniti4m8  and  preliminary  remarks* 

1.  Geometry  is  a  science  which  has  for  its  object  the  meas-' 
ure  of  extensiou. 

Extension  has  three  dimensions,  length,  breadth,  and  thick- 
ness. 

2.  A  line  is  length  without  breadth. 

•  The  extremities  of  a  line  are  called  points.  A  point  therefore 
has  no  extension. 

3.  A  straight  or  right  line  is  the  shortest  way  from  one  point 
to  another. 

4.  Every  line,  which  is  neither  a  straight  line  nor  composed 
of  straight  lines,  is  a  curved  line. 

Thus  JiB  (Jig.  1)  is  a  straight  line,  ACDB  is  a  broken  line,  or  Fig.  1. 
one  composed  of  right  lines,  and  AEB  is^a  cur\ed  line. 

5*  A  surface  is  that  which  has  length  and  breadth,  without 
thickness. 

6.  A  plane  is  a  surface,  in  which  any  two  points  being  taken, 
the  straight  line  joining  those  points  lies  wholly  in  that  surface. 

7.  Every  surface,  which  is  neither  a  plane  nor  composed  of 
planes,  is  a  curved  surface. 

8.  A  solid  is  that,  which  unites  the  three  dimensions  of  ex- 
tension. 

9.  When  two  straight  lines,  AB^  AC  (Jig.  2),  meet,  the  quan-  Pig.  2. 
tity,  whether  greater  or  less,  by  which  they  depart  from  each 
other  as  to  tlieir  position,  is  called  an  angle  ;  the  point  of  meet- 
ing or  intersection  A,  is  the  vertex  of  the  angle ;  the  lines  AB, 

AC9  are  its  sides. 

An  angle  is  sometimes  denoted  simply  by  the  letter  at  the  ver- 
tex, as  A;  sometimes  by  three  letters,  as  BACf  or  CAB,  the 
letter  at  the  vertex  always  occupying  the  middle  place. 

1  i 


i 


3  Elements  of  Geometry. 

Angles^  like  other  quantitiesy  are  susceptible  of  addition^  sab- 
iractioni  multiplicationt   and  division;    thus»  the  angle  IfCE 

^  (fg*  20)  is  the  sum  of  the  two  angles  DCBf  BCE,  and  the  angle 
DCB  is  the  difference  between  the  two  angles  DCE,  BCE. 

^'  10.  When  a  straight  line  JIB  (Jig.  3)  meets  another  strai^t 
line  CD  in  such  a  manner  that  the  adjacent  an^es  flJC,  BAD^ 
are  equal,  each  of  these  angles  is  called  a  right  angle,  and  the 
line  JSIB  is  said  to  be  perpendicular  to  CD. 

^  11.  Every  ^gle  BjIC  {Jig.  4),  less  tlian  a  right  angle,  is  an 
acute  angle  ;  and  every  angle,  DEF,  greater  than  a  right  angle 
is  an  Muse  angle. 

>  12.  Two  lines  are  said  to  be  paraUd  (Jig.  5),  when,  being  situ- 
ated in  tlie  same  plane  and  produced  ever  so  fai*  both  ways,  thej 
do  not  meet 

13.  A  plane  figure  is  a  plane  terminated  on  all  sides  by  lines. 
If  the  lines  are  straight,  the  space  which  they  contain  is  caDed 

5.  a  rectilineal  figure,  or  polygon  (fig.  6),  and  the  lines  tak  en  together 
make  the  perimeter  of  the  polygon. 

14.  The  polygon  of  three  sides  is  the  most  simple  of  these 
figures,  and  is  called  a  triangle ;  that  of  four  sides  is  caOed  a 
quadrilateral ;  that  of  five  sides,  a  pentagon  ;  that  of  six,  a  Aeaca- 
gon^  &c. 

15.  A  triangle  is  denominated  equTXateral  (Jig*7\  when  the 
^-  three  sides  arc  equal,  isosceles  (fig.  8),  when  two  only  of  its  sides 
^*  are  equal,  and  scalene  (fig.  9),  when  no  two  of  its  sides  are 

equal. 

16.  A  right-angled  triangle  is  that  which  has  one  right  angle. 
The  side  opposite  to  the  right  angle  is  called  th6  hypothemise. 

O.Thus  JBC  (fig.  10)  is  a  triangle  right-angled  at  Jl,  and  the  side 
BC  is  the  hypothenuse. 

17.  Among  quadrilateral  figures  we  distinguish  ; 

^'  The  square  (fig.  11),  which  has  its  sides  equal  and  its  angles 
right  angles,  (See  art.  80)  ; 

"*  The  rectangle  (fig.  12),  wliich  has  its  angles  right  angles 
without  having  its  sides  equal  (See  art.  above  referred  to)  ; 

-^  Tlie  parallelogram  (fig.  13),  which  has  its  opposite  sides  par- 
allel ; 

4.  The  rhnmhus  or  loz>enge  (fig.  14),  which  has  its  sides  equal 
without  having  its  angles  right  angles  ; 

5.  The  trapezoid  (fig.  1 5),  which  has  two  only  of  its  sides  parallel. 


18.  A  diagonal  is  a  line  which  joins  the  vertices  oF  two  angles 
not^adjai  ent»  as  JlC  {fig.  42).  Fig.  4 

19.  An  equilateral  polygon  is  one  which  has  all  its  sides  cqaal ; 
an  equiangular  polygon  is  one  which  has  all  its  angles  equal. 

20.  Two  polygons  are  equilateral  with  respect  to  each  other, 
when  they  have  their  sides  equal,  each  to  each»  and  placed  in  the 
same  order,  that  is,  when  by  proceeding  round  in  the  same 
direction  the  first  in  the  one  is  equal  to  the  first  in  the  other^ 
the  second  in  the  one  to  the  second  in  the  other,  and  so  on.  In 
a  similar  sense  are  to  be  understood  two  polygons  equiangular 
with  respect  to  each  other.  The  equal  sides  in  the  first  case^  and 
the  equal  angles  in  the  second,  are  called  homologous  (A). 

21.  An  Jxiom  is  a  proposition,  the  truth  of  which  is  self-evi- 
dent. 

A  Hitorem  is  a  truth  which  becomes  evident  by  a  process  of 
reasoning  called  a  demonstration.  -  % 

A  PrcUem  is  a  question  proposed  which  requires  a^ution. 

A  Lemma  is  a  subsidiary  truth  employed  in  the  demonstration 
of  a  theorem,  or  in  the  solution  of  a  problem. 

The  common  name  of  Propositioti  is  given  indifferentiiy  to 
theorems,  problems  and  lemmas. 

A  Corollary  is  a  consequence  which  follows  from  one  or  sev- 
eral propositions. 

A  Scholium  is  a  remark  upon  one  or  more  propositions  which 
have  gone  before,  tending  to  show  their  connexion*  their  restric- 
tion, their  extension,  or  the  manner  of  their  application. 

A  Hypothesis  is  a  supposition  made  either  in  the  enunciation 
of  a  proposition^  or  in  the  course  of  a  demonstration. 

Jxioms. 

22.  Two  quantities,  each  of  which  is  equal  to  a  third,  aro 
equal  to  one  another. 

23.  The  whole  Ls  greater  than  its  part 

24.  The  whole  is  equal  to  the  sum  of  all  its  parts. 

25.  Only  one  straight  line  can  be  drawn  between  two  points. 

26.  Two  magnitudes,  whether  they  be  lines,  surfaces  or  solids, 
are  equal,  when,  being  applied  the  one  to  the  other,  they  coin- 
cide with  each  other  entirely,  tliat  is,  when  they  exactly  fill  the 
same  space. 


Elements  of  Geometry. 

PART  FIRST, 

OF  FLAITE  FIGURES. 


SECTION  FIRST. 

First  principles,  or  the  properties  of  perpendicular,  oUique, 

and  paraUd  lines*^ 

^  THEOREM. 

27«  All  right  angles  are  eqnah 

Iknwnstration.    Let  the  straight  line  CD  bo  perpendicular  to 

16.  J tt  {Jig.  16),  and  GU  to  EF,  the  angles  JCl),  EGU,  will  be 
equal. 

Take  the  four  distances  Ciy  CB^  GE,  GF,  equal  to  each  other, 
the  distance  JiB  will  be  equal  to  the  distance  KF,  and  the  lin« 
EF  may  be  applied  to  AB,  so  that  the  |)oint  E  will  fall  upon  ^, 
and  the  point  F  upon  B.  These  two  lines,  thus  placed,  will  co- 
incide with  each  other  throughout ;  otherwise  there  would  be 
two  straight  lines  between  A  and  Bf  which  is  impossible  (?'5). 
The  point  Q  therefore,  the  middle  of  EF,  will  fall  upon  the  point 
C,  tlic  middle  of  AB.  The  side  OE  being  thus  applied  to  CA.  the 
side  GU  will  fall  upon  CD ;  for,  let  us  suppose,  if  it  be  possible, 
that  it  falls  upon  a  line  CA*«  different  from  CD ;  since,  by  hypo- 
thesis (10),  the  angle  EGH=^  HGF, 
it  follows  that  ACK=:  KCB. 

But  AClCy  ACD, 

and  KCB  <  BCD ; 

besides,  by  hypothesis, 

ACD  =  BCD ; 
hence  ACBr>  KCB, 

and  the  line  GH  cannot  fall  upon  a  line  CK  different  from  CD ; 
consequently  it  falls  uiK)n  CD,  and  the  angle  EGH  upon  ACD  ; 
therefore  all  right  angles  are  equal. 

THEOREM. 

17.  i28.  A  straight  line  CD  (fig.  17),  which  meets  another  straiglU 
line  AB,  makes  nith  it  two  adjacent  angles  ACD,  BCD,  wMch, 
lahen  together,  are  equal  to  two  right  angles. 


Cf  Perpendicular  and  OUique  lines.  5 

Demonstration.  At  the  point  C,  let  CE  be  perpendicular  to 
JiB.  The  angle  JiCD  is  the  sum  of  the  angles  ME,  ECU ; 
therefore  ACD  +  BCD  is  the  sum  of  the  three  angles  ACE,  ECD, 
BCD.  The  first  of  these  is  a  right  angle,  and  the  two  otheiv 
are  together  equal  to  a  right  angle ;  thei*efore  the  sum  of  the 
two  angles  ACD,  BCD,  is  equal  to  two  right  angles. 

29.  CoroUary  i.  If  one  of  the  angles  JiCD,  BCD,  is  a  right 
anglet  the  other  is  also  a  right  angle. 

SO.  CoroUary  ii.    If  the  line  DE  {fig.  18)  is  perpendicular  U^'^^  ^^ 
AB ;  reciprocally,  AB  is  also  perpendicular  to  DE.  ^\ 

For,  since  DE  is  perpendic  ular  to  AB,  it  follows  that  the  an*^ 
ACD  is  equal  to  its  adjacent  angle  DCB,  and  that  they  are  bofli 
right  angW.  But,  since  the  angle  ACD  is  a  right  angle,  it  fof- 
lows  that  its  adjacent  angle  ACE  is  also  a  right  angle ;  ther^ 
fore  the  angle  ACE  =:  ACD,  and  AB  is  peqiendicular  to  DE. 

S\.    CoroUary  iii.    All  the  successive  anglers,  BAC,  CAD, 
DAE,  EAF  {Jig.  34),  formed  on  the  same  side  of  the  straight  line  Fig.  34. 
BF,   are  together  equal  to  two  right  angles ;  for  their  sum  is 
equal  to  that  of  the  two  angles  BAM,  MAF ;  AM  being  per- 
pendicular to  BF. 

THEOREM. 

3£.  Two  straight  KneSf  'which  have  two  points  common,  coincide 
throughout,  and  form  one  and  the  same  straight  tine. 

Demonstration.    Let  the  two  points,  which  are  common  to  the 
two  lines,  be  A  and  B  (Jig.  19).    In  the  first  place  it  is  evident  Pig.  19. 
that  they  must  coincide  entirely  between  A  and  B ;   otherwise^ 
two  straight  lines  could  be  drawn  from  A  to  B,  which  is  impos-  ' 
sible  (25).    Now  let  us  suppose,  if  it  be  possible,  that  the  lines," 
when  produced,  separate  from  each  other  at  a  point  C,  the  one 
becoming  CD,  and  the  other  CE.    At  the  point  C,  let  CF  be 
drawn,  so  as  to  make  the  angle  ACF,  a  right  angle ;  then,  ACD 
being  a  straight  line,  the  angle  FCD  is  a  right  angle  (29)  ;  and,    . 
because  ACE  is  a  straight  line,  the  angle  FCE  is  a  right  angle. 
But  the  part  FCJK  cannot  be  equal  to  the  whole  FCD;  whence 
straight  lines,  which  have  two  points  common  A  and  B,  cannot 
separate  the  one  from  the  other,  when  produced ;  therefore  they 
must  form  one  and  the  same  straight  line. 


6  MemtnU  of  Oeometnf. 


TUEOBEM. 

"ig.  20.  SS.  If  two  adjacent  angles  ACD,  DCB  (fig.  £0),  are  tegdker 
equal  to  two  right  angles^  the  two  exterior  sides  AC^  CB^  are  is 
the  same  straight  line. 

Deinonsiration.  For  if  CB  is  not  the  line  JlC  produced^  M 
CE  be  that  line  pmdiiced  ;  then^  JiCE  being  a  straiglit  line,  the 
angles  JCD9  DCE^  are  together  equal  to  two  right  angles  (28)  j 
buL  by  hypothe.si8,  the  angles  ACDy  DCB.  are  together  equal  ta 
t^  right  angles,  therefore  MD  +  DCB  =  ACD  +  DCE.  Tate 
away  the  common  angle  ACD,  and  there  will  remain  the  part 
DCB  equal  to  the  whole  DCE^  which  is  impossible ;  therefMS 
CB  is  the  line  AC  produced. 

THEOREH. 

i^.  21.  34.  Wlieii€ver  two  straight  lines  AB,  DE  (fig,  21),  cui  eath 
othcr^  the  angles  opposite^  to  each  other  at  the  vertex  are  equaL 

Demonstra;tion.  Since  DE  is  a  stmight  line,  the  sum  of  the 
angles  ACD,  ACE9  is  equal  to  two  right  angles ;  and,  since 
AB  is  a  straight  line,  the  sum  of  the  angles  ACE,  BCE,  is  equd 
to  two  right  angles  ;  therefore  ACD  +  ACE  =  ACE  +  BCE; 
from  each  of  tliese  take  away  the  common  angle  ACE9  and  there 
will  remain  the  angle  ACD  equal  to  its  opposite  angle  BCE. 

It  may  be  demonstrated,  in  like  manner,  that  the  angle  ACE 
is  equal  to  its  opposite  angle  BCD. 

55,  Scholium.  The  four  angles,  formed  about  a  point  by  two 
straight  lines  which  cut  each  other,  are  together  equal  to  four 
right  angles;  for  the  angles  ACE,  BCEf  taken  together,  are 
ccpial  to  two  riglit  angles;  also  the  other  angles  ACD^  BCD,  are 
together  equal  to  two  right  angles, 
iff.  22.  '"  general,  if  any  number  of  right  lines,  as  CA^  CB  (Jig.  22), 
&c.,  meet  in  the  same  point  C«  the  sum  of  all  the  successive 
angles,  ACB,  BCD.  DCE,  ECF,  FCA,  will  be  equal  to  four  right 
angles.  For,  if  at  the  point  C,  four  right  angles  be  formed  by 
two  lines  perpendicular  to  each  other,  they  will  comprehend  the 
same  space  i\s  the  successive  angles  ACB,  BCD,  &c. 


i 


t  These  are  often  called  vertical  angles. 
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THEOREM. 

36.  Two  triangks  are  equal,  when  two  Meg  and  the  included 
mgft  efthe  cmeare  equal  to  two  sides  and  the  included  angle  of 
Vie  Mer^  each  toeaxh. 

Jkmonstration.    In  the  two  triangles  ABC,  DBF  (Jig.  23)«  let  Fig.  23. 
flie  angle  Ji  be  equal  to  the  angle  J9,  the  side  .AB  equal  to  the 
■de  BJI9  and  the  side  M  equal  to  the  side  DF ;  the  two  Irian- 
fjim  ABCf  DBF,  will  be  equal. 

ladead  the  triangles  may  be  so  placed,  the  one  upon  the  other, 
ftat  they  shall  coinriile  throughout.  If,  in  the  first  place,  we 
qpif  the  side  BE  to  its  equal  AB,  tlie  point  D  will  fail  u])on  A, 
lad  the  point  E  upon  B.  But,  since  the  angle  D  is  equal  to  the 
ingle  jf ,  when  the  side  BE  is  placed  upon  AB,  the  side  BE  will 
Ue  the  direction  AC  ^  moreover  BF  is  equal  to  AC ;  therefore 
fte  point  F  will  fall  upon  C«  and  the  third  side  EF  will  exactly 
coincide  with  the  third  side  BC;  therefore  ihe  triangle  BEF  is 
qoal  to  the  triangle  ABC  (26). 

Sr.  CoroQary.  When^  in  twb  triangles,  these  three  things  are 
dpial,  namely,  the  angle  A  =:  B,  the  side  AB=  BE,  and  the  side 
JC  =  AF,  wemay  thence  infer,  that  the  other  three  are  also 
eqnal,  namely,  the  angle  BzzzE,  the  angle  Cz^F,  and  tlie  sida 
BC=iEF. 

THEOREM. 

58.  Two  triangles  are  equal,  when  a  side  and  Ihe  two  adjacent 
angles  of  the  one,  are  equal  to  a  side  and  the  two  adjacent  angles  of 
the  other,  each  to  each. 

Bemonstration.    Let  the  side  BC  (^Jig.  23)  be  equal  to  the  side  Fig.  25. 
EF,  the  angle  B  equal  to  the  angle  E,  and  the  angle  C  e(|ual  to 
the  angle  F;  the  triangle  ABC  will  be  equal  to  the  triangle  BEF. 

For,  in  order  to  apply  the  one  to  the  other,  lei  EF  be  phiced 
vpon  its  ecjual  BC,  the  point  E  will  fall  upon  B  and  the  point 
F  u]ion  C.  Then,  because  the  angle  E  is  equal  to  the  angle  B, 
Ac  side  EB  will  take  the  direction  BA,  and  therefore  the  jmint 
D  ulll  be  somewhere  in  BA ;  also  because  the  angle  F  is  equal  to 
C,  the  side  FB  will  take  the  direction .  CA,  and  therefore  the 
point  B  will  be  somewhere  in  CA  ;  whence  the  point  B,  which 
must  be  at  the  same  time  in  the  lines  BA  and  CA,  can  only 
be  at  their  intersection  A;    therefore  tlie  two  triangles  ABC^ 


^  EkmewU  cf  Oeomdnf. 

DEFf  coincide^  the  one  with  the  other^  and  are  equal  in  aD !» 
pects. 

S9.  CoroUary.  When,  in  two  trianglest  these  three  tliingi  in 
equal,  namely »  BCz=iEF^  B^zE^  and  C  =  F«  we  may  thence  itthr 
that  tlie  other  three  are  abo  equals  namety^  SB  =  DE9  AC  s  N^ 
and.d  =  I>. 

THEOREM. 

40.  One  side  of  a  triangk  is  Uss  than  the  sum  of  the  aihtr  hn 
Pjg.  33.     Demonstration.    The  straight  line  BC  (Jig.  23%  for  ezaiD|ik^ 
is  the  shortest  way  from  £  to  C  (3) ;  BC  therefore  is  less  tliB 
BA  +  AC. 

THEOBEM. 

I 

Fig.  24.  41.  If  from  a  point  O  (fig.  24),  within  a  triani^  ABC^  thm 
be  drawn  straight  lins  OB,  OC,  to  the  extremities  of  BC,  ane^ 
its  sidesf  the  sum  of  these  hnes  will  be  less  than  that  of  AB^  A(^ 
the  two  other  sides. 

Demonstratiofi.  Let  BO  be  produced  till  it  meet  the  side  M 
in  D;  the  straight  line  OC  is  loss  than  OD  +  DC;  to  each  of 
these  add  BO,  and  BO+OC<iBO+OD +DCi  that  is 

BO  +  OC<^  BD  +  DC. 

Again,  BD<^BJi  +  AD;  to  each  of  these  add  DC,  and  WB 

shall  have  BD  +  DC<^BA  +  AC.    But  it  has  just  been  8how% 

that  BO+OC<iBD  +  DC,  much  more  then  is 

BO+OC<iBA  +  AC. 

I 

THEOREM. 

Fig.  25.  "42.  If  two  sides  AB,  AC  (fig.  25),  of  a  triangle  ABC,  art 
equal  to  two  sides  DE,  DF,  of  another  triangle  DEF,  each  to  each  ; 
if,  at  the  same  time,  the  angle  BAC,  contained  by  the  former^  is 
greater  than  the  angle  EDF,  contained  by  the  latter;  the  third  side 
BC  of  the  first  triangle,  wHl  be  greater  than  tlie  third  side  £F  of 
the  second. 

Demonstration.  Make  the  angle  Cw9Gr=JD,  take  AQ  =  DEf 
and  join  CG,  then  the  triangle  GAC  is  equal  to  the  triangle 
EDF  {36),  and  therefore  CG  =  EF.  Now  there  may  be  three 
eases,  according  as  tiie  point  G  falls  without  the  triangle  ABC9 
on  the  side  BC,  or  within  tlie  triangle. 

Case  I.  Because  GC  <  GI+IC.  and  AB  <C,AI  +  IB,  there- 
fore GC  +  AB<^  GI+AI+IC  +  IB,  that  is. 
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Vwok  one  of  these  take  away  ^B^  and  from  the  other  its  equal 
•A G9  ftiMl  there  repains  60  <  BC;  therefore  J?F<  BC. 

Case  u.  If  the  point  G  {fig.  26)  fall  upon  the  side  BC^  thm^icr*  36. 
it  18  evident  that  GC»  or  its  equal  EF^  is  less  than  BC. 

Case  III.    If  the  point  G  (Jig.  9,7')  fall  within  the  triangle  FifiT-  ^^ 
BAC9  tiien  JiG  +  GC<^AB+  BC  (41),  therefore,  taking  away 
the  equal  quantities^  AG,  AB9  we  shall  have  6C  <  BC,  or 
EF<BC. 

THEOREM. 

43.  Thvo  triangles  are  equal,  when  the  three  sides  of  the  one  are 
equal  to  the  three  sides  of  the  other,  each  to  each. 

DemdnstratUm.    Let  the  side  AB  =  BE  {fig.  23),  AC:=iDF,^^S  23. 
BC  =  EF ;  then  the  angles  will  be  equal,  namely,  A=zD,Bz:zE, 
wi\AC=F.  # 

For,  if  the  angle  A  were  greater  than  the  angle  D,  as  the 
sides  AB,  AC9  are  equal  to  the  sides  £)£,  Z)JP,  each  to  each,  the 
side  BC  would  be  greater  than  EF  (42)  ;  and  if  the  angle  A 
were  less  than  the  angle  Z),  then  the  side  BC  would  be  less  than 
EF;  but  BC  is  equal  to  EF,  therefore  the  angle  A  can  neither 
be  greater  nor  less  than  the  angle  D,  that  is,  it  is  equal  to  it» 
In  the  same  manner  it  may  be  proved,  that  the  angle  B  =  E, 
and  that  the  angle  C=:F. 

44.  Scholium.  It  may  be  remarked,  that  equal  angles  are 
opposite  to  equal  sides ;  thus,  the  equal  angles  A  and  D  are 
<qpposite  to  the  equal  sides  BC  and  EF. 

THEOBEll. 

45.  Ill  Oft  isosceles  triangle  the  angles  opposite  to  the  equal  sides 
are  equaL 

Demonstration.  Let  the  side  AB  =  JC  (Jig.  28),  then  will  the  Fig.  2S. 
angle  C  be  equal  to  B. 

Draw  the  straight  line  AD  from  the  vertex  A  to  the  point 
D  the  middle  of  the  base  BC ;  the  two  triangles  ABD,  ADC, 
will  have  the  three  sides  of  the  one,  equal  to  the  three  sides 
of  the  other,  each  to  each,  namely,  AD  common  to  both^ 
JiB  =  AC*  by  hypothesis,  and  BD  =  DC,  by  construction  ;  there- 
fore (43)  the  angle  B  is  equal  to  the  angle  C. 

46.  CoroUary.  An  equilateral  triangle  is  also  equiangular, 
that  is,  it  has  its  angles  equal. 
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47.  Scholium.  From  the  equality  of  the  triangles  ABDf 
ACD9  it  follows,  that  the  angle  BAD  =  DAC9  and  that  the  angk 
BDA  =:  ADC ;  therefore  these  two  last  are  right  angles.  Mena 
a  straight  lint  drawn  from  the  vertex  of  an  isoscdes  triangle,  to 
the  middle  of  the  basCf  is  perpendicular  to  thai  base,  onS  dMda 
the  vertical  angle  into  two  equal  parts. 

In  a  triangle  that  is  not  isosceles,  any  one  of  its  sides  may  be 
taken  indifferently  for  a  base ;  and  then  its  vertex  is  that  of  tiie 
opposite  angle.  In  an  isosceles  triangle,  the  base  is  that  side 
which  is  not  equal  to  one  of  the  others. 

THEOREM. 

48.  Reciprocally^  if  two  angles  of  a  triangle  are  efual,  the  effo^ 
site  sides  are  equal,  and  the  triangle  is  isosceles. 

.  29.  DemofistraHon.  Let  the  angle  ABC  =  ACB  (Jig.  29),  the  side 
AC  will  be  equal  to  the  side  AB. 

For,  if  these  sides  are  not  equal,  let  AB  be  the  greater* 
Take  BD  =  AC.  and  join  DC.  The  angle  DBC  is,  by  hypoth- 
esis, equal  to  ACB,  and  the  two  sides  DB,  fiC,  are  equal  t» 
tlie  two  sides  AC,  CB,  each  to  each;  therefore  the  triang^ 
DBC  is  equal  to  the  triangle  ACB  (36) ;  but  a  part  cannot  be 
equal  to  the  whole;  therefore  the  sides  AB,  AC»  cannot  be  on* 
equal ;  that  is,  they  are  equal,  and  the  triangle  is  isosceles. 

THEOREM. 

49.  Of  the  two  sides  of  a  triangle,  that  is  the  greater,  which  it 
opposite  to  the  greater  angle  ;  and  conversely,  of  the  two  angles  of 
a  triangle,  that  is  the  greaier,  which  is  opposite  to  the  greater  Me. 

.  30.  Demonstration.  1.  Let  the  angle  C^  B  (fg.  30),  tlien  will  the 
side  AB,  opposite  to  the  angle  C,  be  greater  than  the  side  ACf 
opposite  to  the  angle  B. 

Draw  CD  making  the  angle  BCD  =:  B.  In  the  triangle  BDC9 
BD  is  equal  to  DC  (48)  ;  but  AD  +  DC>  AC,  and 

AD  +  DC  =  AD  +  DB=z  AB,  therefore  AB >  AC. 

S.  Let  the  side  AW^  AC,  then  will  the  angle  C,  opposite  to 
tlie  side  AB,  be  gi-eater  than  the  angle  B,  opposite  to  the  side 
AC.  For,  if  C  were  less  than  B,  then  according  to  what  has 
just  been  demonstrated  we  should  have  AB  <^  AC,  which  is  con* 
trary  to  the  hypothesis ;  and  if  C  were  equal  to  B,  then  it  woold 
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fdHow^  that  AC  =  AB  (48),  which  is  also  contrary  to  the  hypo- 
thesis ;  whence  the  angle  C  can  be  neither  less  than  B,  nor  equal 
to  it  I  it  is  therefore  greater. 

.V-  THBOBEM* 

50.  Frcwi  a  given  point  A  (fig.  31),  without  a  straight  line  DE,  ^"ff-  31« 
only  one  perpendicidar  can  be  drawn  to  that  line. 

Demonstration.  If  it  be  possible,  let  there  be  two  AB  and 
AC ;  produce  one  of  them  AB^  so  that  BF  =  ABf  and  join  CF. 

The  triangle  CBF  is  equal  to  the  triangle  ABC.  For  the 
angle  CBF  is  a  riglit  angle  (29),  as  well  as  CBA^  and  the  side 
BF=:  BA ;  therefore  the  triangles  are  equal  (36),  and  the  angle 
BCF=.  BCA.  But  BCA  is,  by  hypothesis,  a  right  angle ;  there- 
fore BCF  is  also  a  right  angle.  But,  if  the  adjacent  angles 
BCtf,  BCFf  are  together  equal  to  two  right  angles,  ACF  must 
be  a  straight  line  (33) ;  and  hence  it  would  follow  that  two 
straight  lines  ACF^  ABF^  might  be  drawn  between  the  same  two 
points  A  and  F,  which  is  impossible  (S5) ;  it  is  then  equally 
impossible  to  draw  two  perpendiculars  from  the  same  point  to 
the  same  straight  line. 

51.  SchoUum.    Through  the  same  point  C  (Jig.  17),  in  the  Fig.  ir 
line  ABf  it  is  also  impossible  to  draw  two  perpendiculars  to  that 

line ;  for,  if  CD  and  CE  were  these  two  perpendiculars,  the 
angle  DCB  would  be  a  right  angle  as  well  as  BCE  ^  and  a  part 
would  be  equal  to  the  whole. 

THEOREM. 

'5S.  If  from  a  feint  A  (fig.  51),  without  a  straight  line  DE.  a  Fig.  31 
perpendicnlar  AB  be  drawn  to  that  line^  and  also  different  ob- 
tique  lines  AE,  AC,  AD,  &c.,  to  different  points  of  the  same  line  ; 

1.  The  perpendicular  AB  is  less  than  any  one  of  the  dUique 
Unes; 

2.  The  two  Mique  lines  AC,  AE,  which  meet  the  line  DE  on 
opposite  sides  of  the  perpendicniarf  and  at  equal  distances  BC,  BE, 
from  tl,  are  equal  to  one  another  ; 

3«  Of  any  two  Mique  lines  AC,  AD,  or  AE,  AD,  that  which 
is  more  remote  from  the  perpendicular  is  the  greater. 

Demonstration.  Produce  the  perpendicular  AB,  so  that 
BF=  BA,  and  join  FC,  FD. 


IS  Elements  of  CreomOry. 

1.  The  triangle  BCF  is  equal  to  the  triangle  SCJi ;  for  the 
riglit  angle  CBF  =  CBA^  the  side  CB  is  common,  and  the  side 
BF  =  BA ;  tlicrefore  the  third  side  CF  is  equal  to  the  third  side 
j3C  (36).  But  .4jF  <  ^C  +  CF  (40),  and  ^B  half  of  JF  is  less 
than  JiC  half  of  jIC  +  CF,  that  is,  the  perpendicular  is  less 
than  any  one  of  the  oblique  lines* 

S.  If  BE  =  BC,  then,  as  ^B  id  common  to  the  two  triangles 
.  ABEf  ABC,  and  the  right  angle  ABE  =  ABC,  the  triangle  ABE 
is  equal  to  the  triangle  ABC,  and  AE  =  AC. 

3.  In  the  triangle  DFA,  the  sum  of  the  sides  AD,  DF,  is 
gi*eater  than  the  sum  of  the  sides  AC,  CF  (4\);  therefore  AD 
half  of  AD+BF  \s  greater  than  AC  half  of  AC  +  CF,  and  the 
oblique  line,  which  is  more  remote  from  the  perpendicalar,  is 
greater  than  that  which  is  nearer. 

53.  CoroUary  j.  The  perpendicular  measures  the  distance  of 
any  point  from  a  straight  line. 

54.  CoroUary  ii.  From  the  same  point,  there  cannot  be 
drawn  three  equal  straight  lines  terminating  in  a  given  straight 
line ;  for,  if  tliis  could  be  done,  there  would  be  on  the  same  side 
of  the  perpendicular  two  equal  oblique  lines,  which  is  iuipossihle. 

THEOBEM. 

Fig.  32.     55.  If  from  the  point  C  (fig.  Si),  the  middle  of  the  strmght  Bm 

AB,  a  perpendicular  EF  be  drawn;  1.  each  point  in  the  perpei^ 

dicular  EF  is  equally  distant  from  the  two  extremities  of  ihelim 

AB ;  2.  any  point  without  the  perpendicular  is  at  uneqtud  distamees 

from  tlie  same  extremities  A  and  B. 

Demonstration.  ].  Since  AC  =  CB,  the  two  oblique  lines  AD, 
DB,  arc  drawn  to  points  which  are  at  the  same  distance  from  die 
perpendicular.  They  are  therefore  equal  (52).  The  same  rQM 
soning  will  ajiply  to  the  two  oblique  lines  AE,  EB,  also  to  AF, 
FB,  &c.  Whence  each  point  in  the  perpendicular  JEJ^  fa 
equally  distant  from  the  extremities  of  the  line  AB.     ' 

3.  Let  /  be  a  point  out  of  the  perpendicular ;  join  ZA,  /Byone 
of  these  lines  must  cut  the  perpendicular  in  D ;  join  DB,  tim 
DB  =  DA.    But  the  line  IB<iID  +  DB  and 

ID+DB  =  1D  +  DA=:IA; 
tlierefore  IB  <^IAi  that  is,  any  point  without  the  peipendicriar 
is  at  unequal  distances  from  the  extremities  of  AB. 


i 


Of  ParaUd  lines.  13 


\  '  THEOREM. 


66.  Two  right  angled  triangles  are  equal,  when  the  hypothewuse 
and  a  side  of  the  one  are  eqtud  to  the  hypothenuse  and  a  side  of  the 
other f  each  to  each. 

Demonstration.    Let  the  hypothenuse  AC  =  DF  (Jig.  33),  and  Fjg-  3: 
the  side  AB  =  DE ;  the  right-angled  triangle  ABC  will  be  equal 
to  the  right-angled  triangle  DEF. 

The  proposition  will  evidently  be  true,  if  the  third  side  BC  be 
equal  to  the  third  side  EF.  If  it  be  possible,  let  these  sides  be  un- 
equal, and  let  BC  be  the  greater.  Take  BG  =.  EFf  and  join  JiG  ; 
then  the  triangle  ABG  is  equal  to  the  triangle  DEFf  for  the 
right  angle  B  is  equal  to  the  right  angle  £,  the  side  AB  r=  DE 
and  the  side  BG=:EF;  therefore  these  two  triangles  being 
equal  (36),  dQ  =  I)F;  and,  by  hypothesis,  DF  =  AC;  whence 
AG  =  AC.  But  AG  cannot  be  equal  to  AC  (52>  therefore  it  is 
impossible  that  BC  should  be  unequal  to  EFf  that  is,  it  is  equal 
to  lip  and  the  triangle  ABC  is  equal  to  the  triangle  DEF. 

THEOBEM. 

57.  If  two  straight  lines  AC,  BD  (fig.  35),  are  perpendicular  Fig.  3i 
ioatkird  AB,  these  two  lines  are  parallel,  that  is,  they  rvill  not  meet, 
however  far  they  are  produced  (Id). 

Demonstration.  If  they  could  meet  in  a  point  O  on  one  side 
or  the  other  of  the  line  AB,  there  would  be  two  perpendicu- 
lars drawn  from  the  same  point  0  to  the  same  straight  line  AB, 
which  is  impossible  (50). 

lEMMA. 

58.  The  straight  line  BD  (fig.  35),  being  perpendicular  to  AB,  Fig.  35 
if  another  straight  line  AE  make  with  AB  an  acute  angle  BAE, 

the  straight  lines  BD,  AE,  being  produced  sufficiently  far,  will  meet. 
Demonstration.  If  any  point  F,  taken  in  the  direction  AE, 
let  fall  upon  AB  the  perpendicular  FG ;  the  point  O  will  not  . 
fall  upon  A,  since  the  angle  FAB  is  less  than  a  right  angle ; 
still  less  can  it  fall  upon  H  in  BA  produced,  for  then  there  would 
be  two  perpendiculars  KA,  KH,  let  fall  from  the  same  point  K 
upon  the  same  straight  line  AH.  The  point  G  then  must  fall^  as 
the  figure  represents  it^  in  the  direction  AB. 


14  Eltmeuis  of  Gimnetrg. 

Let  tliere  be  taken  in  the  line  dE  another  point  Lain  dis- 
tance ^L  greater  than  AF9  and  let  there  be  drawn  to  JiB  Oe 
perpendicular  LM;  it  may  be  shown,  as  in  the  preceding  rase, 
tliat  the  point  M  can  neither  fall  upon  G  nor  upon  any  point  ia 
the  direction  G^,  so  that  the  distance  AM  will  be  necessarily 
greater  than  AG. 

It  may  be  observed,  moreover,  that  if  the  figure  is  constmcted 
with  care,  and  AL  be  taken  double  of  AF,  we  shall  find  that 
AM  is  exactly  double  of  AG ;  also,  if  AL  be  taken  triple  of  jIF, 
we  sliall  find  that  AM  is  triple  of  AG^  and  in  general  there  wiH 
always  be  the  same  ratio  between  AM  and  AG,  that  there  is 
between  AL  and  AF.  From  this  proportion  it  follows,  not  only 
that  the  riglit  line  AEf  must  meet  BD,  if  the  two  lines  are  pro- 
duced sufficiently  far,  but  also  that  we  may  even  assign  upoa 
AE  the  distance  of  the  point  of  meeting  of  the  two  lines.  This 
distance  will  be  the  fourth  term  of  the  proportion, 

AG:ABi:AF:x. 

59.  Sdidium.  The  foregoing  explanation,  founded  upon  a 
relation  which  is  not  deduced  from  reasoning  merely,  and  for 
which  recourse  is  had  to  measures  taken  upon  a  figure  accurately 
constructed,  has  not  the  same  degree  of  strictness,  as  the  other 
demonstrations  of  elementary  geometry.  It  is  given  here  only  as 
a  simple  method,  by  which  one  may  satisfy  liimself  of  the  truth 
of  the  proposition.  We  shall  resume  the  subject  with  a  view  to 
a  rigorous  demonstration  in  the  third  of  the  notes  subjoined  to 
these  elements. 

THEOREM. 

ig.  S6.  60,  If  two  Straight  lines  AC,  BD  (fig.  36),  make  with  a  third 
AB  two  interior  angles  CAB,  ABD,  the  sum  of  whkh  is  equal  to 
two  right  angles,  tlie  two  lines  AC,  BD,  are  paraild. 

JDeinonstration.  From  the  point  G,  the  middle  of  AB*  draw  the 
straight  line  EGF  perpendicular  to  AC ;  this  line  will  be  peipen- 
dicular  to  liD.  Indeed  the  sum  GAE  4-  GBD  is,  by  hypothesis, 
equal  to  two  right  angles,  and  the  su  n  GBF  +  GBD  is  alsoeqnal 
to  two  right  angles  (!28) ;  faking  therefore  from  each  GBD  we  shall 
have  the  ans^lc  GAE  =  GUF.  Besides,  the  angles  AGE,  BGFf 
are  equal,  being  vertical  angles;  tlierctbrc  the  triangles  AGE9 
BGF,  have  a  side  and  the  two^  adjacent  angles  of  the  one 
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pectivdy  eqaal  to  a  side  and  the  two  adjacent  angles  of  the 
other;  they  are  therefore  equal  (38),  and  the  angle 

BFG^^AEG; 

but  the  angle  JiEG  is,  by  constnictiont  a  right  angle,  conse- 
quently the  straight  lines  JiC,  BD9  are  perpendicular  to  the  same 
straight  line  EF,  therefore  they  are  parallel  (57). 

THEOREM. 

61.  If  two  straight  lines  AI,  BD  (fis:.  S6)  make  with  a  third  Fig-  36. 
line  AB  two  interior  angles  BAI,  ABO,  the  sum  of  wluch  is  less 
than  two  right  angles^  the  lines  AI,  BD,  produced^  will  meet. 

Demonstration.  Draw  JiC  making  the  angle  CJB  =  dBFf 
that  is,  in  such  a  manner  as  to  make  the  two  angles  CAB,  ABD^ 
together  equal  fo  two  right  angles,  and  finish  the  construction, 
as  in  the  preceding  theorem.  Since  the  angle  AEK  is  a  right 
angle,  AE  is  a  perpendicular,  and  consequently  less  than 
the  oblique  line  AK^  whence  in  the  triangle  AEK  the  angle 
AKEf  opposite  to  the  side  AE^  is  less  than  the  right  angle 
AEK^  opposite  to  the  side  AK  (49).  Therefore  the  angle  IKF9 
equal  to  the  angle  AKE9  is  less  than  a  right  angle,  and  the 
lines  KI,  FD9  being  produced,  must  meet  (58). 

6£.  Scholium.  If  the  lines  AM  and  BD  make  with  AB 
two  angles  BAMf  ABD9  the  sum  of  which  is  greater  than  two 
right  angles,  then  the  two  lines  AM,  BD,  would  not  meet  above 
ABf  but  they  would  meet  below  it.  For  the  two  angles  BAM, 
BAJ^Tf  would  together  be  equal  to  two  right  angles,  as  also 
tlie  two  angles  ABD^  ABF9  and  the  four  angles  taken  together 
would  be  equal  to  four  right  angles.  But  the  sum  of  the  two 
angles  BAM,  ABD9  is  greater  than  two  right  angles,  therefore 
the  sum  of  the  two  r^aining  ones  BAJ^T,  ABF,  is  less  than  two 
right  angles,  and  the  two  right  lines  A^,  BF,  being  produced, 
must  meet. 

63.  Corollary.  Through  a  given  point  A  only  one  line  can 
be  drawn  parallel  to  a  given  line  BD.  For  there  can  be  only 
one  line  AC,  which  makes  the  sum  of  the  two  angles  BAC, 
ABD9  equal  to  two  right  angles ;  this  is  the  parallel  required, 
every  other  line  Alor  AM  would  make  the  sum  of  the  interior 
angles  less  or  greater  than  two  right  angles,  therefore  it  would 
meet  the  lino  BD. 


-^ —  THEOREM. 

Fig.  37.  64.  Tftwo  parotid  straight  lines  AB,  CD  (fig.  ST),  nua  a  t&tnt 
line  EFy  the  sum  of  the  interior  angles  upon  the  same  side  AGHf 
GHC,  will  be  equal  to  two  right  angles. 

Demonstration.  If  tliis  sum  were  greater  or  less  than  two 
right  angles,  the  two  straight  lines  JtBf  CD,  would  meet  on 
one  side  or  the  other  of  £F»  and  would  not  be  paralld  (61). 

65.  CoroUary  i.  If  GHC  be  a  right  angle,  ^GH  will  also  be 
a  right  angle ;  therefore  every  line,  which  is  perpendicular  to 
one  of  the  paratlelsy  is  also  perpendicular  to  the  other. 

66.  CoroUary  ii.  Since  the  sum  JtGH+  GHC  is  equal  to  two 
right  angles,  and  the  sum  GHD  +  GHC  is  also  equal  to  two 
right  angles,  if  we  take  away  the  common  part  GJTC,  we  shall 
have  the  angle  JiQH=iGHD.    Besides,  JiGH^BGB,  and 

GHD  =  CHF  (S4)  ; 
therefore  the  four  acute  angles  JGH,  BGE*  GHD,  CHFf  aro 
equal  to  each  other;  the  same  may  be  proved  with  respect  to  the 
four  obtuse  angles  JiGB^  BGH,  GHC,  DHF.  It  may  be  observed, 
moreover,  that  by  adding  one  of  the  four  acute  angles  to  one  of 
tlie  four  obtuse  angles,  the  sum  will  always  be  equal  to  two  right 
angles. 

67.  Scholium.  The  angles  of  which  we  have  been  speaking, 
compared,  two  and  two,  take  different  names.  We  have  already 
called  the  angles  ^GH,  GHC,  interior  upon  the  same  side ;  tbo 
angles  BOH,  GHD,  have  the  same  name;  the  angles  AGH^ 
GHD^  are  called  altemate-intemaL  or  simply  aUemate  ;  the  same 
may  be  said  of  the  angles  BGH,  GHC.  Lastly,  we  denominate 
intemal-eactemal  the  angles  EGB,  GHD,  and  EGA,  GHC,  and 
altemale'exUmal  EQB,  CHF,  and  AGE,  DHF.  This  being  pre- 
raised,  we  may  regard  the  following  propositions  as  already 
demonstrated. 

1.  The  two  interior  angles  upon  the  same  side,  taken  together, 
are  equal  to  two  right  angles. 

2.  The  alternate-internal  angles  are  equal,  as  also  the  inter- 
nal^xtemal,  and  the  alternate-external. 

Reciprocally,  if  in  this  second  case,  two  angles  of  the  same 
name  are  equal,  we  may  infer  that  the  lines  to  which  they  are 
referred  are  parallel.  Let  there  be,  for  example,  the  angle 
AQH=i  GHD;  since  GHC  +  GHD  is  equal  to  two  right  angles. 
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we  have  also  AOH+  BHC  equal  to  two  right  angles^  therefore 
the  lines  AQ,  CH,  are  parallel  (60.) 

THBOBEM. 

68.  Tw6  lines  AB,  CD  (fig.  38),  wMch  are  paraM  to  a  third  F]g.  38. 
BFf  are  parallel  to  one  another. 

Demonstration.  Draw  P^R  perpendicular  to  EF»  Then, 
since  AB  is  parallel  to  EF,  the  line  PR  will  be  perpendicular  to 
AB  (65) ;  also,  since  CD  is  parallel  to  EF,  the  line  PR  will  be 
peqiendicular  to  CD.  Consequently  AB  and  CD  are  perpendicu- 
lar to  the  same  straight  line  P^,  therefore  they  are  parallel  (57). 

^  THEOREM. 

69.  Two  parallel  lines  are  throughout  at  tiie  same  distance  ftom 
each  other. 

Demonstration.    The  two  parallels  AB,  CD  (Jig.  39),  being  Fig.  39* 
^ven,  if  through  two  points  taken  at  pleasure  we  erect  upon  AB 
the  two  perpendiculars  EG,  FU,  the  straight  lines  EO^  FH^  wiH 
be  at  the  same  time  perpendicular  to  CD  (65) ;  moreover  these 
Btraigiit  lines  will  be  equal  to  each  other. 

For,  by  drawing  GF,  the  angles  GFE,  FGH^  considered  with 
reference  to  the  parallels  AB^  CD^  being  alternate-internal  an- 
gles (67),  are  equal ;  also  since  the  straight  lines  EO,  FH, 
are  perpendicular  to  the  same  straight  line  AB  and  consequently 
parallel  to  each  other,  the  angles  EQF^  OFH9  considered  with 
reference  to  the  parallels  EO^  Ffff  being  alternate-internal  an- 
gles, are  equal.  The  two  triangles  then  EFGf  FOHf  have  a 
side  and  the  two  adjacent  angles  of  the  one  equal  to  a  side  and 
the  two  adjacent  angles  of  the  other,  each  to  each  ;  these  two 
triangles  are  therefore  equal  (38) ;  and  the  side  EG,  which  meas- 
ures the  distance  of  the  parallels  AB9  CD,  at  the  point  E,  is 
equal  to  the  side  FH9  which  measures  the  distance  of  the  same 
parallels  at  the  point  F. 

THEOREM. 

70.  If  two  angjles  BAC,  DEF  (fig.  40),  have  Iheir  sides  par-  Fig.  40. 
cUd,  each  to  each,  and  directed  the  same  way,  these  two  angles  will 

he  equal. 

3 
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Ihrnmistratton.  Produce  BBf  if  it  be  neceftsary,  till  it  mtd 
.^C  in  G;  the  angle  DEF  is  equal  to  DOCf  because  EF  is  par- 
allel to  OC  (67) ;  the  angle  DGC  is  equal  to  BAC.  because  BG 
is  parallel  to  AB ;  therefore  the  angle  DBF  is  equal  to  B^(X 

71.  SchoUunu  There  is  a  restriction  in  this  propositton, 
namely,  that  the  side  EF  be  directed  the  same  way  as  jIC,  and 
ED  the  same  way  as  AB ;  the  reason  is  this ;  if  we  produce  FB 
towai*d  Hf  the  angle  DEH  would  have  its  sides  parallel  to  those 
of  the  angle  BACt  but  the  two  angles  would  not  be  equal,  b 
this  case  the  angle  DEH  and  the  an^e  BAC  would  together 
make  two  right  angles. 

/  THEOREM. 

^72.  In  every  triangle  the  sum  oj  the  three  angles  is  eqpial  to  tm 
right  angles. 
Fig.  41.     Demonstra^/m.    Let  ABC  (Jig.  41)  be  any  triangle ;  produce 
the  side  CA  toward  D,  and  draw  to  the  point  A  the  straight  line 
AE  parallel  to  EC. 

Because  AE^  CB,  are  parallel,  the  angles  ACB,  DAB,  consid- 
ered with  reference  to  the  line  CAD9  are  equal,  being  internal* 
external  angles  (67) ;  in  like  manner  ABC9  fijJE,  considered  with 
reference  to  the  line  ABf  are  equal,  being  alternate-internal 
angles ;  consequently  the  three  angles  of  the  triangle  ABC  make 
the  same  sura  as  the  three  angles  CABf  BAE,  EAD ;  therefore 
this  sum  is  equal  to  two  right  angles  (31)* 

73.  Corollary  i.  Two  angles  of  a  triangle  being  given^  or 
only  their  sum,  the  third  will  be  known  by  subtracting  the  sum 
of  these  angles  from  two  right  angles. 

74.  Corollary  ii.  ir  two  angles  or  one  triangle  are  equal  to 
two  angles  of  another  triangle,  each  to  each,  the  third  of  the 
one  will  be  e(|ual  to  the  third  of  the  other,  and  the  two  triangles 
will  be  equiangular. 

75.  Corollary  iii.  In  a  triangle  tliei-e  can  be  only  one  right 
angle;  for  if  there  were  two,  the  third  angle  must  be  nothing; 
still  less  then  can  a  triangle  have  more  than  one  obtuse  angle. 

76.  Corollary  rv.  In  every  right-angled  triangle  the  sum  of 
the  acute  angles  is  equal  to  a  right  angle. 

77.  Corollary  v.  Every  ecjuilateral  triangle,  as  it  must  be  also 
equiangular  (45),  has  each  of  its  angles  equal  to  a  third  of  two 
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right  an^ksf  so  that  if  a  right  angle  be  expressed  by  unity,  the 
angle  of  an  equilateral  triangle  will  be  expressed  by  f. 

78.  CaroUary  yi.  In  every  triangle  ABC  (^fig.  4 1)  the  exterior  r*  41- 
angle  BAD  is  equal  to  the  two  opposite  interior  an^es  B  and  C; 

for,  AE  being  parallel  to  jBC,  the  part  BAE  is  equal  to  the  angle 
Bf  and  the  other  part  DJLE  is  equal  to  the  angle  C  (67). 

THEOREM* 

79.  Tlie  sum  of  all  the  interior  angles  qfa  polygon  is  equal  to  as 
many  times  two  right  angles  as  there  are  units  in  the  number  qf 
sides  minus  two. 

Demonstration.  Let  ABODE  &c«  (J^^.42)  be  the  proposed  Fig.  43. 
polygon ;  if  from  the  vertex  of  the  angle  A  we  draw  to  the 
vertices  of  the  opposite  angles  the  diagonals  AC,  AD,  AE,  &£., 
it  is  evident,  that  the  polygon  will  be  divided  into  five  tri- 
angles, if  it  have  seven  sides,  and  into  six,  if  it  have  eight,  and 
in  general  into  as  many  triangles  wanting  two,  as  the  polygon 
has  sides;  for  these  triangles  may  be  considered  as  having  for 
their  common  vertex  the  point  A,  and  for  their  bases  the  different 
sides  of  the  polygon,  except  the  two  which  form  the  angle  BAC. 
We  see,  at  the  same  time,  that  the  sam  of  the  angles  of  all  these 
triangles  does  not  differ  fram  the  sum  of  the  angles  of  the  poly- 
gon ;  therefore  this  last  sum  is  equal  to  as  many  times  two  right 
angles,  as  there  are  triangles,  that  is,  as  there  are  units  In  the 
number  of  sides  of  the  polygon  minus  two. 

80.  CoroUary  i.  The  sum  of  the  angles  of  a  quadrilateral  is 
equal  to  two  right  angles  multiplied  by  4  —  2,  which  makes  four 
right  angles ;  therefore,  if  all  the  angles  of  a  quadrilateral  are 
equal,  each  of  them  will  be  a  right  angle,  which  justifies  the 
definition  of  a  square  and  rectangle  (17). 

81.  CoroUary  ii.  The  sum  of  the  angles  of  a  pentagon  is 
equal  to  two  right  angles  multiplied  by  5  —  2,  which  makes  6 
right  angles ;  therefore,  when  a  pentagon  is  equiangular,  each 
angle  is  equal  to  a  fifth  of  six  right  angles,  or  f  of  one  right 
an^e. 

82.  CoroUary  iii.  The  sum  of  the  angles  of  a  hexagon  is 
equal  to  2  x  (6  —  2),  or  8,  right  angles ;  therefore,  in  an  equi- 
angular hexagon,  each  angle  is  the  sixth  of  eight  right  angles, 
or  4  of  one  right  angle.  The  process  may  be  easily  extended 
to  other  polygons. 


t*  SUmenii  (^  Oiomitry. 

8S.  SchoHum.  If  we  would  apply  this  proportion  to  po|j- 
gone,  which  have  any  reentering^  aii^es^  each  of  these  anj^es  ii 
to  be  considered  as  greater  than  two  right  angles.  But,  ii 
order  to  avoid  confusion  we  shall  confine  ourselves  in  fntore 
to  those  polygons^  which  have  only  saliant  angles,  and  which 
imj  he  cAleA  convex  polygons.  Every  convex  polygon  is  soch^ 
that  a  straight  line,  however  drawn,  cannot  meet  the  perimeler 
in  more  than  two  points. 


■/- 


THEOREH. 


84.  The  opposite  sides  of  a  parallelogram  are  equal,  and  the  oppih 
site  angles  also  are  equal. 

Vlf;.  44.  Demonstration.  Draw  the  diagonal  BD  {fig*  44) ;  the  twa 
triangles  JIDB^  DBCf  have  the  side  BD  common ;  moreover,  oa 
account  of  the  parallels  JD^  BC,  the  angle  ADB  =:  DBC  (67% 
and  on  account  of  the  parallels  AB.  CDf  the  angle  ABD  =  BBC; 
therefore  the  two  triangles  ADB,  DBC,  are  equal  (38)  ;  conse- 
quently the  side  AB  opposite  to  .^DB  is  equal  to  the  side  DC 
op|)osite  to  the  equal  angle  DBC,  and  likewise  the  third  side  jiD 
is  equal  to  the  third  side  BC ;  therefore  the  opposite  sides  of  a 
parallelogram  are  equal. 

Again,  from  the  equality  of  the  same  triangles  it  followR,  that 
the  angle  A=Cf  and  also  that  the  angle  ADC.  compvised  of  the 
two  angles  ADBf  BDCf  is  equal  to  the  angle  ABC,  composed  of 
the  two  angles  DBC^  ABD ;  therefore  the  opposite  angles  of  a 
parallelogram  are  equal. 

85.  Corollary.  Hence  two  parallels  ABf  CD,  comprehended 
between  two  other  parallels  AD,  BC,  are  equal. 


THEOREM. 


Pig.  44.  86.  Tf/tn  a  quadrilateral  ABCD  (fig.  44),  the  opposite  sides  are 
eqwd,  namely^  AB  =  CD,  and  AD  =  CB,  the  equal  sides  ivill  he 
parallel,  and  the  figure  will  he  a  parallelogram. 

Demonstration.    Draw  the  diagonal  BD ;  the  two  triangles 
ABD9  BDC,  have  the  three  sides  of  the  one  equal  to  the  tbree 


t  A  reentering  angle  is  one  whose  vertex  is  directed  inward,  as 
Pig.  43.  CDE  (^g.4S))  while  a  saliant  angle  has  its  vertex  directed  outward 
as  ABC. 
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ilides  of  ihe  other^  each  to  eacb,  they  are  therefore  equal,  and  the 
angle  ABB  opposite  the  side  JiB  is  equal  to  the  angle  DBC 
opposite  to  the  side  CD ;  consequently  the  side  ^D  is  parallel 
to  BC  (67).  For  a  similar  reason  AB  is  parallel  to  CD ;  there- 
fore the  quadrilateral  ABCD  is  a  parallelogram. 

THEOBEM. 

87.  If  two  opposite  sides  AB,  CD  (fig.  44),  of  a  quadrilateral  Fig.  44. 
are  equal  and  parallelf  the  two  other  sides  will  also  be  equal  and 
paraUdf  and  the  figure  ABCD  wUl  he  a  parallelogram. 

DemonstraHon^  Let  the  diagonal  BD  be  drawn  ;  since  AB  is 
paraUel  to  CZ>,  the  alternate  angles  ABD^  BDC9  are  equal  (67). 
Besides,  the  side  AB  =  CZ>,  and  the  side  BB  is  common,  there* 
fore  the  triangle  ABD  is  equal  to  the  triangle  DBC  (36),  and  the 
side  AD=^BC.  the  angle  ADB  =  BBC,  and  consequently  AD  is 
parallel  to  BC ;  therefore  the  figure  ABCD  is  a  parallelogram. 

THEOBEM. 

88.  I^e  two  diagonals  AC,  DB  (fig.  45),  of  a  parallelogram  Fig.  4& 
muhuiUy  Insect  each  other. 

Bemanstration.  If  we  compare  the  triangle  ADO  with  the 
triangle  COB,  we  find  the  side  AB  =  CB9  and  the  angle 

ABO  =  CBO  (67) ; 
also  the  angle  JD.flO=  OCB;  therefore  these  two  triangles  are 
equal  (38),  and  consequently  AO,  the  side  opposite  to  the  angle 
ABOf  is  equal  to  OC,  the  side  opposite  to  the  angle  OBC ;  BO 
likewise  is  equal  to  OB. 

89.  Scholium^  In  the  case  of  the  rhombus,  the  sides  AB,  BC, 
being  equal,  the  triangles  AOB,  OBC,  have  the  three  sides  of  the 
one  equal  to  the  three  sides  of  the  other,  each  to  each,  and  are 
consequently  equal ;  whence  it  follows,  that  the  angle 

AOB  =  BOC, 
and  that  thus  the  two  diagonals  of  a  rhombus  cut  each  other 
mutually  at  right  angles. 
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SECTION  SECOND. 

Of  the  drdt  and  the  measure  of  angles. 

90.  The  circumfrence  of  a  cirde  is  a  curved  line  all  tk 
ipoints  of  which  are  equally  distant  from  a  point  within  called 
the  centre. 

The  circle  is  the  space  terminated  by  this  carved  line** 
Fig.  46.  91.  Every  straight  line  CA9  CEf  CD  {Jig.  46),  Jcc,  drawn  fron 
the  centre  to  the  circumference  is  called  a  radius  or  semidiamdert 
and  every  straight  line,  as  AB9  which  passes  through  the  centre 
and  is  terminated  each  way  by  the  circumference,  is  called  t 
diameter. 

By  the  definition  of  a  circle  the  radii  are  all  equal,  and  all  the 
diametei*s  also  are  equal  and  double  of  ihe  radius. 

92.  An  arc  of  a  circle  is  any  portion  of  its  circumference,  u 
FHG. 

The  chord  or  subtense  of  an  arc  is  the  straight  line  FO,  which 
joins  its  extremities**. 

93.  A  segment  of  a  circle  is  the  ^lortion  comprehended  be- 
tween an  arc  and  its  chord. 

94.  A  sector  is  the  part  of  a  circle  comprehended  between  an 
arc  DE  and  the  two  radii  CD,  CE,  drawn  to  the  extremities  of 
this  arc. 

Pig.  47.  95.  A  straight  line  is  said  to  be  inscribed  in  a  drdUt  when  its 
extremities  are  in  the  circumference  of  the  circle,  as  AB  (^figAT). 

An  inscribed  angle  is  one  whose  vertex  is  in  the  circumference! 
and  which  is  formed  by  two  chords,  as  BAC. 

An  inscribed  tiiangle  is  a  triangle  whose  three  angles  hav« 
their  vertices  in  the  circumference  of  the  circle,  as  BAC. 


*  Iq  common  discourse  the  circle  is  sometimes  confounded  with  its 
circumference  ;  but  it  will  always  be  easy  to  preserve  the  exactness ' 
of  these  expressions  by  recollecting  that  the  circle  is  a  surface  which 
has  length  and  breadth,  while  the  circumference  is  only  a  line. 

**  The  same  chord,  as  FG^  corresponds  to  two  arcs,  and  consfj- 
quently  to  two  segments ;  but,  in  speaking  of  these,  the  smaller  is 
always  to  be  understood,  when  the  contrary  is  not  expressed. 
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And  in  general  an  inscribed  figure  is  one,  all  whose  angles 
have  their  vertices  in  the  circumference  of  the  circle.  In  this 
case,  the  circle  is  said  to  be  drcumscribed  about  the  figure. 

96.  A  secanl  is  a  line^  which  meets  the  circumference  in  two 
points,  as  AB  {fig.  48).  Fig.  48. 

97.  A  tangent  is  a  line  which  has  only  one  point  in  common 
^th  the  circumference,  as  CD, 

The  common  point  Mib  called  the  point  of  cmtad. 

Also  two  circumferences  are  tangents  to  each  other  {fig.  59, 60),  Fig;  59, 
when  they  have  only  one  point  common. 

A  polygon  is  said  to  be  circumscribed  about  a  circle,  when  all 
its  sides  are  tan^nts  to  the  circumference ;  and  in  this  case  the 
circle  is  said  to  be  inscribed  in  the  polygon. 


THEOBEM. 

98.  Every  diameter  AB  (Jig.  49)  bisects  the  circUi  and  its  ctr-  Fig.  49^ 
cumference. 

Demonstration.  If  the  figure  JiEB  be  applied  to  jfFJ?,  so 
so  that  the  base  JiB  may  be  common  to  both,  the  curved  line 
A  KB  must  fall  exactly  upon  the  curved  line  AFB ;  otherwise, 
there  wo«(ld  be  points  in  the  one  or  the  other  unequally  distant 
fh)m  the  centre,  which  is  contrary  to  the  definition  of  a  circle. 

THEOREM. 

99.  Every  chard  is  less  than  the  diameter. 

Denwnstration.    If  the  radii  Ctf,  CD  {fig.  49),  be  drawn  Fig.  49. 
from  the  centre  to  the  extremities  of  the  chord  .^/>,  we  shall  have 
the  straight  line  wJD  <  ^C  +  CD,  that  is,  wJ/>  <  .iB  (91). 

100.  CoroUary.  Hence  the  greatest  straight  line  that  can  be 
inscribed  in  a  circle  is  equal  to  its  xliameter. 

THEOREM. 

101.  d  straight  line  cannot  meet  the  circumference  of  a  cirde  in 
more  than  two  points. 

DemonstratiM.  If  it  could  meet  it  in  three,  these  three 
points  being  equally  distant  from  t)ie  centre,  there  might  be 
three  equal  straight  lines  drawn  fi*om  a  given  point  to  the  same 
straight  line,  which  is  impossible  (54). 
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THEOREM. 

V  50.  102.  In  the  same  drckf  or  in  equal  cirdeSf  equal  ares  are  lak- 
tended  by  equal  chords,  and  conversely,  equal  chords  subtend  epd 
arcs. 

Ikmonstration.  The  radius  dC  (Jig.  50)  being  equal  to  tk 
radius  EO9  and  the  arc  AMD  equal  to  the  arc  RSGi  the  chori 
AD  will  be  equal  to  the  rhoi*d  EG. 

Vov,  tlie  diameter  AB  being  equal  to  the  diameter  JSF»  tk 
semicircle  AMDB  may  be  applied  exactly  to  the  semicirdB 
E^TQFf  and  then  the  curved  line  AMDB  will  coincide  entireij 
with  the  curved  line  EJ>rOF;  but,  the  portion  AMD  being  n^* 
posed  equal  to  the  portion  EJ>rO,  the  point  D  will  fall  upon  0; 
therefore  the  chord  AD  is  equal  to  the  chord  EO. 

Conversely,  AC  being  supposed  equal  to  EO,  if  the  chord 
AD  =  EQ9  the  arc  AMD  will  be  equal  to  the  arc  Rf^. 

For,  if  the  radii  CD,  00,  be  drawn,  the  two  triangles  JiCB, 
EOG,  will  have  the  three  sides  of  the  one  equal  to  the  tliree  sida 
of  the  other,  each  to  each,  namely,  AC=:EO,  CD=  OOwA 
AD  =  EG ;  therefore  these  triangles  are  equal  (43) ;  hence  flie 
angle  ACD  =  EOO.  Now,  if  the  semicircle  ADB  be  placed  upoi 
EOF,  because  the  angle  ACD  ^  EOO,  it  is  evident,  that  flie 
radius  CD  will  fall  upon  the  radius  00,  and  the  point  D  npoa 
O,  thcrefoi*e  the  arc  AMD  is  equal  to  the  arc  EMV. 

THEOREM. 

103.  In  the  same  circle 9  or  in  equal  cirdeSf  the  greater  arc  is 
subtended  by  the  greater  chord  ;  and,  conversely,  if  the  arc  be  less 
than  half  the  circumference,  the  greater  arc  subtends  the  greater 
chord. 
.  50.  Demonstration.  Let  the  arc  AH  {fg.  50)  be  greater  than 
AD,  and  let  the  chords  AD  and  AH9  and  tlie  radii  CD,  CH,  be 
drawn.  The  two  sides  AC9  CH,  of  the  triangle  ACH*  are  equal 
to  the  two  sides  AC,  CD^  of  the  triangle  ACD^  and  the  angle 
ACH  is  greater  than  ACD ;  hence  the  third  side  AH  is  greater 
than  the  third  side  AD  (42),  therefore  the  greater  arc  is  sub- 
tended by  the  greater  choi'd. 

Conversely,  if  the  chord  AH  be  greater  than  AD,  it  may  be 
inferred  from  the  same  triangles  that  the  angle  ACH  is  greater 
than  ACIh  and  that  thus  the  arc  All  is  greater  than  AD. 
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104.  Schdivm.  The  arcs^  of  wbicb  we  have  been  speaking, 
are  supposed  to  be  less  than  a  semicircumference ;  if  they  were 
greater,  the  contrary  would  be  true ;  in  this  case,  as  the  arc 
increases  the  chord  would  diminish,  and  the  reverse ;  thus,  the 
arc  AKBD  being  greater  than  JtKBHf  the  chord  ^D  of  the  first 
is  less  than  the  chord  JIH  of  the  second. 

THBOBEM. 

105.  Hie  radius  CG  (fig.  51),  perpendicular  to  a  chard  AB,^*?-^^' 
bisects  this  chord  and  the  arc  subtended  by  it  AGB. 

Denumstraium.  Draw  the  radii  Cw9,  CB;  these  radii  are, 
with  respect  to  the  perpendicular  CD,  two  equal  oblique  lines, 

therefore  they  are  equidly  distant  from  the  perpendicular  (52), 
and  AD  =  DB. 

Again,  since  AD:=>)BD9  and  CG  is  a  pei'pendicular  erected 
upon  the  middle  of  ABf  each  point  in  CQ  is  at  equal  distances 
from  A  and  B  (JS5').  The  point  Q  is  one  of  these  points ;  there- 
fore AO  =z  GB.  But,  if  the  chord  AO  is  equal  to  the  chord  GH, 
the  arc  AQ  will  be  equal  to  the  arc  QB  (102)  ;  therefore  the 
radius  CG,  perpendicular  to  the  chord  AB^  bisects  the  arc  sub- 
tended by  this  chord  in  the  point  G. 

106.  Schdium.  The  centre  C,  the  middle  B  of  the  cliord 
ABf  and  the  middle  G  of  the  arc  subtended  by  this  chord,  are 
three  points  situated  in  the  same  straight  line  perpendicular  to 
the  chord.  Now,  two  points  in  a  straight  line  are  sufficient  to 
determine  its  position ;  therefore  a  straight  line  which  passes 
through  any  two  of  these  points  must  necessarily  pass  througli 
the  third  ;  and  must  be  perpendicular  to  the  chord. 

It  foUows  alsOf  that  a  perpendicular  erected  upon  the  middle  of  a 
chord  passes  through  the  centre,  and  the  middle,  oj  the  arc  s\tbtended 
by  that  chord. 

For  this  perpendicular  is  the  same  as  that  let  fall  from  the 
centre  upon  the  same  chord,  since  they  both  pass  through  tiie 
middle  of  the  chord  (51). 

THEOREM. 

107.  The  dreiiuference  of  a  cirde  may  be  made  to  pass  through  Fig.  52 
any  three  points,  A,  B,  C  (fig.  52),  which  are  not  in  tlu  same 
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straiglU  line,  bat  the  circumference  of  only  one  circle  moff  be  made 
to  pass  through  the  same  points. 

Demonstration.  Join  AB,  BCt  and  bisect  these  two  8fnu|^ 
lines  by  the  perpendiculars  DE,  FO ;  these  perpendiculsn  wil 
meet  in  a  point  O. 

For  the  lines  DE9  FO,  will  necessarily  cat  each  otheiv  if  thej 
are  not  parallel.  Let  us  suppose  that  they  are  parallel ;  the  line 
JiB  perpendicular  to  DE  will  be  pei^iendicular  to  FO  (65),  and 
the  angle  Kvf  ill  be  a  right  angle ;  but  BK,  which  ia  BD  pro- 
duced, is  diflTerent  from  BF,  since  the  three  points  Jt,  Bp  C,sat 
not  in  the  same  straight  line ;  there  are  then  two  perpendicubis 
BFf  BKi  let  fall  from  the  same  point  upon  the  same  straight  lim^ 
which  Is  impossible  (50)  ;  therefore  tl^  perpendiculars  BEpFOf 
will  always  cut  each  other  in  some  point  0« 

Now  the  point  0,  considered  ^ith  reference  to  flie  perpendicu- 
lar DEf  is  at  equal  distances  from  the  two  points  A  and  B  (^55) ; 
also  this  same  point  Of  considered  with  reference  to  the  perpen- 
dicular FOf  is  at  equal  distances  from  the  two  points  B  and  C; 
hence  tlie  thi*ce  distances  Ow9,  OB,  OC,  are  equal ;  therefore  the 
cii*cumference,  discribed  from  the  centre  0  with  the  radius  OBf 
will  pass  through  the  three  points  A^  B,  C. 

It  is  thus  proved,  that  the  circumference  of  a  circle  may  be 
made  to  pass  tiirough  any  three  given  points,  which  are  not  in 
the  same  straight  line  i  it  remains  to  show,  that  there  is  only 
oiie  circle,  which  can  be  so  described. 

If  there  were  another  circle,  the  circumference  of  which  pass- 
ed through  the  three  given  points  A^  Bf  C,  its  centre  could  not 
be  without  the  line  DE  (55),  since,  in  this  case,  it  would  be  at 
unequal  distances  from  A  and  B;  neither  can  it  be  without  the 
line  FO9  for  a  similar  reason  ;  it  will  then  be  in  both  of  these 
lines  at  the  same  time.  But  two  lines  can  cut  each  other  in 
only  one  iK)int  (32)  ;  thei'e  Ls  therefore  only  one  circle,  whose 
circumference  can  pass  thniugh  three  given  points. 

108.  Corollary.  Two  circumferences  can  meet  each  other 
only  in  two  points ;  for,  if  they  had  three  jmints  common,  they 
would  have  the  same  centre,  and  would  make  one  and  the  same 
circumference. 
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109«  Two  equal  ehord$  are  at  the  ^ame  distance  from  tht  centre, 
and  cftwo  wiequat  chords  the  less  is  at  the  greater  aistance  from 
the  centre. 

Ikmanstratian  U   Let  the  chord  JiB  =  DE  (Jig.  53).    Bisect  Fig.  53. 
these  chords  by  the  perpendiculars  CF,  CG,  and  draw  the  radii 
Oi^CD. 

The  right-angled  trian^es  CJiF,  DCO,  have  the  hypothe-* 
nuses  CA9  CDf  equal ;  moreover  the  side  .AF,  the  half  of  JB^  is 
equal  to  the  side  DO,  the  half  of  DE ;  the  triangles  then  are 
equal  (58),  and  consequently  the  third  side  CF  is  equal  to  the 
third  side  CO ;  therefore  the  two  equal  chords  AB,  DE,  are  at  the 
same  distance  from  the  centre. 

2.  Let  the  chord  JiH  be  greater  than  DE,  the  arc  jfiSXT  will 
be  greater  than  the  arc  DME  (103),  Upon  the  arc  AlCff  take 
the  part  JiJ>rB  =:  DME,  draw  the  chord  JtB,  and  let  fall  the  per- 
pendicular CF  upon  this  chords  and  the  perpendicular  CI  upon 
JiH;  CFin  evidently  greater  than  CO,  and  CO  than  CI(5i); 
for  a  still  stronger  reason  CF*^  CI.  But  CF=:COf  since  the 
chords  JiB,  DE,  are  equal.  Therefore  CG  >  CI9  and  of  two 
unequal  chords  the  less  is  at  the  greater,  distance  from  the 
centre. 

THEOREM. 

110.  The  perpendicular  BD  (fig.  54),  at  the  extremity  rf  the  rig.  54. 
radius  AC,  is  a  tangent  to  the  circumference. 

Demonstration.  Since  every  oblique  line  CE  is  greater  than 
the  perpendicular  CJt  (52),  the  point  E  is  without  the  circle,  and 
the  line  BD  has  only  the  point  Jl  in  common  with  the  circum- 
ference ;  there  BD  is  a  tangent  (97). 

111.  SehoKum.  We  can  draw  through  a  given  point  Jl  only 
one  tangent  AD  to  the  circumference ;  for,  if  we  could  draw 
another,  it  would  not  be  a  perpendicular  to  the  radius  CA^  and 
with  respect  to  this  new  tangent  the  radius  CA  would  be  an 
oblique  line,  and  the  perpendicular  let  fall  from  the  centre  upon 
this  tangent  would  be  less  than  CA;  therefore  this  supposed 
tangent  would  pass  into  the  circle  and  become  a  secant 
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THEOREM. 

Fig.  55.  112.  Twoparattels  AB,  DB  (fig.  55),  interctpi  flpcm  the  or- 
cumference  equal  arcs  MN,  PQ. 
Demonstration^  The  proposition  admits  of  three  cases. 
1.  If  the  two  parallels  are  secants,  draw  the  radius  CH  per- 
pendicular to  the  chord  MP*  it  will  also  be  perpendicular  to  iti 
parallel  J>rq  (64),  and  the  point  H  will  be  at  the  same  time  d» 
middle  of  the  arc  MHP  and  of  JfHq  (105) ;  whence  the  aic 
MU=z  HP,  and  the  arc  JVrff=  Hq ;  also 

MH—  J>rU=i  HP  —  Hq,  that  is,  .«JV=  Pq. 

Fig.  56.  o.  If  of  the  two  parallels  ^B^  DE  (Jig.  56),  one  be  a  secant  aal 
the  other  a  tangent;  to  the  point  of  contact  i7draw  the  radius  CE\ 
this  I'adius  will  be  perpendicular  to  the  tangent  DE  (iio),  and 
also  to  its  parallel  MP.  But,  since  Cffis  perpendicular  to  the 
chord  MP  J  the  point  If  is  the  middle  of  the  arc  MHP ;  therefon 
the  arcs  MH,  HP,  comprehended  between  the  parallels  JiB,  DE, 
are  equal. 

3.  If  the  two  parallels  DE,  IL,  are  tangents,  the  one  at  E 
and  the  other  at  A*;  draw  the  parallel  secant  AB,  and  we  sbiD 
have,  according  to  what  has  just  been  demonstrated,  MH^HF, 
and  MK  =  KP ;  therefore  the  entire  arc  HMK^  HPK,  and  it  is 
moreover  evident,  that  each  of  these  arcs  is  a  semicircumfer- 
ence. 

THEOREM. 

113.  If  the  circumferences  of  two  drdes  cut  eadi  other  in  tw9 
points,  the  line  which  passes  through  their  centres  rviU  be  perpen- 
dicular  to  the  cliord,  wluch  joins  Vie  points  of  intersection,  amd 
will  bisect  it. 
Fig.  57,  Demonstration.  The  line  M  {jig.  57,  58),  which  joins  the 
^^' points  of  intersection,  is  a  chord  common  to  the  two  circles ;  and, 
if  a  perpendicular  be  erected  upon  the  middle  of  this  chord,  it 
must  pass  through  each  of  the  centres  C  and  D  (105).  But 
through  two  given  points  only  one  straight  line  can  be  drawn ; 
therefore  the  straight  line,  which  passes  through  the  centres, 
will  be  per|)endicular  to  the  middle  of  the  common  chord. 
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THEOREM. 

114.  If  the  distance  rf  two  ctrUres  is  less  than  the  sum  of  the 
*  radii,  and  if  at  the  same  Hme  the  greater  radius  is  less  than  the 

sum  cf  the  smaller  and  the  distance  of  the  centres,  the  two  circles 
ivUl  cut  each  other. 

Ikmonstration.  In  order  that  the  intersection  may  take  place, 
the  triangle  JiCD  (Jig.  57,  58)  must  be  possible.   It  is  necessary  ^*^'  |^» 
tiien.  not  only  that  CD  (Jig.  57)  should  be  less  than  AC  +  AD^  Fig  57. 
but  also  that  the  greater  radius  AD  (Jig.  58)  should  be  less  than  Fig*  ^8* 
AC+  CD.    Now,  while  the  triangle  CAD  can  be  constructed,  it 
is  clear  that  the  cin^umferences  described  from  the  centres  C  and 
B  will  cut  each  other  in  A  and  B. 

THEOREM* 

115.  IJihe  distarM  CD  (fig.  59)  of  tlie  centres  of  two  circles  ^'^f;  59. 
is  equal  to  the  sum  <f  their  radii  CA,  CD,  these  two  circles  will 
touch  each  other  externally. 

Demonstration.  It  is  evident  that  they  will  have  the  point  A 
common,  but  they  can  have  no  other,  for  in  order  that  there  may 
be  two  points  common,  it  is  necessary  that  the  distance  of  the 
centres  should  be  less  than  the  sum  of  the  radii  (114). 

THEOREM. 

116.  If  the  distance  CD  of  the  centres  of  two  circles  is  equal  to 

the  difference  of  their  radii  CA,  AD  (fig.  60),  these  two  circles  Tig.  6a 
ivHl  touch  each  other  internally. 

Demonstration.  In  the  first  placo  it  is  evident,  that  they  will 
have  the  point  A  common ;  and  they  can  have  no  other,  for  in 
order  that  they  may  have  two  points  common,  it  is  necessary 
that  the  greater  radius  AD  should  be  less  than  the  sum  of  the 
radius  AQ  and  the  distance  of  the  centres  CD  (1 14),  which  in 
contrary  to  the  supposition. 

117.  CoroUary.  Hence,  if  two  circles  touch  each  other,  either 
internally  or  externally,  the  centres  and  tlie  point  of  contact  are 
in  the  same  straight  line. 

118.  Scholium*  All  the  circles,  which  have  their  centres  in 
the  straight  line  CD  and  whose  circumferences  pass  through  tlie 
point  A,  touch  each  other,  and  have  only  the  point  A  common. 
And  if  through  the  point  A  we  draw  AE  perpendicular  to  CD,  the 
straight  line  AE  will  be  a  tangent  common  to  all  these  circles. 
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THEOBEM. 

119.  In  the  same  cirdef  or  in  equal  circles,  eqtial  angles  ACBi 
^^•DCE  (fig.  6l)y  the  vertices  of  which  are  at  the  centre,  interafi 

upon  the  circumference  equal  arcs  AB,  DE. 

Reciprocally^  if  the  arcs  AB,  BE,  are  equal,  the  angles  ACBi 
DCE9  also  will  be  equaL 

Demonstration.  1.  If  the  angle  ACB  is  equal  to  the  an^ 
DCE,  these  two  angles  may  be  placed  the  one  ui)on  the  otheri 
and  as  their  sides  are  equal,  it  is  evident,  that  the  point  Ji  will  fall 
upon  IK  and  the  point  B  u|M>n  £•  But  in  this  case  the  arc  JB 
must  also  fall  upon  the  arc  DE ;  for  if  the  two  arcs  were  not 
coincident,  there  would  be  points  in  the  one  or  the  other  at 
unequal  distances  fi*om  the  centre,  which  is  impossible  ;  there- 
fore the  arc  JiB  =  DK. 

2.  If  we  8upix>se  AB  =  BE,  the  angle  JICB  will  be  equal  tt 
DCE ;  for,  if  these  angles  are  not  equal,  let  MB  be  the  gresLtetf 
and  let  ACI  be  taken  equal  to  DCE ;  and  we  have,  according 
to  what  has  just  been  demonstrated,  j9J=r  DE.  But,  by  hypo- 
thesis, the  arc  JiB  =  DE ;  we  siiould  consequently  have  .Af  =  JIB, 
or  the  part  equal  to  the  whole,  which  is  impossible  5  therefore  the 
angle  dCB  =  DCE. 

THEOREM. 

120.  In  tlie  same  circle,  or  in  equal  circles,  if  two  angles  at  th^ 
y2.  centre  ACB,  DCE  (fig.  62),  are  to  each  other,  as  two  entire  num- 
bers, the  intercepted  arcs  AB,  DE,  will  be  to  each  other,  as  ihs 
same  numbers,  and  we  shall  ha^ee  this  proportion  ; 

angle  ACB  :  angle  DCE  : :  arc  AB  :  arc  DE. 
Demonstration.  Let  us  suppose,  for  example,  that  the  angles 
ACB^  DCE.  are  to  e^irh  other,  as  7  to  4  ;  or,  w;liich  amounts  to 
the  same,  that  the  angle  J/,  which  will  serve  as  a  common  rnQSiS' 
niT,  is  <'ontained  seven  times  in  the  ar.gle  ACB,  and  four  times 
in  the  angle  DCE.  The  partial  angles  .^Cm,  mCn,  nCp,  &c., 
DCv,  xCy,  &r.,  being  equal  to  each  other,  the  pai-tial  aiTs  Am, 
fiiw,  wt),  tVc,  7},:i:.  .ri/,  &c.,  will  also  be  equal  to  each  other  (1 19), 
and  the  entii-e  air.  AB  will  he  to  the  entii-e  arc  DE,  as  7  is  to  4» 
"^^"^  Jfow  it  is  evident,  ihat  the  same  reasoning  might  be  used,  what- 
ever numbers  N\ere  substituted  in  the  place  of  J  and  4  ;  there- 
fore, if  the  i-atio  of  the  angles  ACB,  DCE,  can  be  expressed  by 
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sntire  namben»  t^e  trcs  ABf  DE,  will  be  to  each  other^  as  the 
angles  JlCBf  DCE. 

1£1.  iSicAoIittm.  Beciprocallyf  if  flie  arcs  ^fi,  DE%  are  to 
each  other,  as  two  entire  nonibers,  the  angles  ACB9  DCE^  will 
be  to  each  other,  as  the  same  numbers,  and  we  shall  have  always 
ACB :  DCE : :  AB :  DE ;  for  the  partial  arcs  wflm,  mtif  ftc.,  BX9 
ity,  &c.,  being  equalt  the  partial  angles  ACtOf  mCn,  &c.,  DCx, 
xO^,  hc.f  are  also  equaL 

THEOREM. 

1S2.  WJiatroer  may  he  Vie  ratio  of  two  angles  ACB,  ACD, 
(fig.  63)»  these  two  angles  will  always  be  to  each  other^  as  the  arcs  ^'^z-  ^^' 
AlB»  A1>,  intercepted  between  their  sides  and  described  from  their 
vertkeSf  as  centres,  with  equal  radiL 

Demonstration.  Let  us  suppose  the  less  angle  placed  in  the 
greater;  if  the  proposition  enunciated  be  not  true,  the  angle 
ACB  will  be  to  the  angle  ACD,  as  the  arc  AB  is  to  an  arc 
greater  or  less  than  AD.  Let  this  arc  be  supposed  to  be  greater, 
mnd  let  it  be  represented  by  AO ;  we  shall  have, 

angle  ACB  :  angle  ACD :  i  ^rc  AB  :  ^TC  AO. 

Let  OS  now  imagine  the  arc  AB  to  be  divided  into  equal 
parts,  of  which  each  shall  be  less  than  DO,  there  will  be  at  least 
one  point  of  division  between  D  and  0 ;  let  /  be  this  point,  and 
join  CI;  the  arcs  ABf  AI,  will  be  to  each  other,  as  two  entire 
numbers,  and  we  shall  have,  by  the  preceding  theorem, 
angle  ACB :  angle  ACl ::  arc  AB:  arc  AL 

Comparing  these  two  proportions  together,  and  observing, 
that  the  antecedents  are  ttie  same,  we  conclude  that  the  conse- 
quents are  proportional  (iii)t»  namely, 

angle  ACD :  angle  ACI: :  arc  AO :  arc  AL 

But  the  arc  AO  is  greater  than  the  arc  AI;  it  is  necessary 
then,  in  order  that  this  pro^xirtion  may  take  place,  that  the 
angle  ACD  should  be  greater  than  the  angle  ACI;  but  it  is  less ; 
it  is  therefore  impossible,  that  the  angle  ACB  should  be  to  the 
angle  ACD,  as  the  arc  AB  is  to  an  arc  greater  than  AD. 

By  a  process  of  reasoning  altogether  similar,  it  may  be  shown, 
that  the  fourth  term  of  the  proportion  cannot  be  less  than  AD ; 

t  The  reference  by  Roman  numerals  is  to  the  Introductioo. 
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therefore  it  is  exactly  JiD,  and  we  bare  the  proportiou 
angle  MB :  angle  ACD : :  arc  jSB  :  arc  JiD» 

123.  CeroUary.  Since  the  angle  at  the  centre  of  a  circle 
the  arc  intercepted  between  its  sides  have  sach  a  connexion,  i 
wlien  one  increases  or  diminishes  in  any  ratio  whatever, 
other  increases  or  diminishes  in  the  same  ratio»  we  are  autl 
ized  to  establish  one  of  these  magnitudes  as  the  measure  of 
other ;  thus  we  sliall,  in  future,  take  the  arc  JiB  as  the  meai 
of  the  angle  MB.  The  only  thing  to  be  observed  in  the  c 
parison  of  angles  with  each  other  is,  that  the  arcs,  which 
used  to  measure  them,  must  be  described  with  equal  radiL  1 
is  to  be  understood  in  the  preceding  propositions. 

1£4.  Scholium.  It  may  seem  more  natural  to  measure  a  qi 
tity  by  another  quantity  of  the  same  kind,  and  upon  this  pri 
pie  it  would  be  convenient  to  refer  all  angles  to  the  right  an| 
and  tiiusy  the  right  angle  being  the  unit  of  measure,  the  m 
angle  would  be  expressed,  by  a  number  comprehended  betw 
0  and  1 9  and  an  obtuse  angle  by  a  number  between  1  an 
But  this  manner  of  expreJising  angles  would  not  be  the  n 
convenient  in  practice.  It  has  been  found  much  more  sinipl 
measure  them  by  arcs  of  a  circle  on  account  of  tlie  facilit; 
making  arcs  equal  to  given  arcs  and  for  many  otlier  reas 
Besides,  if  the  measure  of  angles  by  the  arcs  of  a  circle  b 
some  degree  indirect,  it  is  not  tiie  less  easy  to  obtain,  by  m( 
of  them,  the  direct  and  absolute  measure ;  for,  if  we  com] 
the  arc,  which  is  used  as  the  measure  of  an  angle,  with 
fourth  pai't  of  the  circumference,  we  have  the  ratio  of  the  gi 
angle  to  a  nght  angle,  wiiich  is  tlie  absolute  measure* 

125.  Scliolium  II.  All  that  has  been  demonstrated  in  the  tl 
preceding  propositions,  for  the  comparison  of  angles  with  a 
is  equally  applicable  to  the  purpose  of  comparing  sectors  i 
arcs ;  for  soctora  are  equal,  when  their  arcs  are  equal,  an< 
gonei*aI  they  arc  proportional  to  the  angles ;  hence  troo  sec 
ACB,  ACD,  taken  in  the  same  circle  or  in  equal  circles,  ar 
each  olhcTn  as  the  arcs  AB,  AD,  the  bases  of  tliese  sectors. 

It  will  be  perceived  therefore,  that  the  ai*cs  of  a  circle,  wl 
arc  used  as  a  inca<iui*e  of  angles«  will  also  serve  as  tlie  moas 
of  difFcrcnt  sectors  of  the  same  circle  or  of  cf^ual  circles. 
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THBOKBlf* 

ld&  The  inecribed  ang^  BAD  (fig.  M,  65),  hasjor  its  meamirerifs.  64. 
the  half  of  the  arc  BD  annprehended  between  its  sides. 

Denumelrution.  Let  as  sajq^osey  in  the  first  ^ace,  that  the 
centre  ef  the  circle  is  situated  in  the  angle  BdD  {Jig.  64) ;  F>s«  ^ 
we  draw  the  diameter  JiB^  and  the  radii  CB,  CD.  The 
angle  BCEf  being  the  exterior  angle  of  tlie  triangle  ABCf  is 
equal  to  the  sum  of  the  two  cqiposite  interior  angles  CAB,  AHC. 
Buty  the  triangk  BAC  being  isosceles,  the  angle  CAB  =  ABC^y 
hence  the  angle  BCE  is  doable  of  BAC.  The  angle  BCE9 
liaving  its  vertex  at  the  centre,  has  for  its  measure  the  arc  BE ; 
therefore  the  angle  BAC  has  for  its  measure  the  half  of  BE. 
For  a  similar  reason  the  angle  CAD  has  for  its  measure  the  half 
of  ED ;  therefore  BAC  +  CAD^  or  BAD^  has  for  its  measure  the 
half  BE  +  ED,  or  the  half  of  BD. 

Let  us  suppose,  in  the  second  place,  that  the  centre  C  (Jig.  65),  ^^*  ^^• 
is  situated  without  the  angle  BAD;  then,  the  diameter  AE 
being  drawn,  the  angle  BAB  will  have  for  its  measure  the  half 
of  BE,  and  the  angle  DAE  the  half  of  DE ;  hence  their  differ- 
ence BAD  will  have  for  its  measure  the  half  of  BE  minus  the 
half  of  ED,  or  the  half  of  BD. 

Therefore  every  inscribed  angle  has  for  its  measure  the  half 
of  the  arc  comprehended  between  its  sides. 

127.  Corollary  i.    All  tlie  angles  BAC,  BDC  (Jig.  6Qj,  &c.,  Fif:.  66. 
inscribed  in  tiie  same  segment,  are  equal ;  for  they  have  each 

for  their  measure  the  half  of  the  same  arc  BOC. 

128.  Corollary  11.    Every  angle  BAD  (Jig.  67),  inscribed  in  Fig.  67. 
a  semicircle,  is  a  right  angle ;  for  it  has  for  its  measure  the  half 

of  the  semicircumference  BOD,  or  the  fourth  of  the  circumfer- 
ence. 

To  demonstrate  the  same  thing  in  another  way,  draw  the 
radius  AC ;  the  triangle  BAC  is  isosceles,  and  the  angle 

BAC  ^  ABC  I 
the  triangle  CAD  is  also  isosceles,  and  the  angle  CAD  =  ADC ; 
hence  BAC^  CAD,  or  BAD^ABD  +  ADB.  But,  if  the  two 
angles  B  and  D  of  the  triangle  ABD  are  together  equal  to  the 
third  BAD,  the  three  angles  of  the  triangle  will  be  equal  to  twice 
the  angle  BAD ;  they  are  also  equal  to  two  right  angles ;  there- 
fore the  angle  BAD  is  a  right  angle. 
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r\%,  66.  1^9.  Corollary  iii.  Every  angle  BAC  {Jig.  66),  inscribed  in 
a  segment  greater  than  a  semicircley  is  an  acute  angle  ;  for  it 
has  for  its  measure  the  half  of  the  arc  BOC  less  than  a  semiclr- 
cumferencc. 

And  every  angle  BOC,  inscribed  in  a  segment  less  than  a 
semicircle^  is  an  obtuse  angle ;  for  it  has  for  its  measure  the 
half  of  tlie  arc  BAC  greater  than  a  semicircumference. 

Fiff.  68.  130.  CoroUary  iv.  The  opposite  angles  A  and  C  (Jig.  68)  of 
an  inscribed  quadrilateral  ABCD  ai'e  together  equal  to  two  right 
angles ;  for  the  angle  BAD  has  for  its  measure  the  half  of  the 
arc  BCD^  and  the  angle  BCD  has  for  its  measure  the  half  of  the 
arc  BAD ;  hence  the  two  angles  BAD,  BCD,  taken  together! 
have  for  their  measure  the  half  of  the  circumference  ;  therefore 
tiicir  sum  is  equal  to  two  right  angles. 

THBOBEM. 

Vii,  69.  Idl.  The  angle  BAC  (fig.  69)^  formed  by  a  tangent  and  a  chord, 
has  for  its  measure  the  half  cf  the  arc  AMUC,  comprehended 
t^t^veen  Us  sides. 

Demonstration.  At  the  point  of  contact  A  d:-aw  the  diameter 
AD;  the  angle  BAD  is  a  right  angle  (110),  and  has  for  its 
measure  the  half  of  the  ;Remicircumfercnce  AJ^ID ;  the  angle 
DAC  has  for  its  measni'e  the  half  of  DC ;  therefore  BAD  +  DAC, 
or  BAC.  has  for  its  measure  the  half  of  AJIW  plus  the  half  of  DC, 
or  the  hair  of  the  whole  arc  AMDC. 

It  may  be  demonstrated,  in  like  manner,  that  CAE  has  for  iti 
measure  the  half  of  the  AC,  comprehended  between  its  sides. 


Problems  relating  to  tlie  two  first  sections. 

PROBLEM. 

Fig,  70.     132.  To  divide  a  given  straight  line  AB  (fig.  70)  into  two  equal 
parts. 

Solution.  From  the  points  A  and  B,  as  centres,  and  with  a 
radius  greater  than  the  half  of  Ali,  describe  two  arcs  cutting 
each  other  in  D ;  the  point  D  will  be  equally  distant  from  the 
points  A  and  B;  find  in  like  manner,  either  above  or  below  the 
line  AB  a  second  point  E  equally  distant  from  the  jKiuits  A  and 
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S ;  throngh  Ihe  two  points  D  and  E  draw  the  line  BE ;  tliis 
line  will  divide  tlie  line  JiB  into  two  equal  parts  in  the  point  €• 
For,  the  two  points  D  and  E  bping  each  equally  distant* 
from  the  eirtremities  A  and  Bf  they  must  both  be  in  the  perpen- 
dicular which  passes  through  the  middle  of  JiB.  But  through 
two  given  points  only  one  straight  line  can  be  drawn ;  therefore 
the  line  DE  will  be  this  perpendicular,  which  divides  the  line 
•9B  into  two  equal  parts  in  the  jioint  C. 

FSOBLEM. 

133.  From  a  given  point  A  (fig.  7l)»  in  the  line  BC,  to  erect  a^'^S-  71- 
perpendicular  to  this  line. 

Solution.  Take  the  points  B  and  C,  at  equal  distances  from 
A  ;  and  from  B  and  C,  as  centres*  with  a  radius  greater  than 
BJf  describe  two  arcs  cubing  each  other  in  D;  draw  AD, 
which  will  be  the  perpendicular  required. 

For  the  point  D^  being  equally  distant  from  B  and  C,  must  be 
in  a  perpendicular  to  the  middle  of  BC  (55")  ;  therefore  JID  is 
this  perpendicular. 

134.  Seholitim.  The  same  construction  will  serve  to  make  a 
right  angle  KiD  at  a  given  point  ^  in  a  given  line  BC. 

FBOBUBM. 

135.  From  a  given  point  A  (fig.  72)  without  the  straight  line^'ig*  72, 
BD,  to  let  Jail  a  perpendicular  upon  this  line. 

Solution.  From  .^^  as  a  centre,  with  a  radius  sufficiently  great, 
describe  an  arc  cutting  the  line  BD  in  two  points  B  and  D ; 
then  find  a  point  £,  equally  distant  from  the  points  B  and  D 
(132),  and  draw  JlE,  M'hich  will  be  the  perpendicular  required. 

For  the  t\vo  points  Jf  and  E  are  each  equally  distant  from  the 
points  B  and  I) ;  therefore  the  line  AE  is  peipendicular  to  the 
middle  of  BD. 

PBOBLEM. 

136.  At  a  given  point  A  (flg«  73)  tn  the  Ufie  AB,  to  make  anyig>  73. 
angle  eqtud  to  a  given  angle  K. 

Sdution.  From  the  vertex  A*,  as  a  centre,  with  any  radius, 
describe  an  arc  IL  meeting  the  sides  of  tlie  angle,  and  from  tlio 
point  Af  as  a  centre,  with  the  same  radius,  describe  an  indefinite 
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arc  BO ;  from  Bf  as  a  centre,  witli  a  radins  equal  to  the  clnvd 
LIf  describe  an  arc  cutKng  the  dire  BO  in  D;  drawJH,  andtlie 
anj^le  DJB  \vill  be  equal  to  the  given  angle  £ 

For  Uic  arcs  BD,  IJ9  have  equal  radii  and  equal  chords  ;  tibej 
arc  thei-eforc  equal  (102),  and  the  angle  BAD  =  IKL. 

FROBIJBH. 

1 3r.  To  bisect  a  given  arc  or  angk. 
"^S-  T4.  Solution  I.  If  it  is  proposed  to  bisect  the  arc  ^B  {fig.  74); 
from  the  points  d  and  B9  as  centres,  with  the  same  radiuSf  des- 
cribe two  arcs  intersecting  each  other  in  D ;  through  tiie  pcMDt 
D  and  the  ccntro  C  di-aw  CDf  which  will  divide  the  arc  JBtB  into 
two  equal  parts  in  the  point  £• 

For,  since  the  points  C  and  D  are  each  equally  distant  from 
tlie  extremities  A  and  B  of  the  chord  AB,  the  line  CD  is  perpen- 
dicular to  tlie  middle  of  this  chord ;  therefore  it  bisects  it  (105). 

S.  If  it  is  proposed  to  bisect  the  angle  MB ;  from  the  vertex 
C,  as  a  centre,  describe  the  arc  ^Bf  and  complete  the  construc- 
tion, as  above  described.  It  is  evident  that  the  line  CD  will 
bisect  the  angle  MB. 

138.  Schotium.  By  the  same  construction,  we  may  bisect 
each  of  the  halves  AE,  EB,  and  tlius,  by  successive  subdivisionSf 
we  may  divide  an  angle  or  aro  into  four,  eight,  sixteen,  &c.i 
equal  parts. 

PROBLEM. 

'ig.  T5.     1S9.  Through  a  given  point  A  (fig.  75)^  to  draw  a  straighi  Kne 
parallel  to  a  given  siraight  line  BC. 

Solution.  From  the  point  wfl,  as  a  centre,  with  a  radius  suffi- 
ciently great,  describe  the  indefinite  aro  EO ;  from  the  point  £9 
as  a  centre,  with  the  same  radius,  describe  the  arc  AF;  take 

ED  =  AFf 
and  draw  AD,  which  will  be  the  parallel  required. 

For,  AE  being  joined,  the  alternate  angles  AEF,  EAD,  are 
equal  ^  therefore  AD,  EF,  are  parallel  (67). 

PROBLEM. 

iff.  76,     140.  Two  angles  A  and  B  (fig.  76)  of  a  triangle  being  given,  to 
find  the  third. 
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adutum.  Draw  the  indefinite  line  DBF ;  at  the  point  E  make 
the  angle  I)£C  =  J,  and  the  angle  CEH^B;  the  remaining 
angle  HEF  will  be  the  third  angle  required ;  for  these  three 
angles  are  together  equal  to  two  right  angles. 

VROBIiEM. 

141.  Two  aides  of  a  triangle  B  and  C  (fig.  77)  being given,Tlg.  77 
and  the  angle  A  contained  by  tftfm,  to  comtruct  the  triang^. 

Solution.  Draw  the  indefinite  line  DEf  and  make  at  the  point 
D  the  angle  EDF  equal  to  the  given  angle  A ;  then  take  DO  =  B, 
DE^  C,  and  draw  GH;  IXr JET  will  be  the  triangle  required. 

FROB£EH« 

142.  One  side  and  two  angles  of  a  (rtaagfe  kiiif  grven,  to  con- 
struct the  triangle. 

Solntion.  The  two  giTen  angles  will  be  either  both  adjacent 
to  the  given  side,  or  one  adjacent  and  the  other  opposite.  In 
this  last  case,  find  the  third  angle  (140)  ;  we  shall  thus  have  the 
two  adjacent  angles.  Then  draw  the  straight  line  DE  (Jig.  78)  Fig.  rs 
equal  to  the  given  side^  at  the  point  D  make  the  angle  EDF 
equal  to  one  of  the  adjacent  angles,  and  at  the  point  E  the  angle 
DEB  equal  to  the  other ;  the  two  lines  DF^  EG^  will  cut  each 
other  in  H,  and  DEE  will  be  the  triangle  required. 

PROBLEM. 

143.  The  three  sides  A,  B,  C  (fig.  79),  of  a  triangle  being  given,  F*>ff-  79, 
to  construct  the  triangle. 

SolutUm.  Draw  DE  equal  to  the  side  A ;  from  the  point  E, 
as  a  centre,  with  a  radius  equal  to  the  second  side  £,  describe 
an  arc ;  from  the  point  jD,  as  a  centre,  with  a  radius  equal  to  the 
third  side  C,  describe  another  arc  cutting  the  former  in  F ;  draw 
DFf  EFf  and  DEF  will  be  the  triangle  required. 

144.  Scholium.  If  one  of  the  sides  be  greater  than  the  sum  of 
the  other  two,  the  arcs  will  not  cut  each  other ;  but  the  solution 
will  always  be  possible,  when  each  side  is  less  than  the  sum  of 
other  two. 
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PROBLEM. 

145.  Two  sides  A  and  B  of  a  triangle  being  given  with  the 
angle  C  opposite  to  the  side  B,  to  construct  tlie  triangle. 

Solution,    The  pmblcm  admits  of  two  canes.  1»  If  the  angk 

!■]{;.  80.  (:  (^fiv,  80)  is  a  I'iglit  angle,  or  an  obtuse  angle,  make  tlie  angle 
L7>f*er|ual  to  the  angle  C;  take  DKz^A^  from  the  point  E,  as 
a  centre,  and  with  a  radius  equal  to  the  given  side  B^  describe 
an  ai-c  cutting  the  line  DFm  F;  draw  EF,  and  DEF  will  bi 
the  triangle  required. 

It  is  necessary,  in  this  case,  that  the  side  B  should  be  greater 
than  ^.  for  tiie  angle  C  being  a  riglit  or  an  obtuse  angle,  it  is  the 
gn^atest  of  tlie  angles  of  the  triangle,  and  the  side  opposite  must 
conser|uentIy  be  the  f^iTatest  of  the  sides. 

^'^S'  81.  s.  If  the  angle  C  (^Jig.  81)  is  acute,  and  U  greater  than  JS,  the 
construction  is  the  same,  and  DEF  is  the  triangle  required. 

Fig.  82.  But  if,  while  C  {fig.  82)  is  acute,  the  side  B  is  less  than  J, 
then  (he  arc  desciibed  from  the  centre  E  with  the  radius  EF=Bt 
will  cut  the  side  DF  in  two  jioints  F  and  G  situated  on  tlie  same 
side  of  D ;  there  ai*c  tberefoi-e  two  triangles  DEFf  DEO,  wbich 
equally  answer  tlie  ccmditions  of  (he  pi*oblem. 

14G.  Scholivm.  The  problem  would  be  in  every  case  impos- 
sible, if  the  side  B  were  less  than  the  perpendicular  let  fall  froB 
E  upon  the  line  DFm 

PROBLKM. 

>"t^,  83.  147.  The  adjaccnl  shies  A  and  B  (fig.  83)  of  a  jmrallclogram 
being  given  together  tvith  the  included  angle  C,  to  construct  the 
jmrallclogram. 

Solufion.  Draw  the  line  DEz=,  Ji ;  make  the  angle  FDE  =  C, 
and  take  DF:=:  B  ;  describe  two  arcs,  one  from  the  point  F,  as 
a  centre,  with  the.  radius  FG  =  DE,  and  the  other  from  the  |ioint 
jB,  as  a  centre,  with  the  radius  EG  =  /JF;  to  the  point  G,  where 
the  two  arcs  cut  each  other,  draw  FG^  EG ;  and  DEGF  will  be 
the  parallelogram  iiijuired. 

For.  by  constiiicticm,  the  opposite  sides  are  equal,  therefore 
the  figure  is  a  parallelogram  (B6),  and  it  is  formed  with  tlie 
given  adjacent  sides  and  included  angle. 

148.  Corollary.  If  the  given  angle  be  a  right  angle,  the 
figure  will  be  a  rectangle ;  and,  if  the  adjacent  sides  are  als© 
ixjiial.  the  figure  will  be  a  square. 
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149.  Tofini  the  centre  of  a  given  rircUf  or  of  a  given  arc. 

Sotniian.    Take  at  pleasure  three  pouits  J,  B,  C  {Jig.  84)»  in  Fig.  84. 
the  circumference  of  the  circle  or  in  the  given  arc ;  join  JiB  and 
BC,  and  bisect  them  by  the  perpendiculars  DE,  FG ;  tiie  point 
O,  ill  which  these  perpendiculars  meety  is  the  centre  sought. 

150.  Schdium.  By  the  same  construction  a  circle  may  be 
found,  the  circumference  of  which  will  pass  through  three  given 
points  Jif  By  Cs  or  in  which  a  given  triangle  dBC  may  be 
inscribed. 

PROBLEM. 

151  •  Through  a  green  point  to  draro  a  tangent  to  a  given  circle. 

Solution.  If  the  given  point  Ji  (Jig.  85)  be  in  the  circumfer-  Fig-  ^3. 
ence,  draw  the  radius  CJI9  and  through  Ji  draw  JiD.  peqiendicu- 
lar  to  CJif  then  dD  will  be  the  tangent  sought  (110).  If  the  point 
•8  (Jig.  86)  be  without  the  circle,  join  the  point  Jl  and  the  centre  ^'^K-  ^' 
by  the  straight  line  JiC;  bisect  JiC  in  0,  and  from  O,  as  a 
centre,  with  the  radius  OC,  describe  an  arc  cutting  the  given 
circle  in  the  point  B ;  draw  ^B,  afid  ^B  will  be  the  tangent 
required. 

For,  if  we  draw  CB,  the  angle  CBJi  inscribed  in  a  semicircle 
is  a  right  angle  (128)  ;  therefore  JIB3  being  a  perpendicular  at 
the  extremity  of  the  radius  CA,  is  a  tangent* 

152.  Scholium.  The  point  d  being  without  the  circle,  it  is 
evident  ^that  there  are  always  two  equal  tangents  JIB,  AD,  which 
pass  through  the  point  ^;  they  are  equal  (56),  because  the 
right-angled  triangles  CBA,  CDJi,  have  the  hypothcnuse  CA 
common,  and  the  side  CB  =  CD ;  therefore  AD  =  .^B,  and  at 
the  same  time  the  angle  CAD  =  CAB. 

PROBUSM. 

153.  To  inscribe  a  circle  in  a  given  triangle  ABC  (fig.  87).       Fig.  sr. 
Bisect  the  angles  A  and  B  of  the  triangle  by  the  straight  lines 

AO  and  BO^  which  will  meet  each  other  in  O ;  from  the  i)oint  0 
draw  the  perpendiculars  OD,  OE9  OF,  to  the  three  sides  of  the  tri- 
angle ;  these  lines  will  be  equal  to  each  other.  For,  by  construc- 
tion, the  angle  DAO^  OAF,  and  the  right  angle  ADO^AFO^ 
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consequently  the  third  angle  AODib  equal  to  the  third  A  OF,  B^ 
sides,  the  side  ^O  is  common  to  the  two  triangles  JiODf  JiOf\ 
therefore,  a  side  and  the  adjacent  angles  of  the  one  being  repec- 
tively  equal  to  a  side  and  the  adjacent  angles  of  the  othery  the 
two  triangles  ai*e  equal ;  hence  DO  =  OF.  It  may  be  siiowiiy  ii 
like  manner,  that  the  two  triangles  BOB9  BOBf  are  cqnal; 
consequently  OD  =  OE ;  therefore  the  three  perpendicalffi 
OD9  OEf  OFj  are  equal  to  each  other. 

Now,  if  from  the  point  0,  as  a  centre,  and  with  the  nidi« 
ODi  we  describe  a  circle,  it  is  evident  that  this  circle  will  k 
inscribed  in  the  triangle  ABC ;  for  the  side  AB^  perpendicular 
to  the  radius  at  its  extremity,  is  a  tangent.  The  same  may  bi 
said  of  the  sides  BCf  AC. 

154.  Scholium.  The  three  lines,  which  bisect  the  thm 
angles  of  a  triangle,  meet  in  the  same  point 

PROBLEM. 

Piy  S8,     155.  Upon  a  given  straight  line  AB  (fig.  88,  89)  to  deasrik  i 
*  segment  capable  of  containing  a  given  angle  C,  that  is  a 


suchf  that  each  of  the  anffies^  which  may  be  inscribed  in  t^  «AiiiI  fc 
equal  to  a  given  angle  C. 

Solution.  Pi*oduce  AB  toward  D,  make  at  the  point  B  the 
angle  DBE  =  C,  draw  BO  perpendicular  to  BE,  and  GO  perpes* 
dicular  to  AB9  G  being  the  middle  of  AB ;  from  the  point  of 
meeting  0,  as  a  centre,-  and  with  tiie  radius  OB,  describe  a 
ciirlc ;  tlic  segment  required  will  be  AMB. 

For,  since  BF  is  perpendicular  to  the  radius  at  its  extreroity^ 
BF  is  a  tangent,  and  the  angle  ABF  has  for  its  measure  the  half 
of  tlie  arc  AJCB  (131)  ;  besides,  the  angle  AMB,  as  an  inscribed 
angle,  has  also  for  its  measure  the  half  of  the  arc  AICB ;  con- 
sequently the  M^k  AMD  =  ABF =£30-=  C ;  therefore  each  of 
the  angles  inscribed  in  the  segment  AJIB  is  equal  to  tlie  given 
angle  C. 

156.  Scholium.  If  the  given  angle  were  a  right  angle,  thf 
segment  sought  would  be  a  semicircle  described  upon  the  diam- 
tster  AB. 
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157.  7b  find  the  numerical  ratio  of  two  given  straight  lines 
AB,  CD  (fig.  90)9  providedf  howeveff  these  two  Unes  have  a  som^^HS^ ^• 
nun  measure, 

Bolution.  Apply  the  smaller  CD  to  the  g^reater  AB^  as  many 
times  as  it  will  admit  of,  for  example^  twice  with  a  remainder 
BE. 

Apply  the  remainder  BE  to  the  line  CD,  as  manj  times  as  it 
will  admit  of 9  for  example,  once  with  a  remainder  DF. 

Apply  the  second  remainder  DF  to  the  first  BBf  as  many 
times  as  will  admit  ofy'once^  for  example,  with  a  remainder  BO. 

Apply  the  third  remainder  EG  to  the  second  DF,  as  many 
times  as  it  will  admit  oC 

Proceed  thus,  till  a  remainder  arises,  which  is  exactly  con- 
tained a  certain  number  of  times  in  the  preceding. 

This  last  remainder  will  be  the  common  measure  of  the  two 
pi-oposed  lines ;  and,  by  regarding  it  as  unity,  the  values  of  the 
preceding  remainders  are  easily  found,  and,  at  length,  those  of 
the  proposed  lines,  from  which  their  ratio  in  numbers  is  deduced. 

If,  for  example,  we  find  that  GE  is  contained  exactly  twice  in 
FDf  OB  will  be  the  coqumon  measure  of  the  two  pnqiosed  lines* 
Let  OB  =:  1,  we  have  FD=  2;  but  EB  contains  FD  once  plus 
6B;  therefore  EB  =  3 ;  CD  contains  SB  once  plus  FD ;  there- 
fore CD  =  5 ;  AB  contains  CD  twice  plus  EB ;  therefore 
AB^ilS  ;  consequently  the  ratio  of  the  two  lines  ABf  CD9  is  as 
13  to  5.  If  the  line  CD  be  considered  as  unity,  the  line  AB 
would  be  y ;  and,  if  the  line  AB  be  considered  as  unity,  the 
line  CD  would  be  -fj. 

158.  SchoUum.  The  method,  now  explained,  is  the  same  as 
that  given  in  arithmetic  for  finding  the  common  divisor  of  two 
numbers  (Arith.  61),  and  does  not  require  another  demonstration. 

It  is  possible,  that,  however  far  we  continue  the  operation,  we 
may  never  arrive  at  a  remainder,  which  shall  be  exactiy  con- 
tained a  certain  number  of  times  in  the  preceding.  In  this  caso 
the  two  lines  have  no  common  measure,  and  they  are  said  to  be 
incommensurable,  AVe  shall  see,  hereafter,  an  example  of  this  in 
the  ratio  of  the  diagonal  to  the  side  of  a  square.  But,  although 
the  exact  ratio  cannot  be  found  in  numbers,  by  neglecting  the 
last  remainder  we  may  find  an  iqiproximate  ratio  to  a  greater 

6 


42  Mtaienls  of  Gtometry. 

m 

or  less  degree  of  exactness^  according  as  the  operation  is  noR 
or  less  extended. 

PROBLEM. 

b'iy.  91.  159.  Two  angles  A  and  B  (fig.  91)  being  given^  to  Jind  that 
common  measure,  if  they' have  one,  and  from  this  their  ratio  in 
numbers. 

Sdutimu  Describe,  with  equal  radii,  the  arcs  CD,  EF^  which 
may  be  regarded  as  the  measure  of  these  angles ;  in  order  then 
to  compare  the  arc  CD,  EF^  proceed  as  in  tiie  preceding  prob- 
lem ;  for  an  arc  may  be  applied  to  an  arc. of  the  same  radius,  as 
a  btraight  line  is  applied  to  a  straiglit  line.  We  shall  tliiis  obtain 
a  common  measure  of  the  arcs  CD,  EF,  if  they  have  one,  and 
their  ratio  in  numbers.  This  ratio  will  be  the  same  as  that  of 
the  given  angles  (122) ;  if  DO  is  tlie  common  measure  of  tht 
arcs,  DJIO  will  be  the  common  measure  of  the  angles. 

160.  Scholium.  We  may  thus  find  the  absolute  value  of  an 
angle  by  comparing  the  arc,  which  serves  as  its  mpasare,  widi 
the  whole  circumference.  If,  for  example,  the  arc  CD  is  to  the 
circumference  as  3  to  25,  the  angle  j9  will  be  j^j  of  four  right 
angles,  or  ^|  of  one  right  angle. 

It  may  ha])pen,  as  we  have  seen  with  i*cspect  to  straight  lines, 
that  arcs  also,  which  are  compared,  have  not  a  common  meas- 
ure ;  we  can  then  obtain,  for  the  angles,  only  an  appi*oximatc 
ratio  in  numbers,  more  or  less  exact,  according  to  the  degree  to 
which  the  operation  is  extended. 


SECTION  THIRD. 

Of  the  proportions  of  figures. 

IGl.  I  SU.IXL  call  those  figures  equivalent  whose  surfaces  are 
equal. 

Two  figures  may  be  equivalent,  however  dissimilar ;  thus  a 
cirt  le  may  be  equivalent  to  a  square,  a  triangle  to  a  I'ectanglc,  &c. 

The  denomination  of  equal  figures  wiu  be  restricted  to  those^ 
whicii  being  applied,  the  one  to  tlie  other,  coincide  entirely  ;  thus 
hvo  circles  having  the  same  radius  arc  equal :  and  two  triangles 
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having  the  three  sides  of  the  one  eqaal  to  the  three  sides  of  the 
other,  each  to  each,  are  also  equal. 

162.  Two  figures  are  similarf  which  have  the  angles  of  the 
one  equal  to  the  angles  of  the  other,  each  to  each,  and  the 
homologous  rides  proportional*  By  homologous  sides  are  to  be 
understood  those,  which  have  the  same  position  in  the  two 
figures,  or  which  are  adjacent  to  equal  angles*  llie  angles, 
which  are  equal  in  the  two  figures,  are  called  homologous  angUs. 

Equal  figures  are  always  similar,  but  similar  figures  may  be 
very  unequal. 

163.  In  two  different  circles,  similar  arcSt  similar  sectors,  simi- 
lar segments,  are  such  as  correspond  to  equal  angles  at  the  centre. 
Thus,  the  angle  A  (Jig.  93)  being  equal  to  the  angle  0,  the  arc  T\^,  93. 
BC  is  similar  to  the  arc  DE,  the  sector  ABC  to  the  sector  ODE, 

&c. 

164*  The  altiUide  of  a  parallelogram  is  the  perpendicular 
which  measures  the  distance  between  the  opjiosite  sides  JiB,  CD 
(Jig'  93),  considered  as  bases*  Fig.  93. 

The  altUude  of  a  triangle  is  the  perpendicular  AD  (Jg.  94),  Fig.  94 
let  fall  from  the  vertex  of  an  angle  A  to  the  opposite  side  taken 
for  a  base. 

The  altitude  of  a  trapezoid  is  the  perpendicular  EF  (Jig.  95)  Fig.  95. 
drawn  between  its  two  parallel  sides  AB,  CD. 

165*  The  area  and  the  surface  of  a  figure  are  terms  nearly 
synonymous.  Area,  however,  is  more  particularly  ased  to 
denote  the  superficial  extent  of  the  figure  considered  as  meas- 
ured, or  compared  with  other  surfaces. 

THEOBEM. 

166*  Parallelograms,  which  Iiave  equal  bases  and  equal  altitudes, 
are  equivalent. 

Demonstration.  Let  AB  (Jig.  96)  be  the  common  base  of  the  Fig*  96. 
two  parallelograms  ABCD,  ABEF;  since  they  are  supposed  to 
have  the  same  altitude,  the  sides  DC,  FB,  opposite  to  the  bases, 
will  be  situated  in  a  line  parallel  to  AB  (69).  Now,  by  the 
nature  of  a  parallelogram,  AD  =  BC  (84),and  ^F=B£;  for 
the  same  i-eason,  DC  =  JIB,  and  FE=:AB;  therefore  DC  =  FE. 
If  DC  be  taken  from  DE,  there  will  remain  CE ;  and  if  FE, 
equal  to  DC,  be  taken  also  from  DE,  there  will  remain  DF  \  ' 
consequently  CE^DF. 


'    44  JBkmenU  of  OeomOnf. 

Hence  the  triangles  IKiF,  CBEf  hare  the  three  rides  of  the 
one  equal  to  the  sides  of  the  other,  each  to  each ;  thej  are  thetfr- 
fore  equal  (43.) 

But,  if  from  the  quadrilateral  ABEB  the  triangle  ADF  hi 
taken*  there  will  remain  the  parallelogram  ABBFi  and*  if  from 
the  same  quadrilateral  ABED  the  triangle  CBEf  equal  to  the 
former,  be  taken,  there  will  remain  the  parallelogram  JiBCB; 
therefore  the  two  parallelograms  J  BCD,  JiBEFf  which  hare  thi 
same  base  and  the  same  altitude,  are  ei|ui?a]ent. 

167.  CorMary.  Every  parallelogram  JiBCD  is  equivalent  to 
a  rcctan{^e  of  the  same  base  and  altitude. 

THEOBBM. 

Fig.  98.  168.  Every  triangle  ABC  (fig.  98)  is  half  ef  aparoBdogrem 
ABCD  the  same  base  and  aUitude* 

DemanstratUm.  The  triangles  ABC,  ACD,  are  equal  (87)» 
therefore  each  is  half  of  the  parallelogram  MCD. 

169.  Corollary  ju  A  triangle  ABC  is  half  of  a  rectangle 
BCEF  of  the  same  base  BC  and  the  same  altitude  AO  ;  for  the 
rectangle  BCEF  is  equivalent  to  the  parallogram  ABCD  (167). 

170.  Corollary  ii.  All  triangles^  which  have  equal  bases  and 
equal  altitudes,  are  equivalent. 

THEOBEM. 

171.  Two  rectangles,  which  haroe  the  same  altitude,  are  fo  eaek 
other  as  their  bajses. 

**•  ^-  Demonstration.  Let  ABCD,  AEFD  (Jig.  99),  be  two  rec- 
tangles, which  have  a  common  altitude  AD ;  they  are  to  eack 
other  as  their  bases  AB,  AE. 

Let  us  suppose,  in  the  first  place,  that  the  bases  AB,  AE,  are 
commensurable,  and  that  they  are  to  each  other,  as  the  numbers 
7  and  4,  for  example ;  if  we  divide  AB  into  7  equal  partSf  AB 
will  contain  four  of  these  parts ;  erect,  at  each  point  of  divisioB, 
a  perpendicular  to  the  base,  we  shall  thus  form  seven  partiil 
rectangles  which  will  be  equal  to  each  other,  since  they  wiD 
have  the  same  base  and  the  same  altitude  (166).  The  ra> 
tangle  ABCD  will  contain  seven  partial  rectangles,  while  AEFD 
will  contain  four ;  therefore  the  rectangle  ABCD  is  to  the  rec- 
tangle AEFD,  as  7  is  to  4,  or  as  AB  is  to  AE.    The  aame  rea^ 


qfik$rr9p€rtimmofFiguirt$.  45 


ioniog  naj  be  applied  to  an j  otber  ratio  beside  that  of  7  to  4 ; 
hence^  wtiatover  be  tiie  ration  piovidedlt  ia  commensurabley  we 
bave 

JUCD  ;  JEFD ;  iJB :  JUS. 

Let  08  sitppoae»  in  the  second  place»  that  the  bases  JiB^  AE 
(Jig.  100)t  are  IncommenMirable ;  we  shall  have  notwithstanding  Hg.  lOO. 

ABCD.AEFD.iAB.AE. 

Fort  if  this  proportion  be  not  true»  the  three  first  terms  re- 
maining the  same,  the  fourth  will  be  greater  or  less  than  AB. 
Let  us  suppose  that  it  is  greater,  and  that  we  have 

ABCDiAEFDiABiAO. 

Divide  the  line  JkB  into  equal  parts  smaller  than  EO.  and 
there  will  be  at  least  one  point  of  division  /between  E  and  O; 
at  this  point  erect  the  perpendicular  IK*;  the  bases  AB^  AI9  will 
be  commensurable,  and  we  shall  have,  according  to  what  has 
just  been  demonstrated, 

ABCDiAIKDiiABiAL 
But  we  have,  by  hypothesis, 

ABCD :  AEFD : :  AB :  AO. 
In  these  two  proportions  the  antecedents  are  equal,  therefore  the 
consequents  are  proportional  (iii) ;  that  is 

AIKD:AEFD:iAI:AO. 
Now  ,/fO  is  greater  than  AI;  it  is  necessary  then,  in  order  that 
this  proportion  may  take  place,  that  the  rectangle  AEFD  should 
be  greater  than  AIKD ;  but  it  is  less ;  therefore  the  proportion  is 
Impossible,  and  ABCD  cannot  be  to  AEFD,  as  AB  is  to  a  line 
greater  than  AE. 

By  a  process  entirely  similar  it  may  be  shown,  that  the  fourth 
term  of  the  proportion  cannot  be  smaller  than  AE ;  consequently 
it  is  equal  to  AE. 

"WhateTer  therefore  be  the  ratio  of  the  bases,  two  rectangles 
ABCD,  AEFD,  of  the  same  altitude,  are  to  each  other  as  their 
bases  AB,  AE. 

THEGBBIC 

178.  Any  two  redan^  ABCD^  AEGF  (fig.  101),  are- to  Pig.  lofl 
each  iriher,  as  ihe  products  cf  their  bases  fry  their  aUihidts,  that  i% 
ABCD :  AEGF:  ;AB  X  AD :  A£  X  AF. 
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Demonsiraiiofu  Having  disposed  the  two  rectangles  in  sack  a 
manner,  tliat  the  angles  at  Ji  shall  be  opposite  to  each  otibefy 
produce  the  sides  GEf  CD9  till  they  meet  in  H;  the  two  rertaa- 
gles  ^BCD^  AEHD9  have  tlie  same  altitude  AD ;  they  are  conse- 
quently to  each  other  as  their  bases  AB.  AE.  Likewise  the  tira 
rectangh^s  AEUD.  AEGF,  have  the  same  altitude  AE;  these  an 
therefore  to  each  other  as  their  bas(»  AD,  AF.  We  have  thus 
the  two  proportions 

ABCD :  AEHD : :  AB :  AE, 
AEUD :  A  EOF  : :  AD :  AF. 

Multiplying  these  pn)))ortions  in  order  and  observing,  that  thf 
connecting  term  AEHD  may  be  omitted,  being  a  multiplier  com- 
mon to  the  antecedent  and  consequent,  we  have 

ABCD  :  AEGF  iiABx  AD  rAE  x  AF. 

173.  Scholium.  >Ve  may  take  for  the  measure  of  a  rectangk 
the  pn)duct  of  its  base  by  its  altitude,  provided  that,  by  thii 
product,  wo  understand  that  of  two  numbers  which  are  the 
number  of  linear  units  contained  in  tlie  base,  and  the  number  of 
linear  units  contained  in  the  altitude. 

Tliis  measure,  however,  is  not  absolute,  but  relative ;  it  sap- 
poses  that  we  estimate,  in  a  similar  manner,  another  rectangle 
by  measuring  its  sides  by  the  same  linear  unit ;  we  obtain  thus 
a  second  product,  and  the  i*atio  of  tliese  two  products  is  ei^ual  to 
that  of  the  rectangles,  conformably  to  the  proposition,  which 
has  just  been  demonstrated. 

If«  for  example,  the  base  of  a  i-cctangle  A  be  three  units  and 
its  altitude  ten,  the  rectangle  would  be  represented  by  the  num- 
ber S  X  10,  or  30,  a  number  which,  thus  disconnected,  has  no 
meaning  ;  but,  if  wc  have  a  second  rectangle  B,  whose  base  is 
tuelve  and  altitude  seven  units,  this  rectangle  will  bo  represented 
by  the  number  7x12,  or  84.  Whence  the  two  roctangles  A  and 
B  are  to  each  other,  as  30  to  84.  If  therefore  it  is  agreed  to 
take  the  rectangle  Af  as  the  unit  of  measui^e  for  surfaces,  the 
rectangle  B  will  have  lor  its  absolute  measure  4o»  ^''^^  '^^9  ^^  ^iU 
be  equal  to  1^  supcrnrial  units. 

The  more  common  and  simple  method  is  to  take  the  square 
as  the  unit  of  surfarc;  and  that  square  has  been  preferred, 
whase  side  is  the  unit  of  length ;  the  measure  therefore,  which 
wc  have  regarded  as  simply  ivlative,  becomes  absolute.  The 
number  00,  for  example*,  !)y  which  we  have  meitsured  tlie  rcc-  «* 
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tangle  A*  rqiresents  SO  superficial  units^  or  SO  of  those  squair s, 
tlie  side  of  each  of  which  is  equal  to  unity.  This  is  illustrated 
by  figure  102. 

In  geometryt  the  product  of  two  lines  often  signifies  the  same 
thing  as  their  rectangk,  and  this  ex])rrssion  is  intn>duced  into 
arithmetic  to  denote  the  product  of  twi*  une(|ual  numbei*89  as  that 
ot  square  is  used  to  express  the  piH)du(t  of  a  number  by  itself. 

The  squares  of  the  numbers  1,  2,  3,  &c.,  are  1,4,  9f  &c.  Thus 
a  double  line  gives  a  quadruple  square^  a  triple  line  a  squai'e 
nine  times  as  greats  and  su  on. 

THEOREM. 

174.  Tlie  area  (f  any  varaUeiograin  is  equal  to  tlie  product  of  its 
base  Ify  its  altitude. 

Deniofistratim.    The  parallelogram  JBCD  (Jig,  97)  is  equir-Fig^.  97. 
alent  to  the  rectangle  AREF^  which  has  the  same  base  ^B  and 
the  same  altitude  BE  (167);  but  this  last  has  for  its  measure 
AB  X  BE  (17S)  ;  therefore  AB  x  BE  is  equal  to  the  ai*ea  of  the 
parallelogram  ABCD. 

175.  Corollary.  Parallelograms  of  the  same  base  are  to  each 
other*  as  their  altitudes,  and  parallelograms  of  the  same  altitude 
are  to  each  other  as  their  bases ;  for,  Jt,  B^  0,  being  any  three 
magnitudes  whatever^  we  have  generally  AxCiBx  C\iA\B. 

THEOREM. 

176*  Tlie  area  of  a  triangle  is  equal  to  the  product  of  its  base  by 
half  its  altitude. 

Demonstration.    Tlic  triangle  ABC  {Jig.  104)  is  half  of  the  Fig.  10 
parallelogram  ABCE*  which  has  the  same  base  BC  and  the  same 
altitude  AD  ( 1 68)  5  now  the  area  of  the  parallelogram  =zBCx  AD 
(174) ;    thei*efore  the  area  of  the  ti'iangle  =  ^  BC  x  AD,  or 
BCxiAD. 

177*  Corollary.  Two. triangles  of  the  same  altitude  are  to 
each  other  as  their  bases,  and  two  triangles  of  the  same  base 
are  to  each  other  as  their  altitudes. 

THEOREM. 

178.  The  area  of  a  trapezoid  ABCD  (fig.  105)  is  equal  to  the^]^,  10 
prodtict  of  its  idtitnde  EF  by  half  the  snvi  of  ih  parallel  sides  AB, 
fcD. 
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DtmonstratioiL  Through  the  point  /»  the  middle  of  fiie  all 
CBt  draw  JEX  parallel  to  the  opposite  side  JtD,  and  prodnoe  K 
till  it  meet  KL  in  K. 

In  the  triangles  IBL,  ICK9  the  side  IB  =  iCt  by  constmctlM; 
the  angle  LIB  =  CIK,  and  the  angle  IBL  zsz  ICK9  since  CJT  ari 
BL  are  parallel  (67) ;  therefore  these  triangles  are  equal  (SSji 
and  the  trapezoid  dBCD  is  equivalent  to  the  panillelogna 
JtDKLf  and  lias  for  its  measure  EF  x  AL. 

But  AL  3=  DKy  and,  since  the  triangle  IBL  is  equal  to  tb 
triangle  KCIf  the  side  BL  =  CJKT;  therefore 

AB  +  CD:=zAL+DK^^ALi 
thus  .AL  is  half  the  sum  of  the  sides  ABf  CD ;  and  conseqoenQf 
the  area  of  the  trapezoid  JiBCD  is  equal  to  the  product  of  the 
altitude  EF  by  half  the  sum  of  the  sides  JSIB,  CDf  which  may  be 

expressed  in  this  manner ;  ABCD  =  EF  x  ( ^ )  • 

179.  Schdium.  If  through  the  point  /,  the  middle  of  BC*  IS, 
be  drawn  parallel  to  the  base  ABj  the  point  H  will  alao  be  te 
middle  of  AB ;  for  the  figure  JHIL  is  a  parallelograniy  as  ml 
as  DHIK9  since  the  opposite  sides  are  parallel ;  we  have  theie- 
fore  AHnz  IL9  and  DH=,  IK;  but  XL  =  IS;  because  the  triaB|^ 
BIL9  CIKf  are  equal ;  therefore  nAH:=  DH. 

It  may  be  remarked,  that  the  line  HI^AL^ ^ — ; 

therefore  the  area  of  the  trapezoid  may  be  expressed  also  by 
EF  X  HI;  that  is,  it  is  equal  to  the  product  of  the  altitude  of  the 
trapezoid  by  the  line  joining  the  middle  points  of  the  sides  whick 
are  not -parallel* 

THEOREM. 

Pi;.  106.  IBO.  If  a  lint  AC  (fig.  106)  is  dixidti  into  two  parts  AB,  BC, 
tlie  square  described  upon  the  whole  line  AC  wiU  contain  the  squan 
described  upon  the  part  AB,  plw  tlie  square  described  upon  the  other 
part  BC,  plus  twice  the  rectangle  contained  fry  the  two  parts  AB» 
BC ;  which  may  be  thus  expi'essedf 

AC  or  (AB  +  BC)  =  AB  +  BC  +  2AB  x  BC. 

Demonstrationm  Construct  the  square  JSICDE9  take  JFsiJBt 
draw  FG  parallel  to  JlC,  and  BH  parallel  to  dE. 
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The  square  JiCDE  is  divided  into  four  parts ;  the  first  JSIBIF  is 
^  the  square  described  upon  JSlB,  since  JiF  was  taken  equal  to  ^B ; 
the  second  KDU  is  the  square  described  upon  BC ;  for,  since 
ji  AC  =  AE,  and  JIB  =  JBtF,  the  difference  AC—JlB  =  AE  —  JiF, 
(}  which  gives  BC  =  EF ;  but,  on  account  of  the  parallels^  10 = BC, 
^    and  DO  =  EF,  therefore  HIGD  is  equal  to  the  square  described 
^    upon  BC.    These  two  parts  being  taken  from  the  whole  square, 
there  remain  the  two    i-ectangles    BCGI,  EFIH,  whicli  have 
each   for  their  measure  AB  x  BC  i   therefore  the  square  de- 
scribed upon  AC,  &c. 

181.  Sdudium.    TliLs  proposition  corresponds  to  that  given 

in  algebra  for  the  formation  of  tlic  square  of  a  binomial,  which 

is  thus  expressed, 

(a+by  =a^  +SLah  +  b*. 
•i 

THEOREM. 

182.  IfUte  Uw  AC  {fg.  107)  is  the  difference  of  two  lines  ABj^'ff-  W- 
BC,  the  square  described  upon  AC  will  contain  the  square  of  AB, 

pins  the  square  of  BC,  minus  twice  tlie  rectangle  contained  by  AB 

and  BC  ;  thai  is,  AC  or  (AB  —  BC)*=  AB*+  MO  —  2AB  x  BC. 

Demonstration.  Construct  the  square  ABIF,  take  AE  =  AC, 
draw  CG  parallel  to  BI,  UK  parallel  to  AB,  and  finish  the 
square  EFLK. 

The  two  rci'^tangles  CBIG,  QLKD,  have  each  for  their  meas- 
ure ABx  BC}  if   we  subtract  them  from   the  whole    figure 

ABILKEA,  which  has  for  its  value  AB  +  BC,  it  is  evident,  that 
there  will  remain  the  square  ACDE ;  therefore!  if  -the  line 
AC,  &c. 

183.  Fkhdium.  This  proposition  answers  to  the  algebraic 
formula  (a  —  by  =  a«  +  ft»  —  2o6. 

THEOREM. 

1 84.  The  rectangle  contained  by  tlie  sum  and  differtnce  of  txvo 
lines  is  equal  to  the  difference  of  their  squares ;  that  is 

(AB  +  BC)  X  (AB  —  BC)  =  AB*—  BC  (fig.  108).  rig.  los, 

'  Demonstration.  Construct  upon  AB  and  AC  the  squares 
ABIF,  ACDE ;  produce  AB  making  jB£*=  BC,  and  complete 
tlie  rectangle  AKLE. 

7 
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The  base  JKoi'  tlie  rectangle  is  the  sum  of  the  two  linm  ABi 
BCf  its  altitude  JiE  is  the  diffei-ence  of  these  lines ;  therefore  tk 
i-ectangle  JIICLE  =  (/IB  +  RC)  x  {AB  —  BC).  But  this  saM 
rectangle  is  composed  of  two  parts  ABHE  -f  BHLKf  and  tk 
part  BHLlCis  equal  to  tlie  rectangle  EDGF,  for  BH=  DE9  and 
BKzzzEF;  coi^seqnently  JUJCLE  z=z  ABIIE  +  EDGF.  Now  thcM 
two  parts  form  tlie  square  ABIF^  minus  the  square  DHIG  which 
is  the  square  describi-d  upon  BC;  tlierefore 

{AB  +  BC)  X  {AB  —  BC)  =  Tb  —  BC. 

185.  Scholium.  This  proposition  agrees  witli  the  algebrtic 
formula        (o  +  6)  x  (a  —  6)  =  a*  —  6*  (Alg.  34). 

THEOREM. 

1 86.  The  square  described  upon  the  hypothenuse  qfm  righi-anglei 
triangle  is  eqial  to  tlte  sum  of  the  sqttares  described  upon  the  tw§ 
other  suies. 

gT' 109.  Demonstration.  lA^t  ABC  {fig.  109)  be  a  triangle  right-an- 
gled at  A.  Haring  constructed  squares  upon  the  three  sideSf 
let  fall,  from  the  right  angle  upon  the  hypothenuse^  the  per- 
pendicular AD,  which  pitnluce  to  E,  and  draw  tne  diagonals  AF, 
CH. 

The  angle  ABF  is  composed  of  the  angle  ABC  plus  the  right 
angle  CBF;  and  the  angle  ilBC  is  composed  of  the  same  angb 
.'^J^C  plus  the  right  angle  ABH;  hence  the  angle  ABF=  HBC. 
But  AB  =  BfJf  being  sides  of  the  same  square ;  and  BF  =  BC9 
for  the  same  i*eason :  consequently  the  triangles  ABF,  HBC, 
have  two  sides  and  the  included  angle  of  the  one  respectively 
equal  to  two  sides  and  the  included  angle  of  the  other  ;  they  are 
thei-eforc  equal  (36), 

The  trianejie  ABF  is  half  of  the  rectangle  BEjf  which  has  the 
same  ba«5e  BF  and  tlie  same  altitude  BD  (169).  Also  the  trian- 
gle IWC  is  half  of  the  sfpiare  All;  for,  the  angle  BAC  being  a 
right  angle  as  well  as  BAL.  AC  and  AL  ai*e  in  the  same  straight 
line  parallel  to  HB  :  hence  the  triangle  //£Cand  the  squai^  AH 
liave  the  same  base  Blh  and  the  same  altitude  AB;  therefore 
the  triangle  is  half  of  the  square. 


An  aliridjred  ex]'res6ion  for  BDEF. 
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'  It  has  already  been  proved,  that  the  triangle  ABF  is  equal  to 
the  triangle  UBC ;  consequently  the  rectangle  BDEFf  double  of 
the  triangle  ABF9  is  equivalent  to  the  square  ^H,  double  of  tha 
triangle  BBC,  It  may  be  demonstrated^  in  the  same  manner, 
that  the  rectangle  CDEG  is  equivalent  to  the  square  JUi  but  the 
two  rectangles  BDEF9  CDEG^  taken  together,  make  the  square 
BCGF ;  therefoi-e  the  square  BCGF,  dascribed  upon  the  hy|iothe- 
nuse^  is  equal  to  the  sum  of  the  squares  ABHLn  ACIK,  described 

upon  the  two  other  sides ;  or,  BC  =  AB  +  AC. 

187.  Cordlary  i.  The  square  of  one  of  the  sides  of  a  right- 
angled  triangle  is  equal  to  the  square  of  the  hypothenuse  minus 

the  square  of  the  other  side ;  or  AB  =  BC  —  AC. 

188.  Corollary  11.    Let  ABCD  {Jig.  118)  be  a  square,  AC  its  F»ff- 1^ 
diagonal ;  the  ti*iangle  ABC  being  right-angled  and  isosceles^ 

we  have  AC  =  AB  +  BC  =  SLAB ;  therefore  the  square  described 
upon  the  diagonal  AC  is  double  of  the  square  described  upon  the 
side  AB. 

This  property  may  be  rendered  sensible  by  drawing,  through 
the  points  A  and  C,  parallels  to  BDf  and  through  the  points  B 
and  D  parallels  to  AC;  a  new  square  EFGHis  thus  formed  which 
18  the  square  of  AC.  It  is  manifest  that  EFGH  contains  eight 
triangles,  each  of  which  is  equal  ABE9  and  that  ABCD  contains 
four  of  them  ;  therefore  the  square  EFGH  is  double  of  ABCD. 

Since  AC :  AB : :  2 :  1,  we  have,  by  extracting  the  squai'e  root, 
jSC  :  AB : :  v/ T :  1 ;  therefore  the  diagonal  of  a  square  is  tiicoin- 
mensuraUe  with  its  side  (Alg.  99)« 

This  will  be  more  fully  developed  hereafter. 

189.  Corollary  iii.   It  has  been  demonstrated,  that  the  square 

AH  (Jig.  109)  is  equivalent  to  the  rectangle  JSDJBF;   now,  on  ^iff- 10! 
account  of  the  common  altitude  BF^  the  square  BCGF  is  to  tlie    . 
rectangle  BDEF  as  the  base  BC  is  to  the  base  BD ;  thei*ef(iro 

BC'.AB'.'.BC.BD, 
oTf  the  square  of  the  hypiHhenuse  is  to  the  square  of  one  of  die  sides 
of  the  right  angle  as  the  hypothenuse  is  to  tlie  segment  adjacent  to 
this  side.  We  give  the  name  of  segment  to  that  part  of  the 
hypothenuse  cut  oif  by  the  perpendicular  let  fall  from  the  right 
angle ;  tlius  BD  is  the  segment  adjacent  to  the  side  AB%  aud 
DC  the  segment  adjacent  to  t)je  side  AC.    We  have  WVl^Vv^ 
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BCiAC'.iBCiCD. 
190.   CorMary  it.    The  rectangles  BDEF9  DCGE,  btm| 
also  the  same  altitude  DE,  are  to  each  other  aa  their  bases  BA 
CD.    Now  these  rectangles  ai*e  equivalent  to  the  squares  AB, 
Alf  therefore, 

ABiAC.'.BDiDC, 
or,  the  squares  of  the  two  sides  of  a  right  angle  are  to  each  Metf 
as  the  segments  of  the  hypothenuse  adjacent  to  these  nde*. 

*  THEOBEM.. 

'IT- 110.  19K  In  a  triangle  ABC  (fig.  1 10),  if  the  amf^  C  be  aaUe,  At 
square  of  the  side  opposite  to  it  will  be  less  than  the  9um  ef  tk 
squares  of  the  sides  containing  it^  ani^  AD  bev^  drawn  perpenSC' 
idar  to  BC,  the  difference  will  be  equal  to  double  the  nctaM§/$ 
BC  X  CD,  or, 

Aa=:  AC  +  BC  —  SBC  X  CD. 

Demonstration.  The  proposition  admits  of  two  cases.  l.'If 
the  perpendicular  fall  within  the  triangle  ABCf  we  shall  have 
BD=  BC—CD,  and  consequently  (182) 

BD^Bc'+CD  —  zBCxCD^y 

adding  AD  to  eacli  member,  we  have 

AD  +  BD  =  BC  +  CD+AD  —  ^BCxCD; 

but  the  right-angled  triangles  ABD,  ADC,  give  AD+BD  =  AB, 

CD  +  AD=z  AC,  thei-cfore 

An=z  BC  +  JiC  —  2BC  X  CD. 
2.  ir  the  perpendicular  AD  fall  without  the  triangle  ABC,  we 
shall  have  BD  =iCD  —  BC,  and  consequently  (182) 

BD  =  CD  +  BC^—2BCxCDi 

— ^s 

adding  to  each  ADp  and  we  shall  obtain,  as  before. 

'^=zBC  +  AC  —  2BCx  CD. 

THEOREM. 

iff.  til.  lO'^.  Jn  a  triangle  ABC  (fig.  Ill),  if  the  angle  C  be  obtuse,  the 
square  of  the  side  opposite  to  it  will  be  greater  than  the  sum  rf  the 
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$quare$  oj  the  sides  containing  it,  and,  AD  being  dravm  perpen-^ 
diculur  to  BC  produced,  the  difference  will  be  equal  to  daubte  the 
rectangle  fiC  x  CD»  or, 

AB*=  AC  +  BC  +  2BC  X  CD. 

DenumdrojUon.  The  perpendicular  cannot  fall  within  the 
triangle  i  for  if  it  should  fall,  for  example,  upon  E,  the  triangle 
ACE  would  have  at  the  same  time  a  right  angle  E  and  an  obtuse 
angle  C,  which  is  impossible  (75) ;  consequently  it  falls  without, 
and  we  ha?e  BD=zBC+  CD,  and  from  this  (180) 


BJ)=:BC+Cl)  +  2BCx  CD.  ' 

Adding  to  each  term  AD,  and  making  the  reductions  as  in  the 
preceding  theorem,  we  obtain 

AB  =  BV  +  AC  +  9.BC  X  CD. 

193.  Scholium.  The  right-angled  triangle  is  the  only  one  in 
which  the  sum  of  the  squares  of  two  of  the  sides  is  equal  to  the 
square  of  the  third ;  for,  if  the  angle  contained  by  their  sides  be 
acute,  the  sum  of  their  squares  will  be  greater  than  the  square 
of  the  side  opposite ;  if  it  be  obtuse,  the  reverse  will  be  true. 

THEOBEIC. 

194.  In  any  triangle  ABC  (fig.  112),  if  we  draw  from' theTig. It 
vertex  to  the  middle  of  the  base  the  line  AE,  we  shall  liave 

Demonstration.  Let  fall  the  perpendicular  AD  upon  the  base 
BC,  the  triangle  AEC  will  give  (191), 

AC=iAE  +  EC—2ECxED; 
the  triangle  ABE  will  give  (193), 

AB=:AE  +  EB  +  SlBBxED; 

therefore,  by  adding  the  corresponding  members,  and  observing 
that  EB  =  EC,  we  shall  have 

AB  +  AC  =  ZAE  +  2EB. 

195.  Corollary.  In  every  parallelogram  the  sum  of  the  squares 
of  the  sides  is  equal  to  the  sum  of  the  squares  of  the  diagonals. 

For  the  diagonals  AC,  BD  (/^.  113),  mutually  bisect  esucUrig.iu 
other  in  the  point  E  (88),  and  the  triangle  ABC  gives 
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the  triangle  ADC  gives  likewise 

JiD  +  m:z=:QA£  +  ftDE; 
adding  the  corresponding  members  and  observing  that  BE  =  Blf 
nve  have 

Ji  +  Aii+  DC  +  BC  -  4AE  +ADE. 

But  4Jii!i  is  the  square  of  2AE  or  of  JIC ;  and  4DE  is  the  sqmuf 
BD ;  therefore  the  sum  of  the  squares  of  the  sides  of  a  parallelo- 
gram is  equal  to  the  sum  of  the  squares  of  the  diagonals. 

THEOREM. 

iff  lU.  196.  The  line  DE  (fig.  114),  drawn  parallel  to  the  base  rfa 
triangle  ABC,  divides  the  sides  AB,  AC,  proportionaUy  ;  so  thai 
AD  .  DB  : :  A£  :  EC. 

Demonstration.  Join  AE  and  DC;  the  two  triangles  BDBt 
DEC,  have  the  same  base  DE;  they  have  also  the  same  altitude 
since  the  vertices  B  and  C  are  situated  in  a  parallel  to  the  base; 
thcri'fore  the  triangles  are  equivalent  (170). 

The  triangles  JiDE^  BDE,  of  wliicli  the  common  vertex  is  £, 
have  the  same  altitude,  and  are  to  each  other  as  tlieir  bases 

AD,  DB{\77);  thus, 

ADE  :  BDE  ::AD:  DB. 
The  triangles  ADE^  DEC,  of  which  the  common  vertex  is  J}, 
have  also  the  same  altitude,  and  are  to  each  other  as  thcir^bases 

AE,  EC;  that  is,  ADE  :  DEC ::AE:  EC. 

But  it  has  been  shown  tliat  the  triangle  BDE  =  DEC;  there- 
fore, on  account  of  the  common  ratio  in  the  two  proportions  (m)f 

AD  '.DB'.'.  AE :  EC. 

197.  Corollary  i.  We  obtain  from  the  above  theorem  by  com- 
position  (iv) 

AD  +  DB:AD::AE  +  EC:AE, 
or  AB:AD::AC:AE, 

also  AB  :BD::  AC :  CE. 

198.  Corollary  ii.     JJ\  between  two  straight  lines  AB,  CD 
J.  115  (fig.  llo),  parallcbi  AC,  EF,  GD,  BD,  <J'C.,  be  drawn^  these  two 

straight  lines  will  be  ctit  proportionalUff  and  we  shall  lutve, 

AE  :  CF  :  :  EG  :  FH  : :  GB  :  HD. 
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For»  let  0  be4hc  point  of  meeting  of  the  straight  Imcs,  AB, 
C!D;  in  the  triaiigie  OEF,  the  line  AC  being  dra>\n  parallel  to 
*the  base  EF,  OEiAE: :  OF:  CF,  or  OE  lOFiiAE:  CF. 
Tn  the  triangle  OOH  we  have  likewise 
L  OEi  EG ; :  OFiFH,  or  OEi  OF:: EG :  FH; 

therefore,  on  account  of  the  common  ratio  OE :  OF,  these  twe 
proportions  give 

AE:CF::EG:FH. 
sr  It  may  be  demonsti*atedf  in  the  same  manner,  that 
tt  EG:FH::GBiHD, 

and  so  on  ^  therefore  the  lines  AB,  CD,  are  cut  proportionally 
by  the  parallels  EF,  GH,  kc. 

THEOBEM. 

199.  Bedprocally,  if  Uie  rides  AB,  AC  (fig.  116),  are  cut  pro- Fig.  116. 
partiamdly  by  the  line  DE,  so  that  AD  :  UJB  : :  A£  :  £C,  the  line 

DE  will  be  paralld  to  the  base  BC. 

Demonstration.     If  DE  is  not  parallel  to  BC*  let  us  suppose 
that  DO  is  parallel  to  it ;  then,  according  to  the  preceding  theo- 
rem JD  :DB::  dO:  OC. 
But,  by  hypothesis,       JiD:  DB::  JE:  EC; 
consequently  dO:  OC: :  AE :  EC, 

which  is  impossible,  since  of  the  antecedents  AE  is  greater  than 
AO,  and  of  the  consequents  EC  is  le«s  than  OC;  hence  the  line, 
drawn  through  tlie  point  D  parallel  to  BC,  does  not  differ  from 
DE ;  therefore  DE  is  this  line. 

200.  Scludiuin.  The  same  conclusion  might  be  deduced  from 
the  proportion  AB  :AD::  AC :  AE. 

For  this  proportion  would  give  (iv) 

AB—AD :  AD :  :  AC—AE :  AE,  or  BD  :AD::  EC:  AE. 

THEOREM. 

201.  The  line  AD  (fig.  117),  whicJi  bisects  the  angle  BAC  of  a^'^S-  ^^7. 
triangle,  divides  the  base  BC  into  two  segments  BD,  DC,  propor- 
tionnl  to  the  adjacent  sides  AB,  AC  ;  so  iliat^  BD  :  DC  : :  AB  :  AC. 

Demonstration.  Through  the  [loint  C  draw  CE  parallel  to 
AD  to  meet  BA  produced. 

In  the  triangle UCAV  the  line.^Dbcing  parallel  to  thehase(196), 
GE,  BD :  DC : :  AB :  AE. 
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But  the  triangle  ACE  is  isosceles ;  for,  on  account  of  the  pir- 
allels  dD,  CE,  the  angle  JCE  =  DJSiC,  and  the  angle  JBBC  =  JUO 
(67);  and,  by  hypothesis,  DAC  =  BAD ;  therefore  the  angk 
ACE  =  AEC9  and  consequently  AE  =  AC  (48)  ;  substituting  tta 
AC  for  AE  in  the  preceding  proportion,  we  have 

BD:DC::AB:AC. 

THEOREM. 

202.  Two  equiangular  triangles  have  their  homUqgaus  rii^ 
proportional  and  are  similar. 
ig.  119.  Demonstration.  Let  ABC^  CDE  (Jig.  119)«  be  two  trianglesi 
which  have  their  angles  equal*  each  to  each,  namely,  BJIC=  CDE, 
ABC=  DCE9  and  ACB=1)£C;  the  homologous  sides,  or  those 
adjacent  to  the  equal  angles,  will  be  proportional^  that  is, 

BC:  CE:zBA:CDi:AC: BE. 

Let  the  homologous  sides  BCf  CE9  be  in  the  same  straigh 
line,  and  produce  the  sides  BAf  ED,  till  they  meet  in  F, 

Since  BCE  is  a  straight  line,  and  the  angle  BCA  =  CED,  it 
follows  that  AC  Is  parallel  to  DE  (67).  Also,  since  the  angk 
ABC  =  DCE9  the  line  AB  is  parallel  to  DC ;  therefore  the  figoR 
ACDF  is  a  parallelogram. 

In  the  triangle  BFEf  the  line  AC  being  parallel  to  the  base 
F£,  BC:  CE : :  BA  :AF(^\96);  substituting  in  the  place  of  JF 
its  equal  CD,  we  have 

BC:CE::BA:CD. 

In  the  same  triangle  BFE,  BF  being  considered  as  the  base, 
since  CD  is  parallel  to  BF,  BCiCE; :  FD :  DE.  Substituting 
for  FD  its  equal  AC  we  have 

BC:CE::AC:DE. 

From  these  two  proportions,  which  contain  the  same  ratio 

BC :  CE,  we  have 

AC  :DE::  BA :  CD. 

Hence  the  equiangular  triangles  BAC,  CDE,  have  the  homolo- 
gous sides  pi^portioiial.  But  two  figures  are  similar,  wlien  they 
have,  at  the  same  time,  their  angles  equal,  each  to  each,  and  the 
homologous  sides  piH)portional  (162) ;  therefore  the  equiangular 
triangles  BAC,  CDE,  are  two  similar  figiii*es. 

!203.  Corollary.  In  order  to  bo  similar,  it  is  sufllicient  that 
two  triangles  have  two  angles  of  tlic  one  rcsiHJctively  equal  to 
two  angles  of  tlie  other;  for  then  the  third  angles  will  he  equal 
and  the  two  trian.5:Ii*s  will  be  efjuiangular. 
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204.  Bduikm.  It  may  be  remari^ed,  that  in  similar  triangles 
the  homologous  sides  are  opposite  to  equal  angles;  thus,  the 
angle  MB  being  equal  to  DEC,  the  side  JiB  is  homologous  to 
DC ;  likewise  JC,  DE^  are  homologous^  being  opposite  to  the 
equal  angles  JSlBCf  DCE.  Knowing  the  homologous  sides^  we 
readily  form  the  proportions ; 

JBiDCi:  ACiDE.i  BC.CE. 

■ 

THEOREM* 

S05.  Two  triangles,  which  have  ihthr  homologous  sides  propor- 
tional,  are  equiangular  and  similar* 

Demonstration.    Let  us  suppose  tbfit 

BCiEF: :  JiBiDEi ;  dCiDF(Jig.  120);  Fig.  120 

the  triangles  ABC,  DEF,  will  have  their  angles  equal,  namely, 
Ji=D,B  =  E,  C=:F. 

Make,  at  the  point  E,  the  angle  FEO  =  B,  and  at  the  point  F, 
the  angle  EFG  =  C,  the  third  angle  6  will  be  equal  to  the  third 
angle  Ji,  and  the  two  triangles  JiBC,  EFO,  will  be  equiangular ; 
whence,  by  the  preceding  theorem,  BC:EF::JiB :  EO ;  but,  by 
hypothesis,  BCiEF: :  ABiDE;  consequently  EG  =  DE.  We 
have,  moreover,  by  the  same  tlieorcm,  BC :  EF: :  M :  FG ;  but, 
by  hypothesis,  BC  lEFiidCiDF;  consequently  FG=:DF; 
hence  the  triangles  EGF,  DEF,  have  the  three  sides  of  the  one 
equal  to  the  three  sides  of  the  other,  each  to  each ;  they  are 
therefoi*e  equal  (43).  But,  by  construction,  the  triangle  EGF 
is  equiangular  with  the  triangle  JBtBC ;  therefore  the  triangles 
DEF,  ABC,  are,  in  like  manner,  equiangular  and  similar. 

206.  Scholium.  It  will  be  perceived,  by  the  two  last  propositions, 
that,  when  the  angles  of  one  triangle  arc  respectively  equal  to 
those  of  another,  the  sides  of  the  former  are  proportional  to  those 
of  the  latter,  and  the  reverse ;  so  that  one  of  these  conditions  is 
sufficient  to  establish  the  similitude  of  triangles.  This  is  not  true 
of  figures  having  more  than  three  sides ;  for,  with  respect  to 
those  of  only  four  sides,  or  quadrilaterals,  we  may  alter  the  pro- 
portion of  the  sides  without  changingthe  angles,  or  change  the  an- 
gles without  altering  the  sides ;  thus,  from  the  angles  being  equal 
it  does  not  follow  that  the  sides  are  proportional,  or  the  I'everse, 
We  see,  for  example,  that  by  drawing  EF  (Jig.  121)  parallel  to  Fig  12] 
BC,  the  angles  of  the  quadrilateral  JSIEFD  are  equal  to  those  of  thie 
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quadrilateral  JiBCD ;  but  the  proportion  of  the  sideB  is  ^AmL 
Al8o»  without  changing  the  four  sides  JiB,  BC,  CD,  JlDp  wo  em 
bring  the  points  B  and  D  nearer  together^  or  remove  thM 
further  apart,  which  would  alter  the  angles. 

£07.  Scholium.  The  two  preceding  theorems  (202^  205), 
which,  properly  speaking,  make  only  one,  added  to  that  of  the 
square  of  the  hypothenuse  (186),  are  of  all  the  propositions  of 
geometry  the  most  remarkable  for  their  importance  and  the 
number  of  results  that  are  derived  from  them ;  they  are  almost 
sufficient  of  themsekes,  for  all  applications  and  for  the  resolution 
of  all  problems ;  the  reason  is,  that  all  figures  may  be  resolved 
into  triangles,  and  any  triangle  whatever  into  two  right-angled 
triangles.  Thus  the  general  properties  of  triangles  involve 
those  of  all  figures, 

THEOREM. 

808.  Two  triangles,  which  have  an  angle  cf  Vie  one  equal  to  os 
Oft^  of  (he  other  and  the  sides  about  these  angles  proportional,  an 
smilar, 
r.  12%  Denwnstraium.  Let  the  angle  Az^  D  {fig.  123),  and  let 
JIB  iDEz:  M :  DF,  the  triangle  JiBC  is  similar  to  the  triangle 
DBF. 

Take  AG  =  DE,  and  draw  GH  parallel  to  BC,  the  an^e 
JiGH=  ABC  (67)  ;  and  the  triangle  AGH  will  be  equiangular 
with  the  triangle  ABC ; 
whence  ABiAGiiACiAH; 

but,  by  hypothesis,  AB :  DE : :  AC  :  DF, 
and,  by  construction,  AG  =  DE ;  therefore  AH=  DF.  The  two 
triangles  AGH,  DBF,  have  the  two  sides  and  the  included 
angle  of  the  one  respectively  equal  to  two  sides  and  the  in- 
cluded angle  of  the  other ;  they  are  consequently  equal.  But 
the  triangle  JGf^  is  similar  to  ABC;  therefore  DEF  is  also 
similar  to  ABC. 

THEOBEM. 

209.  Two  triangles,  which  have  the  sides  qf  the  one  parattd,  or 

which  have  iliem  perpendicular,  to  those  of  the  other,  each  to  eadi, 

are  simihr. 

133      Demonstration.  1.  If  the  side  AB  (Jig.  123)  is  parallel  to  DE, 

'  and  JBC  to  EF,  the  angle  ABC  will  be  equal  to  DEF  (70) ;  If, 


BOTtov^^  AC  18  parallel  to  DF^  fhe  an^e  ACJS  will  be  equal  to 
DFEf  and  also  BAC  to  EOF;  therefore  the  triangleB  ABC, 
DEFf  are  equiangular  and  consequently  similar. 

S«  Let  the  side  DE  {fig.  124)  be  perpendicular  to  AB,  and  the  Fig-  ^ 
side  DF  to  jIC.  In  the  quadrilateral  AIDE  the  two  angles  J,  ^, 
win  be  right  angles,  and  the  four  angles  will  be  together  equal  to 
four  right  angles  (80)  ;  therefore  the  two  remaining  angles  MHf 
IDH9  are  together  equal  to  two  right  angles.  But  the  two  angles 
EDFf  IDH,  are  together  equal  to  two  right  angles,  consequently 
the  an^e  EOF  is  equal  to  lAH  or  BAC.  In  like  manner,  if  the 
third  side  EF  is  perpendicular  to  the  third  side  BC,  it  may  be 
shown  that  the  angle  DFE  =  C,  and  DEF  =  B ;  therefore  the  two 
triangles  ABCf  DEF9  which  have  the  sides  of  the  one  perpen- 
dicular to  those  of  the  other,  each  to  each,  are  equianguUu*  and 
similar. 

SIO.  Bchalium.    In  the  first  of  the  above  cases  tlie  homologous 

aides  are  the  parallel  sides,  and  in  the  second  the  homologous 

sides  are  those  which  are  perpendicular  to  each  other.    Tlius, 

^  in  the  second  case,  DE  is  homologous  to  AB,  DF  to  AC,  and  EF 

tojia 

The  case  of  the  perpendicular  sides  admits  of  the  two  trian- 
gles being  differently  situated  from  those  represented  in  figure 
124 ;  but  the  equality  of  the  respective  angles  may  always  be 
proved,  either  by  means  of  quadrilaterals,  such  as  AIDE,  which 
have  two  right  anji^lcs,  or  by  comparing  two  triangles  which, 
beside  the  vertical  angles,  liave  each  a  right  angle  i  or  we  can 
always  suppose,  within  the  triangle  ABC9  a  triangle  DEF,  the 
sides  of  which  shall  be  parallel  to  those  of  the  triangle  to  be  com- 
pared with  ABC,  and  then  the  demonstration  will  be  the  same  as 
that  given  for  the  case  of  figure  124. 

THEOBEM* 

211.  lines  AF,  AG,  ^'c.  (fig.  125),  dratan  at  pleasure  through  F\f^. 
the  vertex  of  a  triangle,  divide  proportionally  Hit  base  BC  and  its 
paraUel  D£,  so  that 

DI :  BF  : :  IR :  FG : :  KL  :  GH,  4'C. 

Demonstration.  Since  DI  is  pai*allel  to  BF,  the  triangles 
ADl,  ABF,  are  equiangular,  and  DI:  BFiiAIiAF;  also,  IT 
being  parallel  to  FG,  AI:AF::IK:FQ;  henoe,  on  account  of 
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tho  common  ratio,  M  :  JiF^  DI:  BF::IK:  FO.  It  may  k 
showily  in  like  manner,  that  IKi  FG : :  KL :  QHf  &c. ;  therefam 
the  line  DR  is  divided  at  the  points  I,  K,  L,  bb  the  base  BCii 
at  the  points  Ft  O,  H. 

212.  Corollary.  If  BC  should  be  divided  into  equal  parta  at 
tho  points  F,  Of  H,  the  parallel  DE  would  be  divided  likewise 
into  equal  parts  at  the  points  I,  K,  L. 

THEOREM. 

'«r- 126.     213.  If  from  the  right  angle  A  (fig.  126)  of  a  right^ngled  tri- 
angle the  perpendiailar  AD  be  let  fall  upon  the  hypathenuse; 

!•  The  tivo  partial  triangles  ABD,  ADC,  wiU  be  rnnilar  to 
each  other  and  to  the  whole  triangle  ABC ; 

2.  Each  side  AB  or  AC  will  be  a  mean  proporHonal  between 
the  hypothenuse  BC  and  the  adjacent  segment  BD  or  DC  ; 

3.  The  perpendicular  AD  will  be  a  mean  proportional  bettoeen 
the  two  segments  BD,  DC. 

Demonstration.  1  •  The  triangles  BAD^  BAC,  have  the  aii|^ 
B  common ;  moreover  the  riglit  angle  BDA  =  BAC  ;  conse- 
quently tlie  third  angle  BAD  of  tlie  one  is  equal  to  the  third 
angle  C  of  the  other,  and  the  two  triangles  are  equiangular  and 
similar.  It  may  be  demonstrated,  in  the  same  manner,  that  the 
triangle  DAC  is  similar  to  the  triangle  BAC^  therefore  the 
three  triangles  are  equiangular  and  similar. 

2«  Since  the  triangle  BAD  is  similar  to  the  triangle  BAC, 
their  homologous  sides  are  proportional.  Now  the  side  BD  in 
the  smaller  triangle  is  homologous  to  the  side  BA  in  tho  larger, 
because  they  aro  opposite  to  the  equal  angles,  BAD,  BCA  ;  the 
hypothenuse  BA  of  the  smaller  is  homologous  to  the  hypothe- 
nuse BC  of  the  lai*ger ; 
hence  BD :  BA : :  BA  :  BC. 

In  tlie  same  manner  it  may  be  shown  that 

DC'.AC'.iAC'.BC', 
therefore  each  of  the  sides  AB^  AC,  is  a  mean  proportional 
between  the  hypothenuse  and  tlie  segment  adjacent  to  tliis  side. 

3.  By  comparing  the  homologous  sides  of  the  similar  triangles 
ABD^  ADC,  we  have 

BD:  AD::  AD:  DC; 
therefore  the  perpendicular  AD  is  a  mean  pn>portional  between 
the  segments  BD,  DC,  of  Die  liypothcnusc. 
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214.  Bchdmm.  The  proportion  BD  :  JlB  : :  AB :  BC,  by 
putting  the  product  of  the  extremes  equal  to  that  ot*  the  means^ 
l^ives 

AB  =  BDxBC. 
We  bave^  in  like  manner, 

lc  =  DCxBC, 

hence  AB  +  AC=^BDxBC  +  DC x  BC; 

the  second  member,  otherwise  expressed,  is  (^BD  +  DC)  x  BC9 

or  BC', 

consequently  AB+JiC=z  BC ; 

therefore  the  square  of  the  hypothenuse  BC  is  equal  to  the  sum 
of  the  squares  of  the  two  other  sides  w9/|,  AC.  Wc  thus  fall 
again  upon  the  proposition  of  the  square  of  the  liypothenuse  by 
a  process  very  different  from  tliat  before  pursued  ;  from  which 
it  appears,  tiiat,  properly  speaking,  the  proposition  of  the  squares 
of  the  hypothenuse  is  a  consequence  of  the  proportionality  of  the 
sides  of  equiangidar  triangles.  Thus  the  fundamental  proposi- 
tions of  geometry  reduce  themselves,  as  it  were,  to  this  single 
one,  that  equiangular  triangles  have  their  homologous  sides 
proportional. 

It  often  happens,  as  in  tlie  present  instance,  that  by  pursuing 
the  consequences  of  one  or  several  propositions,  we  return  to  the 
pi-opositions  before  demonstrated.  Generally  speaking,  that 
whicli  particularly  characterizes  the  theorems  of  geometry,  and 
which  is  an  iiTesistible  proof  of  their  certainty,  is,  that  by  com- 
bining them  together  in  any  manner  whatever,  provided  the 
reasoning  be  just,  we  always  fall  upon  accurate  results.  This 
would  not  be  the  case,  if  any  proposition  were  false,  or  only  true 
to  a  certain  degree ;  it  would  often  happen,  that,  by  combining 
the  propositions  together,  the  error  would  augment  and  become 
sensible.  We  have  examples  of  this  in  all  those  demonstrations, 
in  which  we  make  use  of  the  reductio  ad  absurdum.  These 
demonstrations,  in  wliich  the  object  is  to  prove  that  two  quanti- 
ties arc  equal,  corsist  in  making  it  evident,  that,  if  there  were 
between  them  the  least  inequality,  we  should  be  led  by  a  coui*se 
of  reasoning  to  a  manifest  and  palpable  absurdity ;  whence  we 
are  obliged  to  conclude  that  the  two  quantities  are  equal. 
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Fig.  127.  £15.  CaroHary.  If  from  the  point  A  (Jig.  1S7)  of  the  circn- 
ference  of  a  circle  two  chords  JIB^  ACf  be  drawn  to  flie  eztrea- 
ilios  of  the  diameter  BC9  the  triangle  ABC  will  be  right-angled  at 
A  (128)  ;  whence,  1.  the  'perpendicular  AD  is  a  mean  praportiond 
between  the  segments  BD,  DC,ofthediameUrf  or,  which  amooiitB 
to  the  same  thing, 

An  =  BDx  DC. 

S.  The  chord  AB  is  a  mean  proportional  between  the  diamder 
BC  and  tlie  adjacent  segment  BD ; 

or,  dB  =  BDx  BC. 

Also  AC  =:DCxBC;  therefore  AB :  AC  ::BDi  DC.  If  we  com- 

t)are  AB  with  BCf  we  shall  have 

AB:BC::BD:BC; 

wc  have,  in  like  manner. 


AC:Bc\iDC:BC. 

These  ratios  of  the  squares  of  the  sides  to  e,ach  other  and  to  the 
sijuare  of  tlie  hypothenuse  have  already  been  given  in  artickf 
189,  190. 

T  THEOREM. 

216.  Two  triangles f  which  have  an  angle  in  tlie  one  eqnal  to  ax 

angle  in  Vie  other,  are  to  each  other  as  tlie  rectangles  of  tlie  lidei 

Fig.  12s. which  contain  the  equal  angles;  thus,  the  triangle  ABC  (fig.  1£8) 

is  to  tlie  triangle  ADE,  as  the  rectangle  AB  x  AC  is  to  the  redsfr 

gU  AD  X  A£. 

Demonstration.  Draw  BE;  the  two  triangles  ABE9ABB9 
whose  common  vertex  is  £,  have  the  same  altitude,  and  are  ta 
each  other  as  their  bases  AB9  AD  (177)  ;  hence 

ABE :  ADE  ::AB:  AD. 
In  like  manner, 

ABCiABEiiACiAE. 

multiplying  the  two  proportions  in  order  and  omitting  the  coni* 
mon  term  ABEf  we  have, 

ABC :  ADE  ::ABxAC:ADx  AE. 
'217.  Corollary.    The  two  triangles  would  be  equivalent,  if  the 
1-f.Ttangle  AB  x  AC  were  equal  to  the  rectangle  AD  x  AE9  or  if 
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•iJ3 :  .AD ::  .AX :  JC,  which  is  the  case  when  the  line  DC  is  par- 
allel to  BE. 

THEOSEH* 

S18.  Two  mmlOT  friai^^  are  to  each  other  as  the  squares  of 
their  liomologous  sides. 

DemonstraHon.    Let  the  angle  A=zD  (Jig.  1S2),  and  ilie  an-  ^Jff- 1^« 
gle  B=iE,  then,  by  the  preceding  prqiositiony    , 

ABC:  UEF::  ABxMiDEx  DF; 
and^  because  the  triangles  are  similar, 

dBiDEiiJiCiDF. 
^  This  proportion  being  multiplied  in  order  by  the  identical  pro- 
portion 

ACiDF'.'.JlCiDF, 

m 

we  shall  hare 

JiB  X  M;DE  xDF::AC:  DF. 
Hence 

jmCiBEFixTcihF. 
Therefore  two  similar  triangles  ABC9  DEFj  are  to  each  other 
as  the  squares  of  the  homologous  sides  AC,  DF,  or  as  the 
aquares  of  any  other  two  homologous  sides. 

THEOBEM. 

219.  Two  mmUar  polygons  are  composed  of  the  same  wmber  of 
iriafng^9  which  are  shnilar  to  each  other  and  similarly  disposed. 

Demonstration.    In  the  polygon  ABCDE  (Jig.  129)  draw  from  ^w.  139. 
an  ang^e  4  the  diagonals  AC,  AD,  to  the  ottier  angles.    In  the 
other  polygon  FOHIK  draw,  in  like  manner,  from  the  angle 
F,  homologous  to  .tf,  the  diagonals  FHp  FI,  to  the  other  angles. 

Since  the  polygons  are  similar,  the  angle  ABC  is  equal  to  the 
homologous  angle  F6H  (162),  moreover  the  sides  AB,  EC,  are 
proportional  to  the  sides  FG,  GH,  so  that 

AB:FG::BCiGH. 
It  follows  from  this,  that  the  triangles  ABC,  PQB,  having  an 
angle  of  the  one  equal  to  an  angle  of  the  other  and  the  sides 
about  the  equal  angles  proportional,  are  similar  (208),  conse- 
quently the  angle  BCA  =  OHF.  These  equal  angles  being 
subtracted  fi*om  the  equal  angles  BCD,  GUI,  the  remaining 
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angles  ACD9  FHI9  will  be  equal.  Now,  since  the  triangb 
ABC,  FGII,  ai-c  similar, 

AC:FH::BC:OH 
besides,  on  account  of  tlie  polygons  being  similar  (162), 

BCiGIliiCDiUI; 
#onseciucntIy  AC :  FH  ::CD:HI; 

but  we  hare  seen  that  the  angle  ACD  =  FHI;  conscquenllT 
the  triangles  ACD,  FJilf  have  an  angle  of  the  one  equal  to« 
angle  of  the  other  and  the  sides  about  the  equal  angles  p^opQ^ 
tional ;  they  are  tlicrcfore  similar  (208).  We  might  proceed  ii 
the  same  manner  to  demonstrate,  that  the  remaining  triang^ 
are  similar,  whatever  be  the  number  of  the  sides  of  the  prc^MNel 
polygons ;  therefore  two  similar  polygons  are  composed  of  tk 
same  numboi*  of  triangles,  which  are  similar  to  each  other  ui 
similarly  disposed. 

220.  Scholium.  The  converse  of  this  proposition  is  equalfir 
true ;  if  two  polygons  are  composed  of  ihe  same  number  rf  triO' 
gles,  rthich  are  similar  to  each  oilier  and  similarty  disposedf  that 
two  polygons  will  be  similar. 

For,  the  triangles  being  similar,  the  angles  ABC  =  FGl 
BCA  =  Om\  ACD  =  FHI;  consequently  BCD  =  OHI,  ab» 
CDE  =  UfK,  &c.    Moi-cover, 

AB :  FG  iiBCi  GH: :  AC :  FIT: :  CD :  flJ,  &c. ; 
consequently  the  two    polygons  have  their  angles  rcspectirdy 
equal  and  their  sides  proportional ;  therefore  tliey  are  similar. 

THEOREM. 

221.  The  perimeters  of  similar  polygons  are  as  tlieir  homolagou 
sideSf  and  their  surfaces  are  as  the  squares  of  these  sides. 

Demonstration*  U    By  the  nature  of  similar  figures  we  have 
Fig.  129.  ^^  :FG::BC:  GHi :  CD :  ///,  &c.  (Jig.  129), 

and  from  tliis  series  of  ef|ual  ratios  we  may  infer,  that  the  snm 
of  the  antecedents  AB  +  BC  +  CDp  &c.,  the  perimeter  of  the 
first  figure  is  to  the  sum  of  the  consequents  FG  +  GH+  HI9  kc^ 
the  perimeter  of  the  second  figure,  as  one  antecedent  is  to  its 
consequent  (iv),  or  as  the  side  AB  is  to  its  homologous  side 
FG. 
5.  Tlie  triangles  ABC9  FGII,  being  similar 

ABC :  FGH : :  AC:  FH     (218)  ; 
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In  like  manner^  JiCD,  FBI,  being  similar^ 

ACDiFHIi.JiC^.FH; 


hence,  on  account  of  the  common  ratio  JiC:  FH, 

ABC:  FGH: :  ACD :  FHI. 
By  a  similar  process  of  reasoning  it  may  be  shown  that 

ACn :  FBI: :  ABE :  FIK; 
and  so  on,  if  there  should  be  a  greater  number  of  triangles. 
Bence,  from  this  series  of  eijual  ratios,  the  sum  of  the  antece- 
dents ABC  +  ACB  +  ABEf  or  the  polygon  ABCDE^  is  to  the 
lam  of  consequents  FGH+ FHI+  FIK^  or  the  polygon  FGUIK, 

MB  one  antecedent  ABC  is  to  its  consequent  FOBf  or  as  AB  is  to 

FG  (219).    Therefore  the  surfaces  of  similar  polygons  are  to 
each  other,  as  the  squares  of  their  homologous  sides. 

222.  Corollary.  If  three  similar  figures  be  constructed  whose 
homologous  sides  are  equal  to  the  three  sides  of  a  right-angled 
triangle,  the  figure  described  npon  the  greatest  side  will  be  equal 
to  the  sum  of  the  two  others ;  for  the  three  figures  will  be  pro- 
portional to  the  squares  of  their  homologous  sides  ^  now  the 
square  of  the  hypothenuse  is  equal  to  the  sum  of  the  squares  of 
the  two  other  sides ;  thcrefoi-e,  &c. 

THEOREM. 

£23.  The  parts  of  two  dwrds  rvhich  cut  each  other  in  a  Arde  are 
redprocally  proporliatial ;  that  m,  AO  :  DO  : :  CO  :  OB  (fig.  130).  Fig.  13 

Demonstration.  Join  AC  and  BB.  In  the  triangles  ACO9 
BOBf  the  angles  at  O  are  equal,  being  vertical  angles,  and  the 
angle  A  is  equal  to  the  angle  B,  because  they  are  inscribed  in 
the  same  segment  (127)  ;  for  the  same  reason  the  angle  C  =  B; 
therefore  these  triangles  are  similar,  and  the  homologous  sides 
give  the  proportion 

AO:BO::CO:  OB. 

224.  CoroUary.  Hence  AOx  OB=:BOx  CO ;  therefore  the 
rectangle  of  the  two  parts  of  one  of  the  cords  is  equal  to  the 
rectangle  of  the  two  parts  of  the  other. 

THEOREM. 

225.  If  from  a  point  O  (fig.  131),  taken  witKmit  a  drde^  secants  Piff- 12 
OB,  OC,  be  drawn  terminating  in  the  concave  are  BC,  X\\^  etvlvrt 
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secants  will  be  reciprocally  prapartional  to  Hie  jmrts  wiffumt  the  dr- 
cle ;  that  is,  OB  :  OC : :  OD  :  OA. 

Demonstration.  Join  AC  and  BD.  Tlie  triangles  OjSC,  OBB, 
have  the  angle  0  common  ;  moreover  the  angle  B^C  (126) ; 
therefore  the  triangles  are  similar ;  and  the  homologous  sides 
give  the  proposition 

OBiOCiiOD:  Od. 

226.  Corollary.    The  rectangle  OAxOB=OCx  OD. 

9SL7.  Scholium.  It  may  be  remarked,  that  this  propositioD 
has  great  analogy  with  the  preceding ;  tlie  only  difference  is, 
that  tlie  two  chords  AB,  CD,  instead  of  intersecting  each  other 
in  the  circle,  me«t  without  it.  The  following  proposition  may 
also  be  regarded  as  a  particular  case  of  this. 

THEOREM. 

Fi|;.  132.  228.  If  from  the  same  point  O  (fig.  132),  taken  tmiAoiil  fle 
cirde,  a  tangent  OA  be  drawn  and  a  seeant  OC,  tiie  tangent  vU 
be  a  mean  proportional  between  the  secant  and  the  part  rvWimi 

the  circle  ;  that  is,  OC  :  OA : :  OA  :  OD,  or,  OA  =  OC  x  CD. 

Demonstration.  By  joining  .iD  and  j^C,  the  triangles  OMf 
OAC,  have  the  angle  0  common ;  moreover,  the  ang^e  OAB 
formed  by  a  tangent  and  a  chord  (131)  has  for  its  measure  the  half 
of  the  arc  Jl),  and  the  angle  C  has  the  same  measure  ;  conse- 
quently the  angle   OJD  =  C ;  therefoi*c  the  two  triangles  are 

2 

similar,  and  OCiOAi:  OA :  OD,  which  gives  Od=OCx  OD. 

THEOREM. 

Big.  133.  229.  jfti  any  triangle  ABC  (fig.  133),  if  the  angle  A  he  Kseded 
by  tlie  line  AD,  the  r  ctanglc  of  (lie  sides  AB,  AC,  will  be  equal  to 
the  reef  angle  of  tlie  segments  BD,  DC,  plus  the  square  of  the  Msect- 
ing  li7ie  AD. 

Demomtration.  Describe  a  circle  the  circumference  of  which 
shall  pass  through  the  points  A,  B,  C;  produce  JD  till  it  meet 
the  circumference,  and  join  CE. 

llie  triangle  BAD  is  similar  to  the  triangle  EAC;  for,  by 
hypothesis,  the  angle  BAD=zEACi  moiTovcr  the  angle  £=£, 
since  they  have  each  for  their  measure  the  half  of  the  arc  Mi 
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consequently  the  triangles  are  similar ;  and  the  homologous  sides 
give  the  propoHion 

^rhence  BAxAC  =  AExAD;  but  AE  =  AD  +  DE,  and,  by 

multiplying  each  by  AD,  we  have  AE  x  AD  =  AD  +  AD  x  DE ; 
besides,  ADxDE  =  BDx  DC  (224)  ;  therefore 

BA  X  AC:=zAD  +  BD  x  DC. 

THEOREM. 

230.  In  every  triangle  ABC  (fig.  134)  the  rectangle  of  two  ^Fig.  134, 
the  sules  AB,  AC,  is  eqiml  to  the  rectangle  contained  by  tlie  diame-  , 

ter  CE  of  the  circumscribed  drde  and  the  perpendicular  AD,  let 
Jail  upon  tlic  third  side  BC. 

Demonstration.  Join  AE,  and  the  triangles  ABD,  AEC,  are 
right-angled,  the  one  at  D  and  the  other  at  A ;  moreover  the 
angle  B  =  Ei  consequently  the  triangles  are  similar ;  and  they 
give  the  proportion,  AB  :CE::  AD :  AC ;  whence 

ABx  ACzziCExAD. 

231.  Corollary.  If  these  equal  quabtities  be  multiplied  by 
BC,  we  shall  have  ABxACx  BC  JtCE  xADx  BC.  Nov 
ADx  BC  is  double  tiie  surface  of  thU^iangle  (176)  ;  tlierefore 
the  product  of  t/ie  three  sides  of  a  triangle  is  equal  to  the  surface 
multiplied  by  double  the  diameter  qftlie  dtcumscribed  circle. 

The  product  of  tlii'ce  lines  is  sometimes  called  a  solid,  for  a 
reason  that  will  be  given  hereafter.  The  value  of  this  product 
is  easily  conceived  by  supposing  the  three  lines  reduced  to  num- 
bers and  these  numbers  multiplied  together. 

5232.  Scholium.  It  may  be  demonstrated  also,  that  the  surface 
of  a  triangle  is  equal  to  its  perimeter  multiplied  by  half  of  the  radius 
of  tli£  inscribed  circle. 

For  the  triangles  AOB,  BOC,  AOC  (fig.  87),  which  have  their  Fig.  87. 
common  vertex  in  O,  have  for  their  common  altitude  the  radius 
of  the  inscribed  circle ;  consequently  the  sum  of  these  triangles 
will  be  equal  to  the  sum  of  the  bases  AB,  BC,  AC,  multiplied  by 
half  of  the  radius*OZ)  therefore  the  surface  of  the  triangle  ABC 
lA  equal  to  the  proiluct  of  its  perimeter  by  half  of  the  radius  of  the 
inscribed  circle. 
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THEOREM. 

Fig.  135.  233.  Li  every  inscribed  quadrilateral  fgwrt  ABCD  (fig.  1S5), 
the  rectangle  of  the  two  diagonals  AC,  BD,  is  eqiuU  to  the  nm  af 
the  rectangles  oj  the  opposite  sides  ;  thai  is, 

ACxBD=ABxCD+ADxBC. 

Demonstration.  Take  the  arc  CO  =  JiD,  and  draw  BO  meet- 
ing the  diagonal  AC  in  /• 

The  angle  .4BD  =  CBI,  since  one  has  for  its  measure  half  of 
the  arc  AD^  and  the  other  half  of  CO  equal  to  AD.  The  an|^ 
ADD  =  BCI,  because  they  are  inscribed  in  the  same  segment 
A  OB;  consequently  the  triangle  ABD  is  similar  to  the  trianigh 
IBCf  and  AD :  CI: :  BD :  BC ;  whence 

AjDxBC=CIxBD. 

Again,  tlie  triangle  ABI  is  similar  to  th|&  triangle  BDC ;  for 

the  arc  AD  being  cijual  to  CO,  if  we  add  to  each  of  these  OD 

we  shall  have  the  arc  AO  =  DC ;  consequently  the  angle  ABI  is 

equal  to  DBC ;  moreover  the  angle  BAI=i  BDC,  because  thej 
are  inscribed  in  the  same  segment;   therefore  the  triangks 

ABI9  BDCf  are  similar,  and  the  homologous  sides  ^ve  the  pro- 
portion AB :  BD  '.'.All  CD;  whence, 

ABxCD=:AIxBD. 
Adding  the  two  results  above  found,  and  observing  that 
Alx  BD+CIx  BD^{AI+  CI)  X  BD^ACx  BD, 
we  have 

ADxBC  +  ABxCD=:ACxBD. 

234.  Scholium.  We  may  demonsti-ate,  in  a  similar  manner, 
another  theorem  with  respect  to  an  inscribed  quadrilateral  figure. 

The  triangle  ABD  being  similar  to  BIC,  BDiBC: :  AB :  BIf 
whence 

BIxBD=BCxAB. 

ir  we  join  CO,  the  triangle /CO,  similar  ABI,  is  similar  to  BDCf 
and  gives  the  pro|H)rtion  BD :  CO : :  DC :  01,  whence  we  have 
OIxBD=z  CO  X  DC,  or,  CO  being  equal  to  AD, 

OIx  BD=zADxDC. 
Adding  those  two  results,  and  observing  that  BIx  BD+  OIx  BD 
Induces  itself  to  BO  x  BD9  we  obtain 

BOX  BD  =  AB  X  BC  +  AD  x  DC. 
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If  we  had  taken  BP  =:  AD,  and  had  dra\TO  CKT,  we  should 
have  found  by  similar  reasoning 

CPxCA  =  ABxAD  +  BCxCD. 

But  the  arc  BP  being  equal  to  CO,  if  we  add  to  each  fiC»  wc 
shall  have  the  arc  CBP  =  BCO ;  consequently  the  choi*d  CP  is  - 
equal  to  the  chord  BO,  and  the  rectangles  BO  x  BD  and  CP  x  CJ, 
are  to  each  other  as  BD  is  to  CA^  therefore 

BDiCAiiABxBC  +  ADxDCiABxAD  +  BCxCD; 
that  is,  the  two  diagonab  of  an  inscribed  quadrilateral  Jigure  are 
to  each  other  as  the  swns  cf  the  rectangles  of  the  sides  a^acent  to 
their  extremiHes. 

By  means  of  these  two  theorems  the  diagonals  may  be  found, 
when  the  sides  are  known. 

THEOREM. 

^S5.  Let  P  (fig.  136)  be  a  given  point  within  a  cirde  in  fA^Fig.  136 
radius  AC,  and  let  there  be  taken  a  point  Q  tcithout  the  cirde  in 
the  same  radius  produced  such  that  CP :  CA : :  CA :  CQ  ^  if, from 
any  point  M  of  the  circumference,  sittight  lines  MP,  MQ,  be  drarum 
to  the  points  P  and  Q,  these  stra^^ines  will  always  be  in  the 
same  ratio,  and  we  shall  have  MP :  ]^1Q : :  AP :  AQ. 

Demonstration.  By  hypothesis,  CP:  CA::CA:  €((;  putting 
CJIf  in  the  place  of  CA  we  shall  have  CP :  CM: :  CM:  Cq ;  con- 
sequently the  triangles  CPM,  CqM,  having  an  angle  of  the  one 
equal  to  an  angle  of  the  other  and  the  sides  about  the  equal 
angles  proportional,  are  similar  (208)  ;  therefore 

JtfP  :  Jftf^ :  :CP  :  fiUlf  or  CA. 
But  the  proportion 

CP:CA::CA:Cq 
gives,  by  division, 

CP:  CA: :  CA^CP :  Cq  —  CA, 
or  CP:CA::AP:Aq; 

therefore  JfP :  Mq : :  AP :  Aq. 
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Problems  rdaiing  to  the  third  scctim. 

PROBLEM. 

£56.  To  divide  n  given  straight  line  into  any  number  of  efud 
parts,  or  into  parts  proportional  to  any  given  lines. 
rig.  137.  Soltttioii.  1.  Let  it  be  proposed  to  divide  the  linc^JS  (./?;•  157) 
into  five  e/][ual  pai*tH :  through  the  extremity  A  draw  the  inde- 
finite straight  line  JIG,  and  take  jJC  of  any  magnitude  whatever, 
and  apply  it  five  times  upon  AG;  through  the  last  point  of 
the  division  O  draw  GB,  and  through  C  draw  CI  parallel  to  GB; 
Jll  Vfill  he  a  fifth  part  of  the  line  AB,  and,  by  applying  Jil  fivi 
times  upon  AB,  tlie  line  AB  will  be  divided  into  five  equal  partSi 

For,  since  CI  is  parallel  lo  GB,  the  sides  AG,  AB,  ai-e  cot 
proportionally  in  C  and  /  (196).  But  AC  is  a  fifth  part  of  AG, 
therefore  Alls  a  fifth  part  of  AB. 
Pig.  138.  2.  Liet  it  be  pi-opased  to  divide  the  lino  AB  (Jig.  158)  into 
parts  proportional  to  the  given  lines  P,  Q,  B.  Through  the  • 
extremity  A  draw  the  indefinite  straight  line  AO,  and  take 
AC  =  P,  CD  =q,  DEz=L  l^^in  EB,  and  through  the  points 
C,  D,  draw  CI,  DK,  parallHf  £7i ;  the  line  AB  will  be  divided 
at  /  and  K  into  pai*ts  proportional  to  the  gi\Tn  lines  P«  ^,  JZ. 

For,  on  account  of  the  parallels  CI,  DK^  EB.  the  parts  AI, 
IK\  KB.  are  proporlional  to  the  parts  AC,  CD,  DE  (196)  ;  and, 
hy  construction,  these  are  equal  to  the  given  lines  P,  ^^  R^ 

niOUL£M. 

257.  To  Jind  a  fouiih  proporlional  to  three  given  lines  A,  B,  C 
•'ijr.  U9.  (fiii;.  1 39). 

Siilution.  Draw  the  two  indefinite  lines  DE,  DF,  making 
any  angle  willi  each  other,  On  DE  take  DA^A,  DB-=B; 
and  upon  D/Make  1)C=C ;  join  AC,  and  through  the  point  fi 
draw  7/. Y  parallel  to  AC;  DX  wUl  be  the  fourth  pi-oportional 
iT(iuiiX'd. 

For,  since  BX  bi  jiarallel  to  AC,  DA  :  DB  : :  DC:  DX  5  but 
(he  three  fii'st  terms  of  this  proportion  are  cf|ual  to  the  throe 
ii;ivcn  lines,  then 'Coii*  DX  is  the  fourth  propoi*tional  required. 

f:S8.  Corollary.  We  might  find  in  the  same  manner  a  third 
proportional  to  two  given  lines  .7,  B  ;  for  it  would  be  the  same 
us  I  he  fourth  proporlional  to  the  tliiTe  li.ics  A,  B,  B. 
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PROBLEM. 


2  39.  To  find  a  mean  proportional  between  two  given  lines  A 
and  B  (fig.  140).  ^''«  ^^ 

Solution.  On  the  indefinite  line  DF  take  DE  =  ^,  and 
EF^B;  on  the  whole  line  DF,  as  a  diameter,  describe  the 
semicircumference  DGFi  at  the  point  E  erect  upon  the  diame- 
ter the  perpendicular  EO  meeting  the  circumference  in  6 ;  EQ 
will  be  the  mean  proportional  sought. 

For  the  perpendicular  OE,  let  fall  from  a  point  in  the  circum- 
ference upon  tlie  diameter,  is  a  mean  proportional  between  the 
two  segments  of  the  diameter  DE^  EF  (£1 5),  and  these  two  seg* 
ments  are  equal  to  the  two  given  lines  A  and  fi. 

PBOBLEM. 

240.  To  divide  a  given  line  AB  (Jig.  141)  into  two  parts  in  Fig^.  Ui 
jsuch  a  manner,  that  the  greater  shall  be  a  mean  proportional  between 

the  whole  line  and  the  otJier  part. 

Solution.  At  tlie  extremity  B  of  the  line  AB  erect  the  perpen- 
dicular BC  equal  to  half  of  AB  f ;ftl»m  the  point  C,  as  a  centre, 
and  with  the  radius  CB,  describe  a  circle ;  draw  AC  cutting  the 
circumference  in  D,  and  take  JiF=AD;  the  line  AB  will  be 
divided  at  the  point  F  in  the  manner  required ;  that  is^ 

ABiAFiiAFzFB. 
For  AB9  being  a  perpendicular  to  the  radius  CB  at  its  ex- 
tremity CBf  is  a  tangent ;  and,  if  AC  be  produced  till  it  meet  the 
circumference  in  E,  we  shall  have 

AEiABi.AB'.AD    (228), 
and  hence     AE  —  AB :  AB  ::AB-^AD:  AD    (iv). 
But,  since  the  radius  BC  is  half  of  AB^  tlie  diameter  DE  is  equal 
toAB,  and  consequently  AE— AB=::ADzsAF;   also,  since 
AF=zAD,  AB—  AD  =  FB ;  tberefoi-e, 

AFiAB'.iFBiADovAF, 
and  by  inversion  AB :  AF : :  AF :  FB. 

241.  Scholium.  When  a  line  is  dinded  in  (his  manner,  it  is 
said  to  be  divided  in  extreme  and  mean  ratio.  Its  applicatioa 
will  be  seen  hereafter. 

It  may  be  remarked,  tliat  the  secant  AE  is  divided  in  extreme 
and  mean  ratio  at  the  point  D ;  for,  since  AB=:DE, 

AKiDEiiDEzAD. 
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FROBIiEM. 

rig.  143.  ^^-  Through  a  given  point  A  (fig.  1 4;2)  in  a  given  angle  BCD, 
to  draw  a  line  BD  in  such  a  mawier  that  the  parts  ABy  AD,  erai- 
prehended  between  the  point  A  and  tlie  two  sides  of  the  angle  sUl 
beegtud. 

Soluthn.  Through  the  point  A  draw  dE  paraUel  to  CDf  take 
BE  =  CE,  and  through  the  points  B  and  A  draw  BJiD,  whidi 
will  be  the  line  required. 

For,  JE  being  parallel  to  CD,  BE  lECiiBdi  JU),  but 
BEz=EC'j  therefore  BA  =  AD. 

VROBLEM. 

S43.  2b  make  a  square  equivalent  to  a  given  parallelogram,  m 
to  a  given  triang^. 
fi^.  143.  Sdutian.  1.  Let  A  BCD  (Jig.  143)  be  the  given  parallelognuiif 
AB  its  base,  and  DE  its  altitude ;  between  AB  and  DE  find  a 
mean  proportional  Xr(^39)  ;  thesquai*e  described  upon  JTFwili 
be  equivalent  to  the  parallelogram  ABCD. 

For,  by  construction,  AB :  AT: :  XV:  DE ;  hence 

Xy'^ABxDE; 

but  AB  X  BE  is  the  measure  of  the  parallelogram,  and  XYis  that 
of  the  square,  therefore  they  are  equivalent* 
fig.  144.  2.  Let  ABC  {fig.  144)  be  tlie  given  triangle,  BC  its  base,  and 
AD  its  altitude ;  find  a  mean  proportional  between  BC  and  half 
oSAD,  and  let  A^y  be  this  mean  proportional ;  the  square  des- 
cribed upon  Ay  will  be  equivalent  to  the  triangle  ABC. 

For,  since  BC:  XY::  XYiiAD,  XY  =  BCxl  -^^  5  there- 
fore the  square  described  upon  Ay  is  eipiivalent  to  the  triai^ 
ABC. 

FBOBLEM. 

Fig.  145.  244.  Upon  a  given  line  AD  (fig.  145)  to  construct  a  redan^ 
AD  EX  equivalent  to  a  given  rectangle  ABFC. 

Solution.  Find  a  fourth  propoKional  to  the  thi-ee  lines  JU)f 
ABf  AC  (127),  and  let  AX  be  this  fourth  proportional;  the  rec- 
tangle contained  by  AD  and  AX  will  be  equivalent  to  the  rec- 
tangle ABFC. 

For,  since  AD:AB: :  AC :  AX,  AD  x  AX=z  ABxAC;  ihcre- 
fore  the  rectangle  ADEX  is  ec[uivalent  to  the  i^ectangle  ABFC> 
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PBOBISBf. 

M5.  2b  Jind  in  Une$  ihe  ratio  of  the  redangfie  of  two  given 
Hne$  A  mid  B  (fig.  148)  to  the  rectangle  of  two  given  lines  C  ^'^S- 1^- 
andD. 

Sdntian.  Let  X  be  a  fourth  proportional  to  the  three  given 
lines  BfCfD;  the  ratio  of  the  two  lines  Ji  and  X  will  be  equal 
to  that  of  the  two  rectangles  Ax  B^CxD. 

Far,einctB:C:iD:X,  CxD=BxX;  therefore 
AxB:CxD::Ax  B:BxX::A:X. 

246.  Corollary.  In  order  to  obtain  the  ratio  of  the  squares 
described  upon  two  lines  A  and  C,  find  a  third  proportional  X  to 
ttie  lines  A  and  C,  so  that  we  may  have  the  proportion 

theo  we  shall  have  A*  iC^ziAiX. 


PROBLEM. 


- 1 


947.  To  find  in  lines  the  ratio  of  tlie  product  (f  three  given  lUuJ^ 
A,  B,  C  (fig.  149),  to  the  product  of  three  given  lines  P,  Q.  R.     t!^  149. 

Solution.  Find  a  fourth  pi*oportional  X  to  the  three  given 
lines  FfAfB^  and  a  fourth  proportional  Y  to  the  three  given 
lines  Cy  ^^  JL  The  two  lines  X  and  Y  will  be  to  each  other  as 
the  products  Ax  Bx  C,  P  X  R,xB. 

For^sinceP :  AixBiX^AxBz^PxX;  and,  by  multiplying 
each  of  these  by  C,  we  shall  "have 

AxBxC^CxFxX. 
In  like  manner,  since 

C:((\iR.Y^  qxR  =  CxFi 
and,  by  multiplying  each  of  these  by  P,  we  shall  have 

PX  qxB=^PxCxY; 
therefore  the  product 
AxBxCitttefroductPxqxRiiCxPxX'.PxCxYiiXiY. 

S48,  To  make  a  triangle  equivalent  to  a  given  polygon. 

BotuHon.     Let  ABODE  (Jig.  146)  be  the  given  polygon.  Fig.  146 
Draw  the  diagonal  CEf  which  cuts  off  the  triangle  CDE ; 
through  the  point  D  draw   I)F  parallel  to  CE  to  meet  AE 

10 
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produced ;  join  CF9  and  the  polygon  ABODE  will  be  cquivalol 

to  the  polygon  ABCF9  which  has  one  side  less* 

For  the  triangles  CDEf  CFE,  have  the  common  base  CK| 
they  ai-e  also  of  the  same  altitude,  for  their  vertices  D,  JF,  are  ii 
a  line  DF  parallel  to  the  hase;  thercfoi*c  the  triangles  are  equiv- 
alent. Adding  to  each  of  these  the  figure  ABCE  and  we  slnl 
have  the  polygon  ABODE  equivalent  to  the  polygon  ABCF. 

We  can  in  like  manner  cut  olf  the  angle  B  by  substituting  far 
the  triangle  ABO  the  equivalent  triangle  AGC9  and  then  tht 
pentagon  ABODE  will  be  transformed  into  an  equivalent  triangle 
GCF. 

The  same  process  may  be  applied  to  any  other  figure  ;  for,  by 
making  the  number  of  sides  one  less  at  each  step^  we  shall  it 
lengtli  arrive  at  an  equivalent  triangle. 

S49.  Scholium.  As  we  have  alre-ady  seen,  that  a  trianj^e  may 
be  transformed  into  an  equivalent  square  (243),  we  may  accord- 
ingly find  a  square  equivalent  to  any  given  rectilineal  figure; 
{^^rfKliis  is  called  squaring  the  rectilineal  figure,  or  finding  die  fwri- 
^mhire  of  it. 

The  problem  of  the  quadrature  of  the  drde  consists  in  finding 
a  squai'e  equivalent  to  a  circle  whose  diameter  is  given. 

PROBLEM. 

'2,50.  To  niake  n  square  wlUch  shall  he  equal  to  the  sum  or  the 
difference  of  two  given  squares* 
"is.  147.     Solulion.    Let  A  and  B  (^Jig»  147)  he  the  sides  of  the  given 
squares. 

1.  if  it  is  proposed  to  find  a  square  ef[ual  to  the  sum  of  these 
squares,  draw  the  twc»  indefinite  lines  ED,  EF^  at  right  angles 
to  each  other;  takcii;/>  =  .^  and  £G  =  jB ;  join  1^6?^  and  DG 
will  be  the  side  of  the  s(|uarc  sought. 

For  the  triangle  BEG  being  right-angled,  the  Sfpiarc  described 
upon  DG  will  be  equal  to  the  sum  of  tiie  squares  described  upon 
ED  and  EG. 

2.  If  it  is  proposed  to  find  a  square  equal  to  thediffrrenceof 
the  given  squat*es9  form  in  like  manner  a  riglit  angle  FEH^  take 
GE  equal  to  the  smaller  of  the  .^^idcs  A  and  B ;  from  the  point  G^ 
;is  a  cetitre,  and  with  a  radius  Gfl  e(|na1  to  the  other  side,  des- 
nlLe  an  arc  culling  EU\\\  II  i  the  square  described  upon  EH 
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will  be  cquftl  to  the  diflference  of  the  squares  described  upon*  the 
lines  A  and  B* 

Fur  in  the  right-angled  triangle  GEH  the  hypothenuse 
GHsxJSl,  and  the  side  GE=iB;  therefore  the  square  described 
upon  EH  is  equal  to  the  difference  of  the  squares  described  upon 
the  given  sides  A  and  B. 

251.  Sdiclium.  We  can  thus  find  a  square  equal  to  the  sum 
of  any  number  of  squares ;  for  the  construction  by  which  two 
are  reduced  to  one^  may  be  used  to  reduce  three  to  two  and 
these  two  to  one,  and  so  of  a  larger  number.  Also  a  similar 
method  may  be  employed  when  certain  given  squares  are  to  be 
subtracted  from  otliei^s. 

PROBLEM. 

• 

252*  To  construct  a  square  which  shall  he  to  a  given  square 
ABCD  (fig.  1 50)f  as  the  line  Jdistothe  line  N.  Fig.  isi 

Solution.  On  the  indefinite  line  EG  take  EF=zM,  and  FG  =  JV*; 
on  EGf  as  a  diameter,  describe  a  semicircle,  and  at  the  point  F^^ 
erect  u|M)n  the  diameter  the  perpendicular  FH,  From  the  foinfj^ 
ffdraw  the  chords  HGf  HE9  which  produce  indefinitely  ;  on  the 
first  take  HJC  equal  to  the  side  AB  of  tlie  given  square,  and 
through  the  point  JK*  draw  Kl  parallel  to  EG ;  HI  will  be  the 
side  of  the  square  sought. 

For,  on  account  of  the  parallels  KI9  GEf 

HI.HKi.HEiHGi 

hence  HI:HK:iHE:HG    (v). 

But,  in  the  right-angled  triangle  EH(jt, 


HE :  HG : :  segment  EF :  the  segment  FG  (215), 
or,  asJV  is  to  JV*; 

therefoi-e  HIiUKiiM.J^. 

Bwi  HK=zJiB;  therefore 

the  square  upon  HI :  the  square  upon  AB  ::M:J>/\ 

FROBIiEK. 

253.  Upon  a  side  FG  (fig.  129)*  homologous  to  AB,  to  describe  a  pjg.  13c 
polygon  similar  to  a  given  polygon  ABODE* 
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^  SdluJtunu  In  the  given  polygon  draw  the  dii^Mb  jfC^  4Dl 
At  the  point  F  make  the  angle  GFHzs,  BJICf  and  at  the  point  6 
the  ang^e  FQH=z  ABC ;  the  lines  FH^  GHf  will  cut  each  in  A  ml 
the  triangle  FOH  will  be  similar  to  ABC  Likewise  upon  FB^ 
homologous  to  JIC9  construct  the  trianglo  FTH  similar  to  ADC, 
and  upon  FI9  homologous  to  AD,  construct  the  triang^  FB 
similar  to  ADE.  The  polygon  FGUIK  will  be  similar  to 
ABCDE. 

Fur  these  two  polygons  are  composed  of  the  same  number  of 
triaiigU«9  wliich  are  similar  to  each  other  and  similarly  dis- 
posed (ii^l9). 

PROBLEM. 

S54.  T1C0  similar  figures  being  givtUf  to  cimstrud  a  gimikr 
figure  which  shall  be  equal  to  their  sum  or  their  difference. 

Solution.  Let  A  and  B  be  two  homologous  sides  of  the  gtmk 
figures*  find  a  square  cf|ual  to  the  sum  or  the  dilTerence  of  tk 
squares  described  upon  A  and  B ;  let  JTbe  the  side  of  this  dqaare» 
JIT  will  be»  in  the  figure  sought,  the  side  homologous  to  jf  and  B 
in  the  given  figures.  The  figure  may  then  be  constructed  by 
tlie  preceding  problem. 

For  similar  figures  are  as  the  square  of  their  bomologim 
sides ;  but  the  square  of  the  side  X  is  equal  to  the  sum  or  the 
difference  of  the  squares  described  upon  the  homologous  sides  A 
and  B ;  tlierofore  tlio  figure  described  upon  the  side  X  is  equal 
to  the  sum  or  the  dificrcnce  of  the  similar  figures  described  opoa 
the  sides  A  and  B* 

PROBLEM. 

255.  To  consinict  a  figure  similar  to  a  given  figure,  imd  whiA 
shall  be  to  this  figure  in  the  given  ratio  of  M  to  N. 

Solution.  Let  AhevL  side  of  the  given  figure,  and  X  the  ho- 
mologous side  of  the  figure  sought ;  the  square  of  JT  must  be  to 
the  Hquai*e  o(  A,  as  J/ is  to  JV*(2'2l) ;  AT  then  may  be  found  by 
art.  >!.51  ;  and,  knowing  X,  we  may  finish  tbc  problem  by  art. 

PROBLEM. 

ijj'  151*     256.  To  construct  a  figure  similar  to  the  figure  P  (fig.  151)  and 
equivalent  to  the  figure  Q. 
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SdMmL  Ftaid  the  side  •¥  of  a  sqvare  equivAlent  to  tlie 
figure  F,  and  the  side  JV*  of  a  sqaare  equivalent  to  the  figure  9. 
Then  let  X  be  a  fourth  proportional  to  the  three  given  lines  M^ 
M\JU^  upon  the  side  X,  homologous  to  JU9  describe  a  figure 
similar  to  the  figure  P ;  it  Hill  be  equivalent  to  the  figure  4. 

For,  by  calling  F  the  figure  described  upon  the  side  X,  we 
shall  have 

FiFiiJiBiZ. 

But,  by  construction, 

JffB:X::«¥:JV; 

-—8        2  S  S 

or  jSB : X:iM:  A*; 

%      2 
therefore  P :  F; :  M :  JV. 

«  2 

We  have  also,  by  construction,  M^zF,  and  A*  =  4  ; 
consequently  Fi  Fi:  F  :  ((; 

hence  F=  ^  ;  therefore  the  figure  F  is  similar  to  the  figure  P 
and  equivalent  to  the  figure  9. . 

'  FBOBLEM. 

£57.  lb  comtmet  a  rectangle  equivaieKt  io  a  given  square  C 
(fig.  152),  and  TVhose  adjacent  rides  shall  nuike  a  givm  smn  AB.Fi|^  iss 

SoluHan.  On  JiB,  as  a  diameter,  describe  a  semicircle,  and 
draw  DE  parallel  to  the  diameter,  and  at  a  distance  JiD,  equal 
to  a  side  of  the  given  square  C  From  the  point  JS,  in  which 
the  parallel  cuts  the  circumference,  let  fall  upon  the  diameter  the 
perpendicular  EF;  JF  and  FB  will  be  the  sides  of  the  rectangle 
sought. 

For  their  sum  is  equal  to  wiB,  and  their  rectangle  JiF  x  FB  is 
equal  to  the  square  of  EF  (SI  5),  or  of  dD ;  tlierefore  the  rectan- 
gle is  equivalent  to  the  given  square  C. 

258.  Scholium.  It  is  necessary  in  order  that  the  problem 
may  be  possible,  that  the  distance  JiD  should  not  exceed  flie 
radius,  that  is,  that  the  side  of  the  square  should  not  exceed  half 
of  the  line  JiB. 

FROBXSH. 

259.  To  construd  a  redangk  equivalent  to  a  square  jC  (fig.  153),  Fig.  15: 
and  Tohose  adjacent  sides  shall  differ  by  a  given  quantity  AB. 
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Solntion,  On  the  given  line  AB,  as  a  diameter^  describe! 
circle ;  from  tlie  extremity  of  the  diameter  draw  the  tangent  M 
equal  to  the  side  of  the  square  C.  Through  the  point  D  and  the 
centre  0  draw  the  secant  DF;  BE  and  DF  will  be  the  adjacent 
sides  of  the  rectangle  required* 

For,  1.  the  difference  of  the  sides  is  equal  to  the  diameter  Ef 

or  AB ;  9.  the  rectangle  BE  x  BF  is  equal  to  AB  (228)  ;  ther& 
fore  this  rectangle  will  be  equivalent  to  the  given  square  C 

FBOBLEM. 

S60.  To  Jind  the  common  measure,  if  there  be  onCp  between  tk 
diagonal  and  side  of  a  square* 
big.  154.     Solution.    Let  ABCQ  (Jig.  154)  ho  any  square  and  dlCits 
diagonal. 

We  are,  in  the  first  place,  t«)  apply  CB  to  CA^  as  often  as  it 
can  he  done  (157);  and  in  order  to  this,  let  there  be  described; 
from  the  centi*e  C,  and  with  a  radius  CB,  the  semicircle  BEE. 
It  will  be  seen,  that  CB  is  contained  once  in  AG  with  a  remain- 
der AB ;  the  iTsiiIt  of  the  first  operation  therefore  is  the  quotient 
1  with  the  remainder  AB,  which  is  to  be  compared  with  BC,  or 
its  equal  AB* 

Wc  may  take  A¥  =:  AB,  and  a])ply  A¥  actually  to  AB ;  and  «b 
should  find  that  it  is  contained  twice  with  a  remainder.  But,  ai 
this  remainder  and  the  following  ones  go  on  diminishing  and 
would  soon  become  too  small  to  be  pciTcived,  on  account  of  the 
iiupcriVclion  of  the  mechanical  operation,  from  whirli  we  can 
conclude  nothing  with  regard  to  the  question,  whether  tlie  lines 
AC9  CB,  have  a  common  measure  or  not.  Now  there  is  a  very 
simple  method,  by  which  we  may  avoid  these  decreasing  lines, 
and  which  only  requiivs  an  operation  to  be  performed  upon  lines 
of  the  same  magnitude. 

Tlie  angle  ABC  being  a  right  argle,  AB  is  a  tangent^  and 
j9£  is  a  secant,  drnwn  from  tlie  same  point,  so  that 

AI):JW::AD:dK  (32S). 
Thus^  in  the  second  operation  which  has  lor  its  object  to  com- 
pare AI)  with  AB9  we  may,  instead  of  the  ratio  of  AD  to  AB9 
take  that  of  AB  to  AE.  Now  AB*  or  its  equal  CA  is  contained 
twice  in  AE  with  a  remainder  AD ;  therefore  the  result  of  the 
secoml  operation  is  the  quotient  2  with  the  remainder  AD9  which 
is  to  be  conipai*ed  with  AB. 

I 
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The  third  operation,  which  consists  in  comparing  AD  with 
AB,  reduces  itself  likewise  to  comparing  ABf  or  its  equal  CD, 
with  AE,  and  we  have  istiU  the  quotient  2  with  the  remainder 
AD. 

Whence  it  is  evident,  that  the  operation  will  never  terminate, 
and  that  accordingly  there  is  no  common  measure  between  the 
diagonal  and  the  side  of  a  square,  a  truth  already  made  known 
by  a  numerical  operation,  since  these  two  lines  are  to  each  other 
:  :  V2~:  1  (188),  hut  which  is  rendered  clearer  by  the  geomet- 
rical solution. 

261.  It  is  not  then  possible  to  find  in  numbers  the  exact  ratio 
of  the  diagonal  to  the  side  of  a  square ;  but  we  may  approximate 
it  to  any  degree  we  please  by  means  of  the  continued  fraction 
which  is  equal  to  this  ratio.  The  first  operation  gave  for  a 
quotient  1 ;  the  second  and  each  of  the  others  continued  witliout 
end  gives  £  ^  thus  the  fraction  under  consideration  becomes 


If,  for  example,  we  take  the  four  firat  terms  of  this  fi*action, 
we  find  tliat  its  value  added  to  the  first  quotient  1  is  m-«  or  H; 
so  that  the  approximate  ratio  of  the  diagonal  to  the  side  of  a 
square  is  : :  4i :  29.  Tlie  ratio  might  be  found' inore  exactly  by 
taking  a  greater  number  of  terms* 


SECTION  FOURTH. 

Of  regtdar  polygons  mid  the  measure  of  tite  cirde. 

DEFIJVmOJV. 

2C2.  A  POI.TGOX,  which  is  at  the  same  time  equiangular  and 
equilateral,  is  called  a  regular  polygon. 

Regular  polygons  admit  of  any  number  of  sides.  The  equi- 
lateral triangle  is  one  of  three  sides ;  and  the  square  one  of  four. 

THEOREM. 

2G3.  Txco  regular  polygons  of  the  same  number  of  sides  are 
similar  figures. 

Dcmonafration.  Let  theiv  be,  for  example,  the  two  regular  hex- 
agons JiBCDEFf  abcdef(^Jig.  155);  the  sum  pf  the  a\\^^^  \v^  \k^Yv^^*\^ 
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•ame  in  bothy  and  is  equal  to  right  right  angles  (88).  The  angki 
is  the  sixth  part  of  this  sum  as  well  as  the  angle  a  ;  tiMrefim  tki 
two  angles  A  and  a  are  equal ;  the  same  nay  be  aaU  of  tti 
angles  B  and  h,  C  and  c,  &r. 

Moreovert  since  by  the  nature  of  these  polygons  the  sides  jf  A 
BC,  CDi  &C.9  are  equal,  as  also  ab,  be,  cd,  &C.9 

ABiabiiBCibciiCDiedfkci 
consequently  the  two  figures  under  consideration  have  their  as- 
gles  equal  and  their  homologous  sides  proportional ;  therefoic 
they  are  similar  (162). 

264.  CaroUary.  The  perimeters  of  two  regular  polygDV  o( 
the  same  number  of  sides  are  to  each  other  as  their  iiomologom 
sides,  and  their  surfaces  ai-e  as  the  squares  of  these  sidea  (SSI). 

£65.  SchoUum.  The  angle  of  a  regular  polygon  is  detenainel 
by  the  number  of  its  sides  like  the  angle  of  an  equiangular  poly- 
gon (79). 

THEOREM. 

S66.  Every  regtdar  polygon  may  be  inscribed  in  a  drdt  ad 
may  be  circumscribed  abofut  a  cirde. 
ig.  156.  Demonstration.  Let  ABODE  &c.  (Jig.  156),  be  any  regnlsr 
polygon,  and  let  there  be  described  a  circle,  whose  circumference 
shall  pass  tlirougli  the  three  points  AfB,C;  let  0  be  its  oentrci 
and  OP  a  perpendicular  let  fall  upon  the  middle  of  the  aide  BC; 
join  AO  and  OD. 

The  quadrilateral  OPCD  may  be  placed  upon  the  quadrilat- 
eral OPBA ;  in  fact  the  side  OP  is  common^  and  the  an^ 
OPC  =  OPE,  each  being  a  riglit  angle,  consequently  the  side 
PC  will  fall  upon  its  cqiial  PB,  and  the  point  C  uiKin  B.  More- 
over, by  the  nature  of  the  polygon,  the  angle  PCD  =  PBd ; 
tlicrefoiT  CD  will  take  the  direction  BA,  and  CD  being  equal  to 
BAn  the  point  D  will  fall  upon  A,  and  the  two  quadrilaterals  will 
coincide  throughout.  Hence  the  distance  OD  is  equal  to  tte 
distance  OA,  and  the  circumference,  which  passes  throngfa  the 
three  points  A.  B,  C,  will  pass  also  through  the  point  H.  By 
similar  reasoning  it  may  be  shown,  that  the  circnmference^ 
which  passes  through  the  three  vertices  J3,  C,  D$  will  pass 
through  the  next  vertex  J5,  and  so  on ;  therefore  the  same  dr- 
curafercnce,  which  passes  through  the  three  points  A$  B,  Q 
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passes  through  all  the  vertices  of  the  angles  of  the  polygon^  and 
the  polygon  is  inscribed  in  this  circumference. 

Furthermore,  with  respect  to  this  circumference,  all  the  sides 
^Bf  BCf  CDf  &c.  are  equal  chords;  thej  are  accordingly 
equally  distant/rom  the  centre  (109) ;  if  therefore  from  the  point 
O9  as  a  centre,  and  with  the  radius  OJP,  a  circle  be  described, 
the  circumference  will  touch  the  side  BC  and  all  the  other  sides 
of  the  polygon,  each  at  its  middle  point,  and  the  circle  will  be 
inscribed  in  the  polygon,  or  the  polygon  will  be  circumscribed 
about  the  circle. 

267.  Scholium  i.  The  point  0,  the  common  centre  of  the 
inscribed  and  circumscribed  circle,  may  be  regarded  also  as  the 
centre  of  the  polygon ;  and  for  this  reason  we  call  the  angfjt  of 
the  ceiUre  the  angle  JiOB  formed  by  the  two  radii  drawn  to  the 
extremities  of  the  same  side  AB. 

Since  all  the  chords  AB,  BC,  &c.,  are  equal,  it  is  erident 
that  all  the  angles  at  the  centre  are  equal,  and  that  the  value  of 
each  is  found  by  dividing  four  right  angles  by  the  number  of  the 
sides  of  the  polygon. 

268.  Scholium  ii.  In  order  to  inscribe  a  regular  polygon  of  a 
certain  number  of  sides  in  a  given  circle,  it  is  only  necessary  to 
divide  the  circumference  into  as  many  equal  parts  as  the  polygon 
has  sides ;  for,  the  arcs  being  equal,  the  chords  AB,  BC,  CD,  &c. 

(Jig.  158),  wUl  be  equal ;  the  triangles  ABO,  BOC,  COD,  &c.,Fig.  158 
will  also  be  equal,  for  the  sides  of  the  one  will  be  respectively 
equal  to  those  of  the  other ;  consequently  all  the  angles  ABC, 
BCD,  CDE,  &c.,  will  be  equal ;    tlierefore  the  figure  ABCDE 
&c.  will  be  a  regular  polygon. 

FROBLEM. 

269.  To  inscribe  a  square  in  agvcen  drdt. 

SohOimi.    Draw  the  diameters  AC,  BD  (Jig.  157),  cutting  Fi|^.  15? 
each  other  at  right  angles ;  join  the  extremities  A,  B,  C,  D,  and 
the  figure  ABCD  vnll  be  the  inscribed  square. 

For,  the  angles  AOB,  BOC,  &c.,  b  eing  equal,  the  chords  AB, 
BC,  &c.,  are  equaL 

270.  Sdidium.  The  triangle  BOC  being  right-angled  and 
isosceles,  BC :  BO  :  :  y/2  :  1  (188)  ;  therefore,  the  side  of  an 
inscribed  square  is  to  radius,  as  the  sqtiare  root  of  two  is  to  utvil^. 

11 
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PROBLEM. 

271.  To  inscribe  a  regular  liexagon  and  an  equilateral 
in  a  given  circle. 

Solution,  Let  us  suppose  the  problem  rcsolvedf  and  that  AB 
g.  158.  (^^,  158)  is  a  side  of  the  inscribed  hexagon ;  if  we  draw  the 
radii  AG,  OB,  the  triangle  JiOB  will  be  equilatei-al. 

For  the  angle  JiOB  is  the  sixth  part  of  four  right  angles ;  thuSf 
if  we  consider  the  right  angle  as  unity,  we  shall  have 

The  two  other  angles  JiBOf  BAO,  of  the  same  triangle,  taken 
together,  =  8 — t  =  1 9  ^^^9  ^^  ^^^Y  ^^  equal  to  each  other^  each 
of  them  =  I ;  hence  the  triangle  ABO  is  equilateral ;  therefiirp 
the  side  of  the  inscribed  hexagon  is  equal  to  radius. 

It  follows  from  this*  that  in  order  to  inscribe  a  regular  hexa- 
gon in  a  given  circle,  the  radius  is  to  be  applied  six  times  round 
on  the  circumference,  which  will  bring  it  to  the  point,  from  which 
the  operation  commenced. 

The  hexagon  ABCDEF  being  inscribed,  if  the  vertices  of  the 
alternate  angles  A9  C,  E,  be  joined,  an  cquilateitd  triangle  ACS 
will  be  formed. 

272.  Scholium.  The  figure  ABCO  is  a  parallelogram,  and  a 
rliombus,  since  AB  =zBC=iCO=i  AO ;  therefore,  the  sum  of  the 
stjuares  of  the  diagonals  being  equal  tQ  the  sum  of  the  squares  of 
the  sides  (195), 

AC  +  B0  =  4AB:=z  4B0; 

subtracting  BO  from  each  we  shall  have 

AC^iSBO 

hence  AC:  BO:  iSil 

or  AC:BO::x/T:l; 

therefore  the  side  of  an  inscribed  equilateral  triangU  is  to  radhu  as 

the  square  root  of  three  is  to  unitji. 

PROBLEM. 

&73.  To  inscribe  in  a  given  circle  a  regular  decagon,  also  a  ]KK- 
tagon  and  a  regidar  polygon  ofjifleen  sides, 
f- 159.     Solution,    Divide  the  radius  AO  {fig.  159)  in  ext]*eme  and 
mean  ratio  at  the  point  Ji  (240),  take  the  chord  AB  equal  to  tbt 
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greater  segment  OM^  and  AB  will  be  the  side  of  a  regular  deca- 
gon, which  is  to  be  applied  ten  times  round  on  the  circumference. 

F<M%  by  joining  MB^  we  have,  by  contructiony 

AO  :  0M\ :  OMi  AM, 
or^  because  ABsz  OM, 

AG  :  AB  : :  AB\  AM; 
therefore  tho  triangles  ABO,  AMB,  having  an  angle  A  common 
and  the  sides  about  this  angle  proportional,  are  similar  (208). 
The  tiianglo  OAB  is  isosceles ;  consequently  the  triangle  AMB 
is  also  isosceles,  and  AB=:BM.  Besides,  AB=OM;  hence 
also  BM=z  OM;  therefore  the  triangle  BMO  is  isosceles. 

The  angle  AMB^  the  exterior  angle  of  the  isosceles  triangle 
BMO,  is  double  of  the  interior  angle  0  (78).    Now  the  angle 

AMB  =:  MAB  y 
consequently  the  triangle  OAB  is  such  that  each  of  the  angles  at 
the  base  OAB,  OBA,  is  double  of  the  angle  at  the  vertex  0, 
and  the  three  angles  of  tho  triangle  are  equal  to  five  times  the 
angle  O,  and  thus  the  angle  0  is  a  fifth  part  of  two  right  angles, 
or  the  tenth  part  of  four  right  angles ;  therefore  the  arc  AB  is 
the  tenth  part  of  the  circumference,  and  the  chord  AB  is  the  side 
of  a  regular  dex*agon. 

274.  Corollary  i.  If  the  alternate  vertices  j9,  C,  E,  &c.  of 
the  decagon  be  joined,  a  regular  pentagon  ACEGl  will  be  formed. 

275.  Corollary  ii.  AB  being  always  the  side  of  a  decagon,  let.4L 
be  the  side  of  a  hexagon ;  then  the  arc  BL  will  be,  with  i-espect 
toXhe  circumference,  ^  —  tV*  ^^  tt  >  therefore  the  chord  BL 
will  be  the  side  of  a  regular  polygon  of  15  sides.  It  is  manifest, 
at  the  same  time,  that  the  arc  CL  is  a  thii*d  of  CB. 

276.  Scholium.  A  regular  polygon  being  formed,  if  the  arcs 
subtended  by  the  sides  be  bisected  and  chords  to  these  half  arcs 
be  drawn,  a  regular  polygon  will  be  formed  of  double  the  number 
of  sides.  Thus  by  means  of  tho  square  we  may  inscribe  suc- 
cessively regular  polygtms  of  8,  16,  52,  &c.,  sides.  Likewise 
by  means  of  the  hexagon  we  may  inscribe  regular  polygons  of 
12,  24,  48,  &c.,  sides ;  with  the  decagon,  polygons  of  20,  40,  80, 
&c.,  sides ;  with  the  regular  polygon  of  fifteen  sides,  polygons  of 
30,  60,  120,  &c.,  side^.* 


*  It  was  supposed,  for  a  long  time,  that  these  were  the  only  poly- 
gons which  could  be  inscribed  by  tlie  processes  of  elemewiacc^  ^<q«w- 
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FBOBLEM. 

Eig.  160.  &77.  ^  regulur  inscribed  polygon  ABCD  fc  (fig.  160)  hug 
givefi^  to  circumscribe  about  the  same  drde  a  similar  poh/gamm 

Solution.  At  the  point  7\  the  middle  of  the  arc  AB,  draw  tti 
tangent  G//«  which  will  be  parallel  to  AB  (US)  ;  do  the  saae 
wilh  each  of  the  other  arcs  BCf  CD,  &c. ;  these  tangents  wi 
ffirm,  hy  their  intersections,  the  regular  circumscribed  pdjgoi 
GUIK  &c\9  similar  to  the  inscribed  polygon. 

It  will  bo  readily  ix^rceivcd,  in  the  first  place,  that  fhe  three 

points  O,  jB,  //,  are  in  a  right  line,  for  the  right-angled  triangki 

OTHn  0/A'V,  have  the  common  hypothenuse  OH,  and  the  sidi 

OT=OX;  tlicy  are  consequently  equal  (126)9  and  fhe  angk 

TOII  :=  //0A\  anJ  the  line  OH  passes  through  the  point  B,  tbe 

midille  of  the  aiT  TM.    For  the  same  reason,  the  point  /  is  ii 

OC  pniduced,  Kr.    But,  since  GH  is  parallel  to  AB9  and  HI  ts 

BC,  the  angle  GHI  =  ABC  (67) ;  in  Uke  manner  HIK=^  BCD, 

&c. ;  hence  the  angles  of  the  circumscribed  polygon  areequri 

to  those  of  the  inscribed  polygon.  Moreover,  on  account  of  tbeie 

same  parallels 

GH:AB::OH:OB, 

and  ///  :  JBC::0//:OB, 

hence  GH  :AB::HI  :  BC. 

But  AB  =  BC;  consequently  G//=  HI.  For  the  same  reason 
i7/=  IKf  &c, ;  consequently  the  sides  of  the  circumscribed  poly- 
gon are  equal  to  each  other;  therefore  this  polygon  is  regular 
and  similar  to  the  inscribed  polygon. 

278.  Corollary  t.  Reciprocally,  if  the  circumscribed  polygon 
GHIK  ki\9  bf*  given,  and  it  is  proposed  to  construct,  by  means 
of  it,  the  inscribed  [Kilygon  ABCD  &c.,  it  is  evidently  sufficient 
to  draw  to  the  v**rticcs  G,  H^  /,  &c,,  of  tlie  given  polygon  tlie 
lines  OG9  OIL  OU  ^cc,  which  will  meet  the  circumference  at 
the  points  A^  B^  C,  &c,,  and  then  to  join  these  points  by  the 

ctry,  or,  which  amounts  to  the  same  tiiinr;,  by  tlie  resolution  of 
equations  of  the  tirst  and  second  degree.  But  M.  Gaus  has  shown 
in  a  work,cntitlcil  IJiatjuisitinnes  ArithmeticWy  Lipsiee,  1801,  that  we 
may,l)Y  bimilur  metliods,  inscribe  a  regular  polygon  of  seventeen  sides 
and  in  geucral  one  of  £*>  +  1  sides,  provided  that  £"  +  I  be  a  priigie 
nuiiibcr. 
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chords  JIBf  BC9  CD9  &c.y  which  will  form  the  inscribed  polygon. 
We  might  also*  in  this  case,  simply  join  the  points  of  contact, 
Ty  N9  Pf  kc,9  by  the  chords  TJV,  JVP,  PQ,  &c.,  which  would 
equally  tarn  an  inscribed  polygon  similar  to  the  circumscribed 
ene. 

ftTOm  CeraUary  ii.  There  may  be  circumscribed^  about  a  given 
regular  circle^  idl  the  jiolygons  which  can  be  inscribed  within  it ; 
andy  reciprocally»  there  may  be  inscribed,  within  a  circle,  all 
the  polygons  that  can  be  circumscribed  about  it 

THEOBEM. 

S80.  The  urea  cfa  regular  pdygcn  is  eqttal  to  Hie  product  of  Us 
perimeter  by  half  of  the  radius  of  the  inscribed  cirde. 

DenumsiraHoiL  Let  there  be,  for  example,  the  regular  poly- 
gon GHIK  tfc.  (fg.  160) ;  tlie  triangle  GOH9  for  example,  has  Fig.  169 
for  its  measure  GHx  ^Or,  the  triangle  OH/ has  for  its  mcasni'e 
HIx\ON.  But  0,Y=Or;  consequently  the  two  triangles 
united  have  for  their  measure  (fiH  +  HI)  +  \0T.  By  proceed- 
ing thus  with  the  other  triangles,  it  is  evident  that  the  sum  of  all 
the  triangles,  or  the  entire  polygon,  has  for  its  measure  the  sum 
of  the  bases  GH9  HI 9  IK 9  &Cm  or  the  perimeter  of  the  polygon, 
multiplied  by  |07^,  half  of  tlie  radius  of  the  inscribed  circle. 

281.  Sehdium.  The  radius  of  the  inscribed  circle  is  the 
same  as  the  perpendicular  let  fall  from  the  centre  upon  one  of 
the  sides. 

THEOBEM. 

28£.  The 'perimeters  of  regular  polygons  of  the  same  number  of 
sides  are  as  the  radii  of  the  circumscribed  circles,  and  also  as  the 
radii  of  tlie  inscribed  cirdes  ;  and  their  surfaces  are  as  the  squares 
oftliese  same  radii. 

Demonstration.  Let  AB  (Jig.  161)  be  a  side  of  one  of  the  Fig.  161 
polygons  in  question,  O  its  centre,  and  OA  the  radius  of  the 
circumscribed  circle,  and  OD9  perpendicular  to  AB9  the  radius 
of  the  inscribed  circle ;  aud  let  ab  be  the  side  of  another  poly- 
gon, similar  to  the  foitner,  0  its  centi*e,  oa  and  od  the  radii  of 
the  circumscribed  and  inscribed  circles. 

The  perimeters  of  the  two  polygons  ai*c  to  each  other  as  the 
sides  AB^  ab  (221).  Now  the  an^cs  A  and  a  are  equal,  being 
•^ach  half  of  the  angle  of  the  polygon  5  the  same  may  be  said  ^C 
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the  angles  B  and  b ;  therefore  the  triangles  ABOp  0ba,  are 
lar,  as  alao  the  right-angled  triangles  ADOf  ads  ; 
hence  AB  :  oft : :  AO  \ao\\  DO :  do ;  I  i 

consequently  the  perimeters  of  the  polygons  are  to  each  otlffra  |  tft 
the  radii  AO^  ao^  of  the  circumscribed  circles^  and  also  as  Hi 
radii  DOt  dOf  of  the  inscribed  ciiTles. 

The  surfaces  of  these  same  polygons  are  to  each  other  asfli 
squares  of  the  homologous  sides  ABf  ab  (231) ;  they  are  th«i» 
fore  also  as  the  squares  of  the  radii  of  the  circumscribed  drchi 
AO9  ao9  and  as  the  squares  of  the  radii  of  tiie  inscribed  cirds 
DO,  do. 

LEMMA. 

£83*  Every  curced  Ztiie«  or  polygoiif  ivhich  tndoseSf  from  m 
Fig*  IS2,  extremity  to  the  other,  a  convex  line  AMB  (fig.  162)9  is  gntta 
than  the  enclosed  line  AMB. 

Ikmomtration.  We  have  already  said  that^  by  a  convex  linc^ 
ive  understand  a  curved  line  or  polygon^  or  a  line  consisting  ii 
part  of  a  curve  and  in  part  of  a  poIygoOf  such  that  a  straight 
line  cannot  cut  it  in  more  than  two  points  (83).  If  the  line 
AMB  had  reentering  parts  or  sinuosities,  it  would  cease  to  be 
convex^  because,  as  will  be  readily  pcrceired,  it  might  be  cut  by 
a  straight  tine  in  more  than  two  points.  The  arcs  of  a  circh 
arc  essentially  convex ;  but  the  proposition  under  consideratioo 
extends  to  every  line,  which  fulfils  the  condition  stated. 

This  being  pi*cmiscd9  if  the  line.^wVZ^  be  not  smaller  than  any 
of  those  lines  which  enclose  it,  there  is  among  these  last  a  line 
smaller  than  any  of  the  others,  which  is  less  than  AMB,  oral 
least  equal  to  AMB.  Lot  ACDEB  be  this  enclosing  line ;  be- 
tween these  two  lisies  draw  at  pleasure  the  straight  line  PQt 
whicli  does  liot  meet  the  line  AMD*  or  at  most  only  touches  it; 
the  straight  lino  PQ  is  less  tlian  PCDEQ  (3)  5  consiH|uently  if. 
instead  tA'  PCDEQ.  \vc  sul;«^titiitc  the  straight  line  PQ^  \vc  shall 
have  the  enclosing  line  APQB.  I'^ss  tlian  APDQB.  But,  by 
hypothesis,  this  nr.ist.  he  the  shoitest  of  all;  this  hypothesis 
tlicn  cannot  he  maintained  ;  thereloi'c  eacii  of  tlic  enclosing  lines 
is  giTater  than  AMB. 

C84.  Srholimn.  After  1  he  same  manner,  it  may  he  demon- 
strated, without  any  rc.stri«  ti^n,  t1»at  a  line  w!ii»h  is  convex  and 


Of  the  Meamre  of  the  Cirde.  87 

Bifanis  into  itself,  AMB  {Jig.  163),  is  less  than  any  line  which  Fig.  it 
Mcloses  it  on  all  sides,  whether  the  enclosing  line  FHG  touches 
MtB  in  one^  or  more  points^  or  whether  it  surrounds  it  without 
touching  it. 

XEMMA. 

S85.  Two  concentric  circUs  being  givenf  there  may  alway$  be 
imscritedg  in  the  greater,  a  regular  polygon.  Hit  sides  €§  tvhidi  shall 
not  meet  the  drcamference  oj  (he  stnaUer;  and  there  may  also  be 
^ircumscnbed,  about  the  smaUer,  a  regular  polygon,  the  sides  of 
which  shall  not  meet  the  circumference  rf  the  greater ;  so  that  on 
^he  whole  the  sides  of  the  polygon  described  shall  be  contained 
ietween  the  two  circumferences. 

Demonstration.  Let  CA,  CB  {Jig.  164),  be  the  radii  of  the  two  Fig.  le* 
given  circles.  At  the  point  A  draw  the  tangent  DE  terminating, 
Eit  the  greater  circumference,  in  D  and  E.  Inscribe,  in  the 
greater  circumference,  one  of  the  regulai*  polygons,  which  can  be 
inscribed  by  the  preceding  problems,  and  bisect  the  ai*cs  sub* 
tended  by  the  sides,  and  draw  the  chords  of  these  half  arcs ;  and 
a  regular  polygon  will  be  described  of  double  the  number  of 
sides.  Continue  to  bisect  the  arcs  until  one  is  obtained  which  is 
smaller  than  DBE.  Let  MBJ^  be  this  arc,  the  middle  of  which 
is  supposed  to  be  in  B;  it  is  evident  that  the  cliord  MJ^  will  be 
further  from  the  centre  than  D£,  and  that  tlius  the  regular  poly- 
gon, of  which  MJi  is  a  side,  cannot  meet  the  circumference,  of 
which  CA  is  the  radius. 

The  same  things  being  sup|)osed,  join  CM  and  CM',  which 
meet  the  tangent  DE  in  P  andQ;  PQ  will  be  the  side  of  a 
polygon  circumscribed  about  the  smaller  cirtumferencc  similar 
to  the  polygon  inscribed  in  the  greater,  the  side  of  which  is  MJ^. 
Now  it  is  evident  that  the  circumscribed  polygon,  which  has  for 
its  side  PQ,  cannot  meet  the  greater  circumference,  since  CP  is 
less  than  CM. 

Tliei-e  may,  therefore,  by  the  same  construction,  be  a  regular 
polygon  inscribed  in  the  greater  ciiTumferenre,  and  a  similar 
polygon  circumscribed  about  the  smaller,  which  shall  havetheir 
iides  comprehended  between  tlie  two  rircuniferenres. 

286.  Scholium.  If  we  have  two  concentric  sec  tors  FCG,  ICH, 
we  can  likewise  inscribe,  in  the  greater,  a  portion  of  a  rcgtdar 
^yS^f  ^^  circumscribe,  about  the  smaller,  a  portion  of  a  similar 
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polygon^  so  that  the  perimeters  of  the  two  polygons  w«dd  b 
comprehended  between  the  two  circles.  It  is  only  necessutti 
divide  the  arc  FBG  successively  into  2, 4,  8, 16^  &c»,  eqoal  pvfe^ 
until  one  is  obtained  smaller  than  DBE. 

By  a  portion  of  a  regular  polygon,  as  the  plirase  is  here  used^ii 
to  be  understood  the  figure  terminated  by  a  series  of  equal  choiA» 
inscribed  in  the  arc  FG,  from  one  extremity  to  the  otlier.  Tkii 
portion  has  the  principal  properties  of  a  regular  polygon,  it  ki 
its  angles  equal,  and  its  sides  equal  $  it  is,  at  the  same  tiM^ 
capable  of  being  inscribed  in,  and  circumscribed  about*  a  cirdi; 
it  does  not,  however,  make  a  part  of  a  regular  polygon,  pmpef|f 
so  called,  except  when  the  arc,  subtended  by  one  of  these  side^il 
an  aliquot  part  of  tlie  circumference. 

THEOREM. 

S87.  The  ciraimferences  of  circles  are  as  ilitir  radiif  and  iUs 
surfaces  are  as  tlie  squares  qftlieir  radiu 
Fig.  165.     Dcmonslration.  Denoting,  by  circ.  CA  and  drc.  OB  (Jig.  165^ 
the  circumferences  of  the  circles  whose  radii  are  CA  and  OA 
we  say  that  drc.  CA  :  drc.  OB : :  CA :  0B» 

For,  If  this  ])roportion  be  not  true,  CA  will  be  to  OB  as 
drc.  CA  is  to  a  fourth  term  either  greater  or  less  than  drc  0& 
Let  us  suppose  that  it  is  less,  and  that,  if  possible, 

CAiOB: :  drc.  CA :  ctrc.  OD. 

Inscribe,  in  the  circumference  of  which  OB  is  the  radiusi  i 
regular  polygon  EFGKLE,  whose  sides  shall  not  meet  the  cir- 
cumference of  the  circle,  whose  radius  is  OD  (285)  ;  inscribe  i 
similar  polygon  MNPSTM  in  the  circle  whose  radius  is  CA. 

This  being  done,  since  the  polygons  arc  similar,  their  peri- 
meters MXPSM,  EFGKEf  are  to  each  other  as  the  radii  CI, 
OB9  of  the  circumscribed  circles  (282),  and  we  have 

MJ^PSM:EFGKE::CA:OB; 
but,  by  hypothesis, 

CA  :  OB : :  drc  CA :  rirc.  OD  ; 
therefore  MXPSM :  EFGKE  : :  drc.  CA  :  drc.  OD.  Now  this 
proportion  is  impossible,  because  the  perimeter  MJfPSM  is  less 
than  circ.  CA  (283),  while  EFGKE  is  greater  than  the  drc 
OD ;  therefore  it  is  impossible  that  CA  should  be  to  OB  as  dre. 
CA  is  to  a  circumference  less  tlian  ctrc.  OB ;  or,  in  otlier  words* 
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tt  IB  impoasibla  that  the  radius  of  one  circle  should  be  to  tliat  of 
lother  as  the  circumference  of  the  first  is  to  a  circumference 

than  that  of  the  second. 
It  follows,  moreover,  from  what  has  been  said,  that  CA  cannot 
e-  the  to  OB  as  circ  C/1  is  to  a  circumference  greater  than  drc 
hJ  OB  I  for«  if  this  were  the  case,  we  should  have  by  invfrnoa, 
r.      OB  :CAii9L  circumference  greater  than  arc  OB :  ctrc.  CAf 
m.  or^  which  is  the  same  thing, 

E*        OB  \CA\i  ctrc  OB :  a  circumference  less  than  drc  CA ; 
\  r  therefore  tiie  radius  of  one  circle  may  be  to  the  radius  of  another, 
:»  as  the  circumference  described  upon  the  former  is  to  a  circum- 
^  ferencc  less  than  the  one  described  upon  the  latter,  which  has  been 
shown  to  be  impossible. 

Since  the  fouilh  term  of  the  proportion  CA :  OB : :  circ  CA :  X 
can  be  neitlier  less  nor  greater  than  ctrc  OB,  it  must  be  equal  to 
eirc.  OB :  therefore  the  circumferences  of  circles  are  as  their 
radii. 

By  a  construction  and  course  of  reasoning  entirely  similar,  it 
^    may  be  demonstrated  that  the  surfaces  of  circles  are  as  the 
squares  of  their  radii. 

Vfe  shall  not  enter  into  further  details  upon  this  proposition, 
which  is  indeed  a  corollary  from  the  next 
"^       £88.  Corollary.    Similar  arcs  AB9  DE  (Jig.  166),  are  as  their  pi^.  i6e 
radii  AC^  DO;  and  similar  sectors  ACBf  DOE,  arc  as  the 
squares  of  their  radii. 
^       For,  since  the  arcs  are  similar,  the  angle  C  is  equal  to  the 
"    angle  O  (163) ;  now  the  angle  C  is  to  four  right  angles  as  the 
r    arc  AB  is  to  tlic  entire  circumference  described  upon  the  radius 
AC  (122),  and  the  angle  O  is  to  four  right  angles  as  tlic  arc  DE 
is  to  the  circumference  described  upon  the  radius  OD  ;  there- 
fore tlie  arcs  ABf  DE,  are  to  each  other  as  the  circumferen'^ 
of  which  they  are  respectively  a  part ;  and  these  circumfere-ccs 
are  as  the  radii  AC,  DO ;  therefore 

arc  AB :  arc  DE : :  AC:  DO. 
For  the  same  reason  the  sectors  ACBf  DOE^  are  as  th  entire 
circles ;  but  the  entire  circles  are  as  the  squares  of  the'  <*Adii ; 
therefore 

fiect.  ACB  :  sfcK  DOE  ::AC:  DO. 

1^1 
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THEOBEM. 

£89.  The.  area  €f  a  cirde  is  eipud  to  the  product  of  its 
ference  bjf  lialf  of  the  radius. 

DenwnstnUunu    Denoting  by  surf.  CA  the  surface  or 
a  cii-cle  wlioso  radius  is  CA.  we  say  that 

surf.  CA^^CAx  circ  CA. 
Pifr.  167.  If  4  CA  X  circ.  CA  {Jig.  167)  be  not  the  area  of  the  circle  of 
which  CA  is  the  radius^  this  quantity  will  be  the  measure  of  t 
circle  eitlier  greater  or  less.  Let  us  suppose^  in  the  first  ^hoe^ 
that  it  is  the  measure  of  a  greater  circle,  and  that,  if  it  be  pos- 
sible, \CAx  circ  CA  =  surf  CB. 

About  tlie  circle,  of  which  CA  is  the  radiuSf  circumscribe  a 
regular  polygon  DEFG  &c,  the  sides  of  which  shall  not  meet 
the  circumference  of  the  circle  whose  radius  is  CB  (S85)  ;  the 
surface  of  this  polygon  will  be  equal  to  its  perimeter 

DE  +  EF  +  FG+&C., 
multiplied  by  |  AC  (SSO).  But  the  perimeter  of  the  polygon  is 
greater  than  that  of  the  inscribed  circle,  since  it  encloses  itoa 
all  bidets ;  consequently  the  surface  of  the  polygon  DEFG  kc  is 
e^iTater  than  ^AC  x  circ.  AC*  which,  by  hypothesiSf  is  Ac 
measure  of  the  circle,  of  which  CB  is  the  radius ;  hence  the 
polygon  would  be  gi-eater  than  the  circle ;  but  it  is  less,  since  it 
Is  contained  within  it^  therefore  it  is  impossible  that 

^CA  X  circ.  CA 
should  be  gi-e:iter  than  51117.  CAf  or,  in  other  words,  it  is  impos- 
sible that  tlic  circumference  of  a  circle  multiplied  by  half  of  the 
radius  should  be  the  measure  of  a  greater  circle. 

Again,  this  same  product  cannot  be  the  measure  of  a  less 
cr?clc ;  and,  not  to  change  the  figure,  I  will  suppose  that  tlie 
cinle  in  question  is  t!iat  whose  radius  is  CB ;  it  is  to  be  prored 
theU)  that  ^  CB  x  circ.  CB  cannot  be  the  measure  of  a  less  circle. 
of  the  circle,  for  example,  whose  radius  is  CA.  Let  us  suppose. 
if  it  bcpossible,  that  ^CB  X  circ.  CB  =  surf.  CA. 

The  uime  c<nistrnction  being  supposed  as  above,  the  snrface  of 
the  pol  vj^n  DEFG  kc.  will  have  for  its  measure 

{DE  +  EF+FG  +  kc.)xlCA; 
Uif  the  iKtimcter  DE  +  EF+  FG  +  ki\.  is  less  than  arc  CB 
vliicli  eiiclises  it  on  all  sides  ;  hence  the  area  of  the  polygon 
!h  lo.is  tijan  \CA  x  circ.  CB,  and  for  a  still  stronger  reason^  less 
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than  \CB  x  circ.  CB.  This  last  quantity  is,  by  hypothesis,  the 
measure  of  the  circle  of  which  CA  is  the  radius ;  consequently 
the  polygon  would  be  less  than  the  inscribed  circle,  which  is 
absurd ;  it  is  impossible  then  that  the  circumference  of  a  circle 
multiplied  by  half  of  the  radius  should  be  the  measure  of  a  less 
circle. 

Therefore  the  circumference  of  a  circle  multiplied  by  half  of 
the  radiu6  is  the  measure  of  tbis  circle. 

5390.  CordUary  i.  The  surface  of  a  sector  is  equal  to  the  arc 
of  this  sector  multiplied  by  half  of  the  radius. 

For  the  sector  ACB  (Jig.  168)  is  to  the  entire  circle,  as  the  Fig.  l( 
arc  AMB  is  to  the  entire  circumference  ABD  (125),  or  as 
AMB  X  l^C  is  to  ABD  x  ^AC.    But  the  entire  circle  is  equal 
to  ABD  X  ^AC ;  therefore  the  sector  ACB  has  for  its  measure 

AMB  X  ^AC. 

291.  Corollary  ii.    Since  the  circumferences  of  circles  are  as 

their  radii,  or  as  their  diameters,  calling  ir  tlie  circumference  of  a 
circle  whose  diameter  is  one,  we  have  this  profiortion;   the 
diameter  of  a  circle  1  is  to  its  circumference  x,  as  the  diameter 
^CA  is  to  the  circumference  of  a  circle  whose  i-adius  is  CA, 
or  1 :  ir : :  StCA :  ctrc  CA ; 

hence  ctrc  C^  =  Sir  x  CA. 

Multiplying  each  member  by  \CAf  we  have 

{CA  X  circ  CA  =  ^x  CA, 

or  9urf.CA=zwxCA; 

therefore,  the  surface  of  a  cirde  it  equal  to  the  product  of  the  square 
of  the  raiius  by  the  constant  number  ^,  ivldch  represents  the  cir- 
cumference  of  a  cirde  whose  diameter  is  1,  or-  the  ratio  of  the 
circumference  to  the  diamder. 
In  lilie  manner,  the  surface  of  a  circle  whose  radius  is  OB,  is 

equal  to  ir  x  OB.    But 

irxCA:wxOB::CA:OB; 
therefore,  the  surfaces  of  drdes  are  to  each  oilier  as  the  squares  of 
thdr  radtj^*  which  agrees  with  the  preceding  theorem. 

292.  Scholium.  We  have  already  said,  that  the  problem  of 
the  quadrature  of  the  circle,  consists  in  finding  a  square  equal  in 
surface  to  a  circle  whose  radius  is  known ;  now  we  have  just 
shown  that  a  circle  is  equivalent  to  a  rectangle  contained  by  the 
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circurnference  and  half  of  the  radiaay  and  ihiB,  McteBgle  ■ 
changed  into  a  square  by  finding  a  mean  pnqmrtioiwl  IwAwM 
its  two  diinenBions  (243).  Thus  the  problem  of  the  quadntm 
of  the  circle  reduces  itself  to  finding  the  circumrerenoe» 
the  radius  is  known ;  and»  for  this  purpose,  it  is  sufficieHl  to 
the  ratio  of  the  circumference  to  the  radius  or  to  the  diameter. 

Hitherto  wo  have  not  been  able  to  obtain  this  ratio  exoqitbf 
approximation  ;  but  the  process  has  been  carried  ao  far*  that  a 
knowledge  of  the  exact  ratio  would  have  no  real  advant^ 
over  the  approximate  ratio.  Indeed  this  question,  which  ooci- 
pied  much  of  the  attention  of  geometers,  when  the  mefliods  of 
approximation  were  less  known,  is  now  ranked  amo^g  thou 
idle  questions  which  engage  the  attention  of  such  only  as  hm 
scarcely  attained  to  the  first  principles  of  geometry. 

Archimedes  pi-oved  that  the  ratio  of  the  circnmfbreaoe  to  tk 
diameter  is  comprehended  between  S\^  and  S^ ;  flius  Sf  or  y 
is  a  value  already  approaching  very  near  to  the  number,  wUch 
we  have  represento<l  by  «* ;  and  this  first  approxination  is  arach 
in  use  on  account  of  its  simplicity.  Me^vA  gave  a  nomch  nearer 
value  of  this  ratio  in  the  expression  4tt*  Other  calcdaton 
have  found  the  value  of  ir,  developed  to  a  certain  number  of  deci- 
mals, to  be  391415926535897932  &c,  and  some  have  had  tin 
patience  to  extend  these  decimals  to  the  hundred  and  twenty 
seventh,  and  even  to  the  hundred  and  fortieth.  Such  an  approx- 
imation may  evidently  be  taken  as  equivalent  to  the  trutti,  and 
the  roots  of  imperfect  powers  are  not  better  known. 

We  shall  explain,  in  the  following  problems,  two  elementary 
methods,  the  most  simple,  for  obtaining  these  approximatiQiis. 

PROBLEM. 

293.  Hie  surface  of  a  regular  inscribed  polygon  and  thai  of  a 
similar  circwnscribed  polygon  being  given,  to  find  the  SHffaeeg  af 
regular  inscribed  and  circumscribed  polygons  of  double  the  number 
of  sides. 
\^.  169.  Sdutimi.  Lot  AB  (Jig.  169)  be  tlie  side  of  a  given  inscribed 
polygon,  EF  parallel  to  AB,  that  of  a  similar  circumscribed 
jMiIvgon,  C  the  centre  of  the  circle ;  if  we  draw  the  chord  AM^ 
and  the  taiigi  nts  AP,  BQ,  the  chord  AM  will  be  the  side  of  an 
inscribed  polygon  of  double  the  number  of  sides,  and  PQ  double 
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of  PM  wUl  be  that  of  a  Bimilar  drcumscribed  polygon  (277) ; 
and,  as  the  different  angles  of  the  polygon  equal  to  ACM  will 
admit  of  the  same  constnictiont  it  is  sufficient  to  consider  the 
angle  ACM  only,  and  the  triangles  here  contained  will  be  \o 
each  other  as  the  entire  polygons.  Let  A  be  the  surface 
of  the  inscribed  polygon  whose  side  is  AB,  B  the  surface  of  a 
similar  circumscribed  polygon^  A'  the  surface  of  a  polygon 
^hose  side  is  AM,  B  the  suHkce  of  a  similar  circumscribed  poly- 
gon.  A  and  B  are  known,  and  it  is  proposed  to  find  A*  and  R» 
U  The  triangles  ACD,  ACM,  the  common  vertex  of  which  is 

A,  are  to  each  other  as  their  bases  CD,  CM ;  moreover,  these 
triangles  are  as  the  polygons  A  and  Jf,  of  which  they-are  res- 
pectively  a  part ;  hence 

AiA:i:CD:CM. 

The  triangles  CAM,  CME,  the  common  vertex  of  which  is  M, 

are  to  each  other  as  their  bases  CA,  CB ;  these  same  triangles 

are  also  as  the  polygons  A!  and  B,  cf  which  they  are  respectively 

apart;  hence 

ATiBiiCAiCE. 

But,  on  account  of  the  paraUds  AD,  ME, 

CD:CM::CA:CE; 
therefore  AiAl  iiAliB; 

that  is,  the  polygon  Al,  one  of  those  which  Is  sought,  is  a  mean 
proportional  between  the  two  known  polygons  A  and  B ;  conse- 
quently A[  =  ^/A  xB^ 

2.  On  account  of  the  common  altitude  CM,  the  triangle  CPM 
IB  to  the  triangle  CPE  as  PMib  to  PE ;  but,  as  the  line  CP  bisects 
the  angle  MCE  (201), 

PMiPE : :  CMi  CE.iOB:  CA  or  CM::  A:  A'; 
hence  CPM:CPE::A:A', 

and  CPM:  CPM+  CPE  or  CME::  A:  A  +  A^-, 

also  QCPMorCMPA:  CME::2A:A+Al. 

But  CMPA  and  CME  are  to  each  other  as  the  polygons  Bf  and 

B,  of  which  they  are  respectively  a  part ;  we  have  then 

ff:B::2A:A  +  Af. 

Now  A^  has  already  been  determined ;  and  this  new  proportion 

will  give  the  determination  of  B^,  namely, 

^     2AxB 

^-li  +  A>' 
therefore,  by  means  of  the  polygons  A  and  B,  it  is  easy  to  find 

Uic  polygons  «if  and  ff,  which  have  double  the  iwimV^f^r  ol  vA'^^^ 
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FBOBLEM. 

£94«  Tb Jind  the  approxinuUe  ratio  rfUte  dreumferenee  of  a  dnk 
to  its  diameter. 

SdbMon.  Let  the  radius  of  the  circle  be  =  1,  the  aide  of  the  in- 
scribed square  will  be  ^"2  (270),  that  of  the  circumscribed  squuc 
will  be  equal  to  the  diameter  2 1  hence  the  surface  of  the  inscriM 
square  =  2,  and  that  of  the  circumscribed  square  =  4.  Now,  if 
we  mbko  .f  =  2,  and  £  =  4,  we  shall  findf  by  theprecediq 

problem,  tlie  inscribed  octagon  .d'  =  V8'=  2,82842719  and  tbe 

16 
circumscribed  octagon  B=^  ^rr — =  =  3,S1 37085.  Knowing  the 

the  inscribed  and  circumscribed  octagons,  we  can  find,  bj 
means  of  them,  the  polygons  of  double  the  number  of  sides ;  we 
now  suppose  .fl  =  2,8284271,  jB  =  3,3137085,  and  we  shall  hare 

^ -y/AxB  =  3,0614674, and fi' =i^^^= 3,1825979.  The» 

polygons  of  16  sides  will  senre  to  find  those  of  32  sides,  and  ve 
may  proceed  in  this  manner,  till  thei'e  is  no  difference  betwen 
tbe  inscribed  and  circumscribed  polygons,  at  least  for  the  nnn* 
ber  of  decimals  to  which  the  calculation  is  carried,  which  in  tin 
example  is  seven.  Having  arrived  at  this  point,  we  conclude 
that  the  circle  is  ecjual  to  the  last  result,  for  the  circle  mut 
always  be  comprehended  between  tlio  inscribed  and  circam- 
scribe<l  polygons;  therefore,  if  these  do  not  diflfbr  from  each 
other  for  a  certain  number  of  decimals,  the  circle  will  not  diilir 
from  them  for  the  same  number. 

See  the  calculation  of  these  {lolygoiis  continued  till  they  gire 
the  same  result  for  the  seven  first  decimals. 
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Bence  we  conclude  that  the  surface  of  tlie  circle  =  S»t4 15926. 

There  might  be  some  doubt  mtii  respect  to  the  last  decimal* 
m  account  of  the  error  arising  from  the  parts  neglected ;  but 
we  have  extended  the  calculation  to  one  decimal  more  in  order 
to  be  assured  of  the  correctness  of  the  above  result  to  the  last 
figure- 
Since  the  surface  of  a  circle  is  equal  to  the  product  of  tlie 
semidrcumference  by  the  radius^  the  radius  being  1,  tlie  semi- 
circumference  will  be  $5 14 15926 ;  or^  the  diameter  being  1,  the 
circumference  will  be  3*1415926  ;  therefore  the  ratio  of  the 
circumference  to  the  diameter,  above  denoted  by  ^,  is  equal 
(0  3*1415926. 

295.  Hie  triangle  CAB  (fig,  170)  is  equivaknt  to  the  isoscdesrig.  in 
Uriang^  DCE*  which  has  the  sanu  angle  C*  and  of  which  the  side 
CE  equal  to  CD  is  a  mean  proportional  between  CA  and  CB. 
Moreaverf  if  the  angle  CAB  is  a  right  an^,  the  perpendicular  CP 
leifaU  upon  the  base  of  the  isosceles  triangle  will  be  a  mean  propor- 
timud  between  the  side  CA  and  the  half  sum  of  the  sides  CA*  CB. 

Ikmanstration.    1.  On  account  of  the  common  angle  C*  tiie 
triangle  ^BC  is  to  the  isosceles  triangle  DCE  as  JiC  x  CBisto 

DC  X  CE  or  DC  (216)  ;  consequently  these  triangles  arc  equiv- 
alent* when  DC  =  ^Cx  CB,  or  when  DC  is  a  mean  proportional 
between  AC  and  CB. 
2.  As  the  perpendicular  CGF  bisects  the  angle  ACB, 

JGiGBiiACiCB    (201), 
whence*  by  composition, 

AGiJtG  +  GBovABiiAC'.AC+CB; 
but        JIG  :JtB::  triangle  JiCG  ;  triangle  ACB  or  2CDF ; 
moreover*  if  the  angle  J  is  a  right  angle*  the  right-angled  tri- 
angles ACG,  CDF,  are  similar;  whence 

JtCGiCDFiiMiCp] 

«r  ACG  :  QCDF : :  M:  SLCF; 

therefore  AC :  SLCF  ::AC:  AC  +  CB. 

If  we  multiply  the  two  terms  of  the  second  ratio  by  AC,  the  ante- 

Nents  will  become  equal,  and  we  s!iaU  consequently  have 

a  "-^3  fAC-U  CB\ 

ZCF=ACx  {AC  +  CU),  or  CFz=ACx  {-^ )  > 
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therefore,  if  the  angle  .f  is  a  right  angle,  the  peipendicalar  CF 
is  a  mean  proportional  between  the  side  •AC  and  half  the  sim  rf 
the  sides  JC,  CB. 

PROBUSM. 

S96.  To  Jind  a  cirdt  which  shall  differ  as  little  a»  rve  fUnt 
from  a  given  regular  polygon. 

Solution.  Let  there  be  given,  for  examplet  the  square  BMSf 
\g  in.  {Jig.  171) ;  let  fall  from  the  centre  C  the  peipendicular  CJi  1901 
the  side  MBf  and  join  CB. 

The  circle  described  upon  the  radius  CA  is  inscribed  in  tk 
square,  and  the  circle  described  upon  the  radius  CB  is  ciron- 
scribed  about  tliis  square ;  the  first  will  be  less  than  the  aquan^ 
and  the  second  will  be  greater ;  it  is  proposed  to  reduce  tfaen 
limits. 

Take  CD  and  CE  each  equal  to  a  mean  pnqiortioiial  betweea 
CA  and  CA,  and  join  ED ;  the  isosceles  triangle  CDE  wiQ  be 
equivalent  to  the  triangle  CAB  (295)  i  let  the  same  be  done  with 
respect  to  each  of  the  eight  triangles  whicli  compose  the  sqmt^ 
and  there  will' be  formed  a  regular  octagon  equivalent  to  tk 
square  A/ILVP.    The  circle  described  upon  CF,  a  mean  proper- 

CJk  -I-  CB 

tional  between  CA  and  — "^ ,  will  be  inscribed  in  the  octi- 

gon,  and  the  ciixle  described  upon  CD,  as  a  radius,  will  be 
circumscribed  about  it.  Thus  the  first  will  be  less  and  thr 
second  greater  than  the  given  square. 

If  we  change,  in  the  same  manner,  the  right-angled  triangle 
CDF  into  an  equivalent  isosceles  triangle,  we  shall  form  in  tfaii 
way  a  regular  polygon  of  sixteen  sides  equivalent  to  the  pnqiosed 
square.  The  circle  inscribed  in  thU  polygon  will  be  less  than 
the  square,  and  the  circle  circumscribed  about  it  will  be  greater. 

We  can  proceed  in  this  manner  till  the  ratio  between  the 
radius  of  the  inscribed  circle  and  that  of  the  circumscribed  cirde 
shall  difler  as  little  as  we  please  from  equality.  Then  either  of 
these  circles  may  he  regarded  as  equivalent  to  the  proposed 
square. 

SOr.  ScMium.  To  exhibit  the  result  of  this  investigation  of  the 
successive  radii,  let  a  be  the  radius  of  the  circle  inscribed  in  one  of 
the  polygons,  and  b  the  radius  of  the  ciitle  circumscribed  aboutthe 
same  polygon  ;  and  let  a',  b',  be  similar  radii  to  the  next  polygos 
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of  double  the  number  of  aides.    According  to  what  has  been 
demonstrated^  V  is  a  mean  proportional  between  a  and  h,  and  at 

is  a  mean  proportional  between  a  and  "  T    ;  so  that  we  have 

2& 


6'  =  v'«x**  and  o'=    Ittx 


fl+A. 


hence  the  radii  a  and  h  of  one  polygon  being  known,  the  radii 
a\  b'y  of  the  following  polygon  are  easUy  deduced ;  and  we  maj 
proceed  in  tliis  manner  till  the  difference  between  the  two  radii 
fihall  become  insensible ;  tlien  either  of  these  radii  may  be  taken 
for  the  radius  of  a  circle  equivalent  to  the  proposed  square  or 
polygon. 

This  method  may  be  readily  applied  to  lines,  since  it  consists 
in  finding  successive  mean  proportionals  between  known  lines  ; 
but  it  succeeds  still  better  by  means  of  numbers,  and  it  is  one  of 
the  most  convenient,  that  elementary  geometry  can  furnish,  for 
finding  expeditiously  the  approximate  ratio  of  the  circumference 
of  a  circle  to  its  diameter,  Liet  the  side  of  the  square  be  equal  to 
2,  the  first  inscribed  radius  Cd  will  be  1,  and  the  first  circum- 
scribed radius  CB  will  be  vF  or  1,4 142 136.  Putting  then  a  =s  1, 
and  6  =  lyll421S6 ,  we  shall  have 

V  =  s/TnTb  =  \/i  X  I,4i4ii36  =  1 A  892071 ; 

a>  =  JI^  =  ^  1  X  '  +  '"*J"^'^g=  1,0986841. 

These  numbers  may  be  used  in  calculating  the  succeeding  ones 
according  to  the  law  of  continuation. 

See  the  result  of  tiiis  calculation  extended  to  seven  or  dgfat 
figures  by  means  of  a  table  of  common  logarithms. 

RMluortkedrciiiMerilwdciRlM.  BftdiioftbeiiiMribedeirvlik 

1,4142136  1,0000000. 

1,1892071  1,0986841. 

1,1430500  1,1210863. 

1,1320149  1,1265639. 

1,1292862  1,1279257. 

1,1286063  1,1282657. 

The  first  half  of  the  figures  being  now  the  same  in  both,  we 
can  take  the  arithmetical  instead  of  the  geometrical  means, 
8ince  they  do  not  differ  from  each  other  except  in  tiie  remoter 
decimals  (.%.  102).    The  operation  is  thus  greatly  abridged, 

and  the  results  are, 

1  <) 
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1,1284360  1,1283508. 

1,1283934  1,12^3721. 

1,1283827  1,1283774. 

1,1283801  1,1283787. 

1,1283794  1,1283791. 

1,1283792  1,1288792. 

Hence  1,1283792  is  very  nearly  the  radius  of  a  circle  equal  ii 
surface  to  a  square  whose  side  is  2.  From  this  it  is  easy  to  Sal 
the  ratio  of  the  ciirumference  of  a  circle  to  its  diameter  ;  (br  it 
has  been  demonstrated  that  the  surface  of  a  circle  is  equal  to  the 
square  of  the  radius  multiplied  by  the  number  «•;  therefiireif 
we  divide  the  surface  4  by  the  square  of  l,1283792f  weshiD 
have  the  value  of  ir  equal  to  3,1415926  &c.f  as  determined  bj 
the  other  method. 


Appendix  to  the  fourth  secfioiu 

DEFi^r^Tiojsrs. 

298.  Amoxo  quantities  of  the  same  kind  that  whick  is 
is  called  a  maximiim ;  and  tliat  which  is  smallest  a 

Thus  the  diameter  of  a  circle  is  a  maximum  among  all  the 
straight  lines  drawn  from  one  point  of  the  circumference  to 
anotlier,  and  a  perpendicular  is  a  minimum  among  all  the  stnught 
lines  drawn  from  a  given  point  to  a  given  straight  line. 

299.  Tliose  figures  which  have  equal  perimeters  are  called 
uoptrimetrkal  fgnres. 

THEOREM. 

300.  Amovg  triavgles  of  the  same  base  ami  the  same  perimeter 
that  is  a  maximum  in  whicli  the  two  undetermined  ndes  are  equal. 

Iff.  172.     Demonstration.    Let  JiC  =  CB  {Jig.  172),  and 

JlM+JUBzxJC  +  CB; 
the  isosceles  triangle  JlCB  will  be  gi*esiter  than  the  triangle  MIB 
of  the  same  base  and  the  same  perimeter. 

From  the  point  C,  as  a  centre,  and  with  tlic  radius  CU  =:  CB. 
describe  a  circle  meeting  C^  produced  in  D;  join  DB;  and  the 
angle  DB^f  inscribed  in  a  semicircle  is  a  right  an^^e  (128). 
riHMluce  the  perjiendicular  DB  towards  wY,  and  make  JlfJV*=  JHA 
and  join  JlJ>r.    From  the  points  .tf  and  Clet  fall  upon  IMV*  the 
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perpendicidara  MP  and  CO.    Since  CB  =  CD,  and  JtfV = JMBy 
AC  +  CB^  AD,  and  ^Jlf  +  MBz:zAM+  ALY.    But 

conncqiiendy  wflDs  JIM+  M^^;  therefore  AD  >  AJ^. 

N0W9  if  the  oblique  line  AD  is  greater  than  the  oblique  line 
AJ¥\  it  must  be  at  a  greater  distance  from  ttie  perpendicular  AB 
(52) ;  bence  DB  >  BX,  and  BO  the  half  Hi)  is  greater  than 
BP  tbe  half  JIA*.  But  the  triangles  wflilC;  ABJUf,  which  have  the 
same  base  AB,  are  to  each  otiier  as  their  altitudes  BO,  BP ; 
tbereforoy  since  BB  >  BP,  the  isosceles  triangle  ABC  is  gi^eater 
than  the  triangle  ABM  of  the  same  base  and  same  perimeter 
which  is  not  isosceles* 

THEOBEBf. 

SOI.  Among  pdygons  tf  the  same  perimeter  and  of  the  same 
tnimkr  of  sides,  that  is  a  maximum  whidi  has  its  sides  equal. 

DemmistraHon^  Let  ABCDEV  (Jig.  173)  be  the  fmixtinumFig.  1 
polygon ;  if  tbe  side  BC  is  not  equal  to  CD,  make,  upon  the  base 
BDf  an  isosceles  triangle  BOD,  having  the  same  perimeter  as 
BCD,  the  triangle  BOD  will  be  greater  than  BCD  (300),  and  con- 
sequently the  polygon  ABODEF  will  be  greater  than  ABCDEF; 
this  last  then  will  not  be  a  maximum  among  all  those  of  the 
same  perimeter  and  the  same  number  of  sides,  which  is  contrary 
to  the  supposition*  Hence  BC  must  be  equal  to  CD ;  and,  for 
the  same  i-eason,  we  shall  have  CD  =  DE,  DE  =  EF,  &r. ; 
therefore  all  the  sides  of  the  maximum  polygon  are  equal  to 
each  other. 

THEOREM. 

S03.  Of  all  triangles  formed  7viih  two  given  sides  making  any 
angle  at  pleasure  with  each  other,  the  maximum  is  that  in  which 
the  two  given  siiles  make  a  right  angle. 

Demonstration.    Let  thei*e  be  the  two  triangles  BAC,  BAD 
{fig.  174)f  which  have  the  side  AB  common,  and  the  sidep;^, 
M^AD;  if  the  angle  BAC  is  a  right  angle,  tbe  triangle  BAC 
will  bo  greater  than  the  triangle  BAD,  in  which  the  angle  A  is 
■cute  or  obtuse. 

Fort  the  base  AB  being  tbe  same,  tlie  two  triangles  BAC, 
BAD,  are  as  their  altitudes  AC,  DE.    But  the  perpendicular 
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DE  \h  len  than  the  oblique  line  AD  or  its  eqml  AC  ;  thenbic 
the  triangle  BAD  is  less  than  BAG. 

TH£OR£H. 

903.  Of  all  pnlygofts  formed  of  given  rides  and  one  side  to  k 
taken  of  any  magnitude  at  fieamre^  the  maximum  must  he  siuk 
thai  all  the  angles  may  6f  inscribed  in  a  semidrde  of  rohich  On 
unknown  side  shall  be  the  diameterm 

^iir-  ^7S.  Demonslrntum.  Let  ABC  DBF  (Jig.  175),  be  the  greatest  of  the 
polygons  formed  of  the  given  sides  AB^  BC,  CD,  DB,  EFf  and  the 
side  AF  taken  at  pleasure ;  draw  the  diagonals  AD,  HF.  If  the 
angle  ADF  is  not  a  right  angle,  we  can,  by  preserving  the  parte 
ABCDf  DEFj  as  they  are,  augment  the  triangle  ADF^  and  con- 
sequently the  entire  polygon  by  making  the  angle  ADF  a  right 
angle,  acconling  to  the  preceding  proposition  ;  but  this  polygon 
can  no  longer  be  augmented,  since  it  is  supposed  to  have  attained 
its  maximum ;  therefore  the  angle  ADF  is  already  a  right  anj^. 
The  same  may  be  said  of  tlie  angles  ABF,  ACF,  AEF;  hence 
all  the  angles  A.  J9,  C,  D,  £,  F,  of  the  maximum  poljgon  are 
inscribed  in  a  semicircle  of  which  the  undetermined  side  AF  is  the 
diameter. 

804.  Schdinm,  This  proposition  gives  rise  to  a  question, 
namely,  whether  thei'c  are  several  ways  of  forming  a  polygon 
with  given  sides  and  one  unknown  side,  the  unknown  side  being 
the  diameter  of  the  semicircle  in  which  the  other  sides  are 
inscribed.  Before  deciding  this  question  it  is  proper  to  observe 
that,  if  the  same  chord  AB  subtends  arcs  described  upon  differ- 

g.  176.  ent  radii  JC,  AD  (fg.  176),  tlie  angle  at  the  centre  subtended  by  . 
tliis  chord  will  be  Icivst  in  the  circle  of  the  greatest  radius; 
tlius  ACB  <  ADB.    For  ADO  =  ACD  +  CAD  (78)  ;   therefore 
A  CD  <  ADO,  and,  each  being  doubled,  we  have  ACB  <  ADB. 

TIIEOnEM. 

505.  There  is  hit  one  ivay  of  forming  a  polygon  AUCDEF, 

i;.  175.  if^ry*  IT'S)  icith  given  sides  and  one  side  unknown,  the  unknown  side 

being  the  diameter  of  the  semidrde  in  which  the  others  are  inscribed. 

Demonsirniion.    Let  us  suppose  that  we  have  found  a  circle 

which  satisfies  the  question ;  if  we  take  a  greater  circle,  tlie 

cboiHls  AB,  BC,  CD,  hjc.,  answer  to  angles  at  the  centre  that  arR 
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amaller.  Hie  sam  of  the  an^es  at  the  centre  will  accordingly 
be  less  than  two  right  angles ;  thus  the  extremities  of  the  given 
sides  will  not  terminate  in  the  extremities  of  a  diameter.  The 
contrary  will  occur  if  we  take  a  smaller  circle  i  therefore  the 
polygon  under  consideration  can  he  inscribed  in  only  one  circle. 

306.  Scholium.  We  can  change  at  pleasure  the  order  of  the 
sides  AB,  BC,  CD,  &c.,  and  the  diameter  of  the  circumscribed 
circle  will  always  be  tlie  same  as  well  as  the  surface  of  the  poly- 
gon ;  tor,  whatever  be  the  order  of  the  arcs  JtB,  BC,  CD*  &C.9  it 
is  sufficient  that  their  sum  makes  a  semicircumference,  and  the 
polygon  will  always  have  the  same  surface,  since  it  will  be  equal 
to  the  semicircle  minus  tlie  segments  JiB,  BC,  CD,  &c.,  the  sum 
of  which  is  always  the  same* 

THEOBEM. 

307.  of  all  polygons  formed  of  given  sides  the  maximum  is  that 
ichich  can  he  inscribed  in  a  cirde. 

Demonstration.    Let  JIBCDEFO  {Jig.  177)  be  an  inscribed  Fig.  m 
polygon,  and  abcdefg  one  that  does  not  admit  of  being  inscrib- 
ed, having  its  corresponding  sides  equal  to  those  of  the  former, 
namely*  ab  =  dB,  be  =  BC,  cd  =  CD,  &c. ;  the  inscribed  poly- 
gon will  be  greater  than  the  other. 

Draw  the  diameter  JEM,  and  join  ^M,  MB ;  upon  ah  =  AB 
construct  the  triangle  abm  equal  to  ABM,  and  join  em. 

According  to  what  has  just  been  demonstrated  (SOS),  the 
polygon  EFOAMis  greater  than  efgam,  unless  this  last  ran  also 
be  inscribed  in  a  semicircle  having  em  for  its  diameter,  in  which 
*case  the  two  polygons  would  be  equal  (305).  For  the  same 
reason  the  polygon  EDCBM  is  greater  than  edcbm,  with  the 
exception  of  the  case  in  which  they  are  equal*  Hence  the  entire 
polygon  EF6AMBCDE  is  greater  than  efgambcde,  unless  they 
should  be  in  all  respects  equal ;  but  they  are  not  so  (161),  since 
one  is  inscribed  in  a  circle,  and  the  other  does  not  admit  of  being 
inscribed ;  therefore  the  inscribed  polygon  is  greater  than  the 
other.  Taking  from  them  respectively  tlse  equal  triangles  ABM, 
ahm,  we  have  tlie  inscribed  polygon  ABCDEFG  greater  than 
the  polygon  not  inscribed  abcdefg* 

308.  Scholium.    It  may  be  shown,  as  in  art.  305,  that  there 
is  only  one  circle  and  consequently  only  one  maximum  polygon 
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which  satisfies  the  qaestion ;  and  this  polygon  wQl  still  have  fla 
same  surface,  whatever  change  be  made  in  the  order  fii  the  lidaL 

THEOBEM. 

S09.  Among  polygons  cf  the  same  permder  and  the  Maine  msm> 
ber  of  sides  the  regular  polygon  is  a  maximum. 

Demonstration.  According  to  art.  SOI,  tlie  maximMm  polygn 
has  all  its  sides  equal ;  and*  acconlirig  to  the  preceding  theorea, 
it  is  such  that  it  may  bo  inscribed  in  a  circle ;  therefore  it  is  i 
regular  polygon. 

LEMMA. 

310.  Two  angles  at  the  centref  measured  in  two  differeni  drtkit 
are  to  each  oilier  as  the  contained  arcs  divided  by  their  radU;  tUi 

X  R      1)14 

'ig.  ira  is,  the  angle  C  :  angle  0:i  the  ratio  — ; :  — r  (fig.  178). 

Demonstration.  W  iih  the  radius  C>F equal  to  •AC,  describe  thl 
arc  FG  comprehended  between  the  sides  ODp  OB,  produced  ;  or 
account  of  the  equal  radii  JG,  OF, 

C.O.xABiFO    (122).  or  ::"??,:  ^ 

But|  on  account  of  the  similar  arcs  FQ,  DE, 

FG:DE::FO:DO    (288); 

lience  tlie  ratio  t-t,  is  equal  to  the  ratio  ----- :  therefore 

jtO        *  DO' 

AC     JjO 

THEOREM. 

311.  Qf  tioo  regular  isoperimetrical  polygons  thai  is  the  greater 
whicli  has  tlie  greater  number  of  sides. 

'ig.  179.  Demonstration.  Let  DE  (^fig.  179).  be  half  of  a  side  of  one 
of  these  polygons,  0  its  centre,  OE  a  perpendicular  let  fall  from 
the  centre  upon  one  of  tlie  sidesf ;  let  Jlli  be  half  of  a  side  of  the 
other  polygon,  C  its  centre,  CD  a  perpendicular  to  the  side  let 
fall  from  the  centi'c.    Wc  suppose  the  centi'es  0  and  C  to  be 

— I    i»    — 

t  Tliis  per[,endicu1ar  is  called  in  the  original  apotkSme.  No  Eng- 
li-th  woid  has  been  adopted  an8\icri.]g  to  it. 
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situated  at  any  distance  OC,  and  the  perpendiculars  OB,  CB,  in 
the  dii'ection  OC ;  thus  DOE  and  dCB  will  be  the  seniiangles  at 
the  centre  of  the  polygons  respectively,  and  as  these  angles  are 
not  equal,  the  lines  GJ,  ODf  being  produced,  will  meet  in  some 
point  F;  from  this  point  let  fall  upon  i5c  ttie  perpendicular  FO ; 
from  the  points  O  and  C,  as  centres,  describe  the  arcs  01,  QH, 
terminating  in  the  sides  OF,  CF. 
This  being  done,  we  have,  by  the  preceding  leinma, 

^    ^      GI    GH 

hut  BE :  perimeter  of  the  first  polygon : :  0 :  four  right  angles, 
and  AB :  perimeter  of  the  second  polygon  : :  C :  four  right  angles  ; 
hence,  the  perimeters  of  the  polygon  being  equal, 

DEiABii    O   :    C 

OP  DE:AB::§1:^. 

Multiplying  the  antecedents  by  OG  and  the  consequents  by  CG, 
we  have  DEx  OGiJiB x  CGiiGI:  GH. 

But  the  similar  triangles  ODE,  OFG,  give 

OExOGiiDEiFG, 
whence  DE X  OG=:OE xFG} 

ill  like  manner         AB  xCG^CBxFG; 
conseciuently        OE  xFG.CBxFO : :  GI :  GH, 
OP  OEiCBiiGIiGH. 

If  therefore  it  is  made  evident  that  the  an;  GI  is  greater  than  the 
arc  GH,  it  will  follow  that  the  perpendicular  OE  is  greater  than 
CB. 

On  the  other  side  of  CF  let  there  be  constructed  the  figure 
CKx  ef|ual  to  CGx,  so  that  we  may  have  CK=  CG,  the  angle 
HCK  =  HCG,  and  the  arc  Kx  =:xG;  the  curve  KxG  enclosing 
the  arc  KHG  will  be  greater  than  this  arc  (283).  Hence  Gx 
half  of  the  curve  is  greater  than  GH  lialf  of  the  arc ;  therefore, 
for  a  still  stronger  reason,  GI  is  greater  than  GH 

It  follows  from  this  tliat  the  perpendicular  OE  is  greater  than 
CB ;  but  the  two  polygons  having  the  same  perimeter  are  to  each 
other  as  these  perpendiculars  (280) ;  therefore  the  polygon,  which 
has  for  its  half  side  D£«  is  greater  than  that  which  has  for  its 
half  side  AB*  The  first  has  the  greater  number  of  sides  since 
its  angle  at  the  centre  is  less ;  therefoi*e  of  two  regular  isoperi- 
metrical  polygons,  that  is  the  greater  which  has  the  greater 
number  of  sides. 
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THEOREM. 

312.  The  circle  is  greater  Uiananypolygafi  of  the  same  pervmeUr, 
Demonstration*  It  has  already  been  proved  that  among  poly* 
gons  of  the  same  perimeter  and  the  same  number  of  sidesi  the 
regular  polygon  is  the  greatest ;  the  inquiry  is  thus  reduced  to 
comparing  the  cii*cle  with  regular  polygons  of  tlie  same  peri- 
Fig.  180.  meter.  Let  AI  {fig.  180)  be  the  half  side  of  any  regular  pol7- 
gon,  and  C  its  centre.  Let  there  be,  in  the  circle  of  the  same 
perimeter,  the  angle  DOE  =  ACU  and  consequently  the  arc  DE 
equal  to  the  half  side  All 

the  polygon  P :  circle  C : :  triangle  ACI :  sector  ODE9 
hence  PiCii  \AIx  CI:  jJDE  x  OEiiCI:  OE. 

Let  thei-e  be  drawn  to  the  point  E  the  tangent  EG  meetiiig 
OD  produced  in  G ;  the  similar  triangles  ACI,  GOE,  give  the 
proportion 

CI:  OE : :  AI  or  DE :  G£; 
therefore 

P:C::DE:GE::DEx^OEiGEx^  OE, 
that  is,  PiC::  sector  DOE :  triangle  GOE ; 

but  the  sector  is  less  than  the  triangle ;  consequently  P  is  hm 
than  C ;  therefore  the  circle  is  greater  tlian  any  polygon  of  the 
same  perimeter. 
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SECTION  FIRST. 

(^plants  and  wM  angles. 

313.  A  STRAIGHT  line  is  perpendicular  to  a  jAane^  when  it  is 
perpendicular  to  every  sti-aiglit  line  in  the  plane  which  passes 
through  the  foot  of  the  perpendicular  (SS6).  Reciprocally,  the 
plane,  in  this  case,  is  perpendicular  to  tiie  line. 

The  foot  ijt  the  peipendicular  b  the  point  in  which  the  per> 
pendicular  meets  tlie  plane. 

314.  A  line  is  paralid  to  a  plane  when,  each  being  produced  - 
ever  so  far,  they  do  not  meet.    Also  the  plane,  in  this  case,  is 
parallel  to  the  line. 

S15.  Two  planes  are  parallel  wheuy  being  produced  ever  so 
far,  they  do  not  meet. 

316.  It  will  be  demonstrated  art.  3£4  that  the  common  inter- 
section of  two  planes,  which  meet  each  other,  is  a  straight  line. 
This  being  premised,  the  aii|^or  the  mutual  incUmaHan  of  two 
planes  is  the  quantity,  whether  'greater  or  less,  by  which  they 
depart  from  eacli  other ;  this  quantity  is  measured  by  the  angle 
contained  by  two  straight  lines  drawn  from  the  same  point  per- 
perdicularly  to  the  common  intersection,  the  one  being  in  one  of 
the  planes  and  the  other  in  the  other. 

This  angle  may  be  acute,  right,  or  obtuse. 

317.  If  it  is  right,  the  two  ]^nes  are  perpendicular  to  each 
other. 

318.  A  selUd  ang^  is  the  angular  space  comprehended  between 
several  planes  which  meet  in  the  same  point. 

Thus  the  solid  angle  S  (Jig.  199)  is  formed  by  the  meeting  of  PifiT*  ^99 
the  planes  ASB^  BSC,  CSD,  DSA. 
It  requires  at  least  three  planes  to  form  a  solid  angle. 

14 
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THBOBEM. 

S19.  (he  part  if  a  straight  Une  cannot  he  in  a  ploMe  aiid 
part  vrtilumt  iL 

Dewumstratimu  By  the  deflnitioii  of  a  plane  (6)  a  atraigK 
line,  which  has  two  points  in  common  with  the  planey  lies  whiB|y 
in  that  plane. 

320.  ScJidium.  In  order  to  determine  whether  a  sarfiioe  m 
plane^  it  is  necessary  to  apply  a  straight  line  in  diflTerent  direc- 
tions to  this  surface  and  see  of  it  tooches  the  surface  in  its  whok 
extent. 

at  1.  Two  ttraight  Unes  whkh  eat  each  other  an  m  tko  oam 
jlantf  amd  ietenmne  its  posUum, 

'iff.  181.  Iknumstratum.  Let  AB,  AC  {fig.  181),  he  two  slniglit  Unei 
which  cut  each  other  in  A.  Conceive  a  plane  to  pass  through 
ABf  and  to  be  turned  about  ABf  until  it  passes  through  the  pnf 
C^  tbeHf  two  points  A  and  C  being  in  the  plane,  the  wImJo  line 
AC  is  ifi  this  ^ane ;  therefore  the  position  of  the  plane  ia  deter- 
mined by  the  condition  of  its  containing  the  two  lines  ABf  dfC 
Sdf .  Coretkury  i.  A  triangle  ABCf  or  tliree  points  A9B9C9 
not  in  the  same  sti*aight  line  determine  the  position  of  a  plans. 

ig.  182.  823.  Corollary  ii.  Also  two  parallels  ABf  CD  (Jg,  ISS)^  deter- 
mine the  poRitiou4if  a  plane;  for,  if  the  line  EF  be  drawB»  the 
plane  of  the  two  straight  lines  AEp  EF,  will  be  that  of  ths  psiv 
aUeb  AB,  CD. 

THBOB£M« 

3!24.  Tfiwoplanei  eat  ead%  ol/ier,  ihdr  common  udonetSam  U  a 
straight  line. 

IkmanstraHon.  If  among  the  points  common  to  9ie  tve 
Iilanes  tliere  were  three  not  in  the  same  straight  line,  the  two 
planes  in  question  passing  eiich  through  these  three  points  wsnM 
make  only  one  and  tlie  same  plane,  which  is  contrary  to  tiK 
supposition. 


THEOREM. 
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he  perpendicular  to  every  Mer  Miraight  line  Vfi  drawn  through 
iU  foot  in  the  same  ptane,  and  Aut  it  will  te  perpendicular  to  the 
plane  MS. 

DemonetraHon.    Tlirougfa  a  point  Q,  taken  at  pleasare  in  PQp 
draw  the  straight  line  BC  in  the  angle  BPC  making  BQ  =  QC 
(842) ;  join  AB,  AQ,  AC 
The  base  BC  being  bisected  at  the  point  Q,  the  triangle  BPC 
give 

PC+PB=:SPQ  +  2QC    (194). 
The  triangle  BAC  will  give,  in  like  manner, 

AC  +  AB=s2AQ  +  2QQ. 
If  we  subtract  the  first  equation  from  the  second,  and  recollect 
that  the  triangles  APC,  APB,  each  right-angled  at  P,  giro 

AC—PC^APlAB^PB^APi  we  shall  have 

AP+AP^%AQ  —  tPQ; 
or^  by  taking  half  of  each  membery 

AP^AQ—PQl 

hence  AP  +  PQszAQ; 

therefore  the  triangle  jfPQ  is  right^mgled  at  P  (193),  and  AP  is 

perpendicular  to  PQ, 

326.  Scholium.  It  is  evident  theny  not  only  that  a  straight 
line  may  be  peirendicular  to  all  those  which  pass  through  its 
foot  in  the  plane,  bat  that  this  baf^ns,  whenever  the  line  in 
question  is  perpendicular  to  two  straight  lines  drawn  in  the 
plane ;  hence  the  propriety  of  the  definition  art  313. 

S27.  Corollary  i.  The  perpendicular  AP  is  less  than  any 
oblique  line  AQ ;  therefore  it  measures  the  true  distance  of  a 
point  A  from  tlie  plane  PQ. 

328.  CoroUary  n.  Throogh  any  given  point  P  in  a  piano 
only  one  perpendicular  can  be  drawn  to  this  plane ;  fi»v  if  there 
could  be  two,  a  plane  being  supposed  to  pass  through  them 
intersecting  the  plane  Jlf^  in  PQ,  the  two  perpendiculan  would 
be  perpendicular  to  the  line  PQ  at  the  same  point  and  in  the 
same  plane,  which  is  impossible  (50). 

It  is  also  impossible  to  let  fall  fhim  a  given  point  without  a 
plane  two  perpendiculars  to  this  plane ;  for  iet^P,  AQ^he  these 
two  perpendiculars,  then  the  triangle  APQ  w^ald  hav»  two  right 
angles  APQf  AQP^  which  is  impossible. 


108  EkmmU  cf  OtamOry, 

THEOREM* 

329.  OhUque  lines  equally  distant  from  the- perprndsadar  me 
equal;  and  of  two  oblique  lines  unequally  distant  from  thtftrja- 
diadar  that  which  is  at  the  greater  distance  is  the  greaUr. 
Fig  184.  Demonstratum.  The  angles  APB,  A  PC,  APD  {fig.  1 84),  being 
right  angle^t  if  ^'ve  suppose  the  distances  PJ5»  PC,  PD9  equal  to 
each  other,  the  triangles  APBf  APCn  APD,  have  two  sidea  and  the 
included  angle  resiiectively  equal,  they  are  consequenily  eqnali 
therefiire  the  hypothenuses  or  the  oblique  lines  AB9  AC  AD, 
are  equal  to  each  otiier.  Likewise  if  the  distance  PE  is  greater 
than  PD  or  its  e(]ual  PB^  it  is  evident  that  the  oblique  line  AE 
will  be  greater  than  AB  or  its  equal  AD. 

SSO.  Ci3ir€Uary.  All  the  equal  oblique  lines  AB,  AC,  AD,  ku 
terminate  in  the  circumrerence  of  a  circle  JSCDdescribed  about  the 
foot  of  the  perpendicular  P,  as  a  centre ;  therefore,  a  point  A  witk* 
out  a  plane  being  given,  to  find  the  point  P  where  the  perpendic- 
ular A  meets  this  plane,  take  three  points  JB,  C,  D,  equally  distcvt 
from  the  point  A 9  and  find  the  centre  of  the  circle  which  passu 
through  these  points,  this  centre  will  be  the  point  P  required. 

331.  Scholium.  The  angle  ABP  is  called  the  indinaHom  eftk 
oKique  line  AB  to  the  plane  MN.  It  is  manifest  that  this  incE- 
natinn  is  the  same  for  all  the  oblique  lines  AB,  AC,  AD,  &c« 
which  depart  equally  from  the  perpendicular ;  for  all  the  trim- 
^es  ABP,  ACP,  ADP,  &c.,  are  equal. 

THEOREM. 

Fig.  185.  332.  Let  AP  (fig.  185)  he  a  perpendicular  to  the  plane  MN,  tad 
BC  a  line  situafed  in  this  plane  ;  if  from  the  foot  P  of  the  perptSf 
dicnlar  a  line  PD  be  draivn  perpendicular  to  BC,  and  AD  bejabiedf 
AD  wUl  be  perpendicular  to  BC. 

Demonstration.  Take  DB  =  DC,  and  join  PB,  PC,  AB,  AC 
Since  DB  =  DCf  the  oblique  line  PB=:PC;  and,  because 
PB  =  PCf  the  oblique  lines  AB,  AC9  considered  with  rHerence 
to  the  perpendicular  AP9  are  equal  (329) ;  hence  the  line  AD  has 
two  points  A  and  D  each  equally  distant  from  the  extremities  B 
and  C ;  therefore  AD  is  perpendicular  to  BC  (55). 

333.  CiTrollary.  It  ^^ill  be  seen,  at  the  same  time,  that  ^is 
perpetidicular  to  the  plane  APD9  since  BC  is  perpendicular  at  the 
same  time  to  the  two  straight  lines  AD  and  PD. 
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534  SckoUum.  The  two  lines  AEf  Bd  present  an  example 
of  two  lines  wliich  do  not  meet^  because  tliey  are  nut  situated  in 
the  same  plane,  llie  least  distance  of  these  lines  is  the  straight 
line  PDi  which  is  at  the  same  time  perpendicular  to  the  line  AP 
and  to  the  line  BC.  Tlie  distance  PD  is  the  shortest ;  becaiisey 
if  we  join  two  other  points,  as  A  and  Bj  we  shall  liave  AB  ]>  ADf 
AD  >  PD9  and,  for  a  still  stronger  reason,  AB  >  PD.  -^ 

The  two  lines  AE9  CB,  although  not  situated  in  the  same 
plane,  are  considered  as  making  a  right  angle  witii  eacli  other, 
because  AD  and  a  line  drawn  through  any  point  in  it  parallel 
to  BC9  would  make  a  right  angle  with  each  other.  In  like  manner, 
the  line  AB  and  the  line  PD,  which  represent  two  straight  lines 
not  situated  in  the  same  plane,  are  considered  as  making  the  same 
angle  with  each  other,  as  is  made  by  AB  and  a  line  parallel  to 
PD  drawn  through  some  point  in  AB. 

THEOREM. 

335.  If  the  line  AP  (fig.  186)  U  perpendicular  to  Vie  plane  MN,  Fig*  186. 
every  lint  DE  parallel  to  AP  wUl  be  perjjendicuiar  to  Hie  same 
plane. 

Demonstratinn.  Let  tliere  be  a  plane  passing  through  the  par- 
allels AP,  DE9  intersecting  the  plane  MJ>r  in  PD ;  in  the  plane 
Jlf^  draw  BC  perpendicular  to  PD,  and  join  AD. 

According  to  the  corollary  of  the  preceding  theorem  BC  is 
perpendicular  to  the  plane  APDE ;  consequently  tlie  angle  BDE 
is  a  right  angle ;  but  the  angle  EDP  is  also  a  right  angle,  since 
AP  is  perpendicular  to  PD,  and  DE  is  parallel  to  AP  (65) ; 
hence  the  line  DE  is  perpendicular  to  each  of  the  lines  DP,  DB; 
therefore  it  is  perpendicular  to  the  plane  MJ^  passing  through 
tliem  (325). 

336.  Corollary  i.  Conversely,  if  the  straight  lines  AP,  DE,  are 
pcri>endicular  to  the  same  plane  Jlf^,  they  will  be  parallel ;  for, 
if  they  are  not,  through  tlie  point  D  draw  a  line  parallel  to  AP ; 
this  parallel  will  be  perpendicular  to  the  plane  MJ^%  consequently 
there  would  be  two  perpendiculars  to  the  same  plane  drawn 
through  the  same  point,  which  is  impossible  (328). 

337.  Corollary  11.  Two  lines  A  and  £,  parallel  to  a  third  C, 
arc  parallel  to  each  other ;  for,  let  there  be  a  plane  perpendic- 
ular to  the  line  C,  the  lines  A  and  B  parallel  to  this  pcrpcndicu- 
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lar  wQl  be  perpendicolar  to  the  aane plane;  tlMnte%  bj  fti 
above  corollary,  they  are  parallel  to  each  oflMr. 

It  is  supposed  that  the  three  lines  are  not  in  the  namn  plnn^ 
withoat  which  the  proposition  would  already  be  knoim  (6S)i 

THBOBBll. 

rig.  isr.     SS8.  ^the  gtraight  Um  AB  (fig.  187)  U  panOd  to  a  OM  Bm 
CDt  draum  tn  the  plane  MNf  if  vriU  fe  pamiU  tothiB/lanem 

Demotutraiian.  If  the  line  AB9  which  is  in  the  plane  JlBCH 
should  meet  the  plane  MX,  tliis  can  take  place  only  in  amse 
point  of  the  line  CD9  the  common  intersection  of  the  two  plans  j 
now  JB  cannot  meet  CD.  because  it  is  parallel  to  it  |  roao 
quently  it  cannot  meet  the  plane  Jlf^ATj  therefore  it  ia  pamlUli 
this  plane  (314). 

THBOBEM. 

Wis.  138.     839.  Two  plmes  MN»  PQ  (fig.  188),  perpendicnUur  to  like 
straight  line  AB,  are  paralM  to  each  other. 

Beinonstratien.  If  they  can  meet,  let  O  be  one  of  the 
points  of  intersection,  and  join  OAf  OB;  the  line  AB, 
dicular  to  the  plane  MJff  is  perpendicular  to  the  straight  Ksi 
OA  drawn  througii  its  foot  in  this  plane ;  for  the  same  reasoiif 
AB  is  perpendicular  to  BO ;  hence  OAf  OB,  would  be  two  per- 
pendiculars let  fall  from  the  same  point  O  upon  the  same  straigU 
line,  which  is  impossible;  consequently  flie  planes  MJf,  F^ 
cannot  meet ;  therefore  they  are  parallcL 

THEOREM. 

FiS.  189.     340.    The  intersections  £F,  GH  (fig.  1 89),  of  two  paroU 
planes  MN,  PQ,  by  a  tldrd  plane  FG,  are  paraUeL 

Demonstration.  If  the  lines  £F,  GH,  situated  in  the  same 
plane,  are  not  parallel,  being  produced  they  will  meet ;  conse- 
quently the  ])]anes  MK^  PQf  in  which  they  are,  would  meet ; 
therefore  they  would  not  be  parallel. 

THEOREM. 

Fig.  188.     341.  The  line  AB  (fig.  1 88),  perpendicular  to  the  pUme  MN»  i» 
perpendicular  to  the  plane  FQ,  parallel  to  the  plane  MN. 
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Oemanainiiim.  In  tlie  plane  PQ  draw  at  pleasure  the  line 
BCf  and  through  AB^  BCn  suppose  a  plane  JlBC  to  pass  inter- 
Mcting  the  plane  MX  in  JlD,  the  intersection  AD  will  be  par- 
allel to  BC  (340) ;  but  the  line  j^fi,  perpendicular  to  the  plane 
MJit  is  perpendicular  to  the  straight  line  AD ;  consequently  it 
will  be  perpendicular  to  its  parallel  BC ;  and»  since  the  line  AB 
is  perpendicular  to  every  line  BC  drawn  through  the  foot  of  it 
in  the  plane  PQ,  it  fdlows  that  it  is  perpendicular  to  the  plane 
PC 

TUEOBEli. 

S42.  The  paraUdi  EG,  FH  (fig.  189)»  comprehended  hetweenrig.  189. 
fwo  paralld  planei  MN,  PQ,  are  equaL 

Benum^raWm.  Through  the  parallels  EO,  FH,  suppose  a 
plane  EGHF  to  pass  meeting  the  parallel  planes  in  EF,  OHm 
The  intersections  EF,  GH,  are  parallel  (340)  as  well  as  EG, 
FH;  consequently  the  figui-e  EGHF  is  a  pai*allclograni ;  there* 
Sore£6  =  F//. 

343.  Corollary.  It  follows  from  this,  that  two  parallel  ptanee 
ire  throughout  at  tlie  same  dietanu  from  each  other  ;  for,  if  EG, 
FH%  are  perpendicular  to  the  two  planes  Jlf^,  PQ,  they  ara 
parsillel  to  each  other  (335) ;  therefore  they  are  equal. 

THEOREM. 

344.  If  two  angf/tM  C  AE,  DBF  (fig.  1 90),  not  in  the  eame  plane.  Fig.  190^ 
have  their  tides  paraUd  and  directed  the  earns  way,  these  angles 

will  be  equal,  and  their  planes  will  be  paraUd, 

Demonstration.  Take  AC  =  BD,  AE  =  BF,  and  join  CE,  DF, 
HBn  CD,  EF.  Since  AC  is  equal  and  parallel  to  BD,  the  figure 
^BDC,  is  a  parallelogram  (87) ;  therefore  CD  Ls  equal  and 
parallel  to  AB.  For  a  similar  reason,  EF  is  equal  and  parallel 
,o  AB ;  consequently  CD  is  also  equal  and  parallel  to  EF ;  hence 
Jie  figure  CEFD  is  a  parallelogram,  and  thus  the  side  CE  is 
)qual  and  parallel  to  DF}  the  triangles  then  DAEf  DBF,  are 
equilateral  with  i^espect  to  each  other ;  tlierefore  the  angle 

CAE:=DBF. 

Again,  the  plane  ACE  is  parallel  to  the  plane  BDF ;  for,  let 
IS  sup|iose  the  plane  parallel  to  DBF,  drawn  through  the  point 
2,  to  meet  the  lines  CA  EF,  in  points  diffeivnt  from  C  and  E, 
or  example,  in  G  and  H;  tlien.  according  to  article  342,  the 
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three  lines  AB,  GDf  FHn  will  be  cqaal ;  but  the  three  AB^  Cft 
EFf  are  also  equal ;  hence  we  should  have  CJ9  ss  GDp  aiil 
FH^  FEf  which  is  absurd ;  therefore  the  ^ane  ACE  is  peraU 
to  BDF. 

345.  Corollary.  If  two  parallel  planes  JlfJST,  PQ9  are  mctbf 
two  other  planes  CABDf  EABF^  the  angles  CAE^  DBF,  foiwd 
by  the  intersections  in  the  parallel  planes*  are  equal  ;  iurtb 
intersection  AC  is  parallel  to  BD  (340),  and  AE  to  BF,  thtfo- 
foi-e  the  angle  CAE  =  DBF. 

TUEOBEM. 

546.  If  three  straight  lines  not  in  tlit  same  plane  AB*  CD»  EF 
Pi|^.  190.  (fig.  190),  are  eqnal  and  parallef,  the  triangles  ACE,  B9F| 
farmed  by  joining  tlie  extremities  if  these  lines,  on  ih^  amis  had 
and  on  tlie  other,  will  he  equal  and  tlvdr  planes  rcill  he  patalkL 

Demomtration.  Since  AB  Ls  equal  and  parallel  to  CD«thi 
figm-e  A B DC  is  a  parallelpgram ;  consequently  the  sIdejfCii 
equal  and  parallel  to  BD»  For  a  similar  reason  the  sides  AEt 
BF9  are  equal  and  parallel,  as  also  C£,  DF ;  hence  the  tw 
triangles  ACE,  BDF,  are  equal ;  it  may  be  shown  oioreover,  ■ 
in  the  preceding  proposition,  that  their  planes  are  paralleL 

TUEOREM. 

34r.  Two  straight  lines  comprehended  between  three  panM 
planes  are  divided  into  parts  that  are  proportional  to  each  other. 
Fig.  191.     Demonstration.    Let  us  suppose  that  tiie  line  AB  (Jig.  191) 
meets  the  parallel  planes  MJ^,  PQ,  liS,  in  A,  E,  B,  and  that  tbe 
line  CD  meets  the  same  planes  in  C,  F,  D,  we  shall  have 

AE'.EBiiCFiFD. 
Draw  AD  meeting  the  plane  PQ  in  G,  and  join  AC,  EG,  GF, 
BD ;  the  intersections  £6,  BD,  of  the  parallel  planes  PQ,  RS,hj 
the  plane  ABD,  are  parallel  (340) ;  hence,  AEiEBi :  AG :  GDi 
and,  because  the  intersections  AC,  GF,  are  paraUe!, 

AG:GD::CFiFD; 
therefore,  on  account  of  the  common  ratio,  AG :  GD,  w*e  hau 

AEiEBi'.CFiFD. 

THEOREM. 

FifT.  192.     348.  igt  ABCD  (fig.  192)  be  any  quadrdateral  either  in  Af 
same  plane  or  not;  if  the  opposite  sides  are  cut  praportUmallfil 
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two itraight  lines  EF,  6H,  so  that  AEzEB::  DF:  FC,  and 
B6 :  GC : :  AH :  HD,  the  straigfU  lines  EF,  GH,  wiU  cut  each 
other  m  a  poini  M,  in  such  a  manner  that  HM :  MG : :  AE :  EB9 
EM:MP::AH:HD. 

Demtmstration.  Let  there  be  any  plane  AhHcD  passing  through 
AD  which  does  not  pass  fhroiigh  OH;  through  the  points  £,  Bf 
Cf  Ff  draw  Ee,  Bb,  Ce,  Ff.  parallel  to  GH  meeting  this  plane  in 
^9  ^9  Cf  /•    On  account  of  the  parallels  Bbf  GH,  Cc, 

btl:  Hci:BG:GC::AH:  HD;    (196) ; 
consequently  the  triangles  AHb,  DHc,  are  similar  (208).    Also 

Ae  :  eb  : :  AE  :  EB 
and  I^ifci'.DFiFC, 

hence  Ae  leh  i:  Df  :  fc, 

or,  by  composition        Ae  :  Df:  zAb  :  De; 
but,  on  account  of  the  similar  triangles  AHb,  DHc, 

AbiDciiAHiHD, 
consequently  AeiDf::  AH :  HD, 

Besides,  the  triangles  AHbf  DHc^  being  similar,  the  angle 
HAe  =  HDf;  hence  the  triangles  AHe,  DHf,  are  similar  (208), 
and  consequently  the  angle  AHe  =  DHf*  It  follows  tlien,  in  the 
first  place,  that  eHf  is  a  straight  line,  and  that  thus  the  three 
parallels  Ee,  GH9  Ff,  arc  situated  in  the  same  plane  which  con- 
tains the  two  straight  Hues  EF,  GH ;  therefore  these  must  cut 
each  other  in  a  point  M.  Moreover,  on  account  of  the  parallels 
Ee,  MH,  ff,         EM'.MF:: eH:  HfiiAHiHD. 

By  a  similai-  construction,  referred  to  the  side  AD,  it  may  be 
demonstrated  that  HM :  MG  ::AE:  EB. 

THP.0REM.  _• 

S46.  The  angle  comprehended  between  two  planes  MAN,  MAP, 
may  be  measured,  confmnubly  to  tfie  definition,  by  the  angle  PAN 
(fig.  193)  made  by  tlie  two  lines  AN,  AP,  drawn  one  in  one  of  Fig.  193. 
these  planes  and  the  other  in  the  oUier  perpendicularly  to  the  common 

intersection  AM. 

Demonstration.  In  order  to  show  the  legitimacy  of  this  meas- 
ure it  is  necessary  to  prove,  1.  that  it  is  constant,  or  in  other 
woi'ds,  that  it  is  the  same  to  whatever  point  of  the  common 
intersection  the  two  perpendiculars  are  drawn. 

If  we  take  another  point  M,  and  draw  MC  in  the  plane  MK, 
and  MB  in  the  plane  MP,  perpendicular  to  the  common  intersec- 

15 
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tion  AM ;  since  MB  and  JP  are  perpendicular  to  the  mum  Iim 
AMf  they  are  parallel  to  each  other.  For  the  same  reason  JVC 
is  parallel  to  AX;  consequently  the  angle  BMC ^  PAN (S44); 
therefore,  whether  the  perpendiculars  be  drawn  to  the  point  JV 
or  to  the  point  Af  the  angle  is  always  the  same. 

£•  It  is  necessary  to  show  that,  if  the  angle  of  the  two  plana 
increases  or  diminishes,  the  angle  PAK  increases  and  diminishri 
in  the  same  ratio. 

In  the  plane  PAN  describe,  from  the  centre  A  and  with  any 
radius,  the  arc  NDP,  and  from  the  centre  M  and  with  the  mum 
radius,  the  arc  CEB;  draw  AD  to  any  point  D  in  the  arc  JVP; 
the  two  planes  PAN9  BMC,  being  perpendicular  to  tiie  siMi 
straight  line  MA  are  parallel  to  each  other  (SS9) ;  consequent 
the  intersections  AD^  ME,  of  the  two  planes  by  the  third  AMDt 
are  parallel ;  therefore  the  angle  BME  is  equal  to  PAD  (544), 

Calling,  for  the  present,  the  angle  formed  by  the  two  planci 
MP9  MN,  a  wedgCf  if  the  angle  DAP  were  equal  to  DAN,  it  m 
evident  that  the  wedge  DAMP  would  be  equal  to  the  wedge 
DAMN ;  for  the  base  FAD  might  be  applied  exactly  to  its  eqMl 
DAN9  And  the  altitude  ^^  would  be  the  same  for  both;  thetefiut 
the  two  wedges  would  coincide  with  each  other.  It  is  manifia^ 
likewise,  if  the  angle  DAP  were  contained  a  certain  number  nf 
times  without  a  fraction  in  the  angle  PAN,  the  wedge  DAMP 
would  be  contained  as  many  times  in  the  wedge  PAMN*  Mmt- 
over,  from  a  ratio  in  an  entire  number  to  any  ratio  whatever  the 
conclusion  is  legitimate,  and  has  been  demonstrated  in  a' case  al- 
together simil«ar(122);  consequently,  whatever  be  the  ratio  of  the 
angle  DAP  to  the  angle  PAN^  the  wedge  DAMP  will  have  Ae 
same  ratio  to  the  wedge  PAMN;  therefore  the  angle  NAP 
may  be  taken  for  the  measure  of  the  wedge  PAMNf  or  of  the 
angle  made  by  the  two  planes  MAP,  MAN. 

550.  ScMium.  It  is  with  angles  formed  by  two  planes,  as  it 
Is  with  angles  formed  by  two  straight  lines.  Thus,  when  two 
pLincs  intersect  c«icli  other,  tlic  an,!^les  oppasitc  to  each  other  at 
the  vertex  are  eciiial,  and  the  suljaccnt  angles  are  together  equal 
to  two  right  angles ;  therefore,  when  one  plane  is  pei-pendicular 
to  anotlier,  the  latter  is  perjiendicular  to  tho  former.  Also, 
wlien  two  parallel  planes  are  intersected  by  a  thiinl  plane,  the 
feauie  properties  exist  with  respect  to  the  angles  thus  formed,  as 
take  place,  when  two  parallel  lines  are  met  by  a  tliird  line  (64). 
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THEOBEM* 

S51.  The  line  AP  (fig.  194)  being  perpendicular  to  the  pianeTlg.  lu 
MS,  any  plane  AFB,  passing  through  AFf  wHlbe  perpendicular 
to  the  plane  MN. 

Demonstration.  Let  BC  be  the  intersection  of  the  planes  AB, 
M^ ;  if,  in  the  plane  Jtf JV,  the  line  DE  be  drawn  perpendicular 
to  BP,  the  line  AP,  being  perpendicular  to  the  plane  JIfJV,  will 
be  perpendicular  to  each  of  the  two  straight  lines  BC,  DE.  But 
the  angle  APD  formed  by  the  two  perpendiculars  PA,  PD,  at 
the  common  intersection  BP,  measures  the  angle  of  the  two 
planes  ABf  MJi ;  therefore,  since  this  angle  is  a  right  angle, 
the  two  planes  are  perpendicular  to  each  other  (317). 

852.  Scholium.  When  three  straight  lines,  as  AP,  BP,  DP, 
are  perpendicular  to  each  other,  each  of  these  lines  is  perpendic- 
ular to  the  jdane  of  the  two  others,  and  the  three  planes  are 
perpendicular  to  each  otlier« 

THEOBEM. 

S56.  ytheplane  AB  (fig.  194)  is  perpendicular  to  the  plane  MN,  ^'ff*  1^ 
and  in  the  plane  AB  theline  AP  he  drawn  perpendicular  to  the  conu 
man  intersection  PB,  the  Uns  AP  wiU  be  perpendicular  to  the  plane 
MN. 

Bemonstration.  If,  in  the  plane  MJ^,  the  line  PD  be  drawn 
perpendicular  to  PB,  the  angle  APD  will  be  a  right  angle,  since 
the  planes  are  perpendicular  to  each  other ;  consequently,  the 
line  AP  is  perpendicular  to  the  two  straight  lines  FB,  PB ;  there- 
fore it  is  perpendicular  to  the  plane  JtfJV. 

354.  CoroUary.    If  the  plane  AB  is  perpendicular  to  the  plane 

MK^  and  if  tlii-ough  a  point  P  of  the  common  intersection  a  per- 
pendicular to  the  plane  MN  be  drawn,  this  perpendicular  wiU  be 

in  the  plane  AB ;  for,  if  it  is  not,  there  may  be  drawn,  in  the  piano 

AB9  a  line  AP  perpendicular  to  the  common  intersection  BP, 

which  would  be  at  the  same  time  perpendicular  to  the  plane  MJf; 

therefore  there  would  be  two  perpendiculars  to  the  plane  JtlJf 

at  the  same  point  P,  which  is  impossible  (325). 

THEOREM. 

355,  If  two  planes  AB,  AD  (fig.  194),  are  perpendicular  to  a^^*  1^^ 
tturd  MN,  their  common  intersection  AP  will  be  perpendicular  to 

this  third  plane. 
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Demonitradon.  If  through  tlie  point  P  a  perpendicular  to  tiie 
plane  MJf  be  drawn,  tliis  perpendicular  must  be  at  the  sane 
time  in  ,the  plane  ^B  and  in  the  plane  AD  (354)  ;  therefore  it  ii 
their  common  intcrsectiiiu  dP.  ^ 

THEOBEM. 

S56.  If  a  solid  angle  is  formed  by  three  plane  angles,  the  umb  tf 
either  two  of  these  ang'es  tviU  be  greater  than  the  third. 

Demonstration.  We  need  consider  only  tlie  case  in  wbich  tb 
plane  angle  to  be  compared  with  the  two  others  is  greater  fliu 
Fig.  195  cither  of  tliem.  Let  there  be  then  the  solid  angle  S  (Jig,  195) 
formed  by  the  three  plane  angles  JBlSBf  A8C9  B8C9  and  let  n 
suppose  that  the  angle  JiSB  is  the  greatest  of  the  three  j  we  say 
that  J3tSB  <  JI8C  +  B8C. 

In  the  plane  A8B  make  the  angle  B8D:=B8C9  draw  at  pleas- 
ure the  straight  line  JiDB;  and,  having  taken  80=80,  join  Mt 
BC. 

The  two  sides  B8,  8Df  are  equal  to  the  two  B89  8C9  and  the 
angle  B8D  =  B8C ;  hence  the  two  triangles  B8D,  B8C  are  equal; 
consequently  BD  =  BC.  But  JIB  <^  J3tC  +  BC ;  Itwt  take  froa 
the  one  BDf  and  from  tlie  other  its  equal  BC,  there  will  renuui 
^D  <  ^C.  The  two  sides  Ji8f  8Df  are  equal  to  the  two  48* 
SCfSdiA  the  third  JID  is  less  than  the  third  M;  therefore  the 
angle  jaiSD  <  ^8C  (42).    Adding  BSD  =  B8C  we  shall  liave 

ASD  +  BSD  or  ASB  <  A8C  +  B8C. 

THEOREM. 

357.  The  sum  of  the  plane  angles  whidi  form  a  solid  angle  is 
always  less  than  four  right  angles. 
Fig.  196      Demonstration.    Suppose  the  soQd  angle  8  Qfig.  196)  to  be  rut 
by  a  plane  ABCDE ;  from  a  point  0  taken  in  this  plane  draw  to 
the  several  angles  the  lines  OA^  OB,  OC,  OD,  OE. 

The  Slim  of  the  angles  of  the  triangles  ASBj  BSC,  kc,f  formed 
about  the  vertex  8,  is  equal  to  the  sum  of  the  angles  of  an  equal 
number  of  triangles  AOB9  BOC9  &c.,  formed  about  the  vertex  A 
Buty  at  the  |K)int  B^  the  angles  ABO,  OBCf  taken  together,  make 
the  angle  ABC  less  than  the  sum  of  the  angles  ABS,  8BC  (S56); 
likewise,  at  the  point  C,  BCO  +  OCD  <  BCS  +  SCD9  and  so  oh 
thro<.gh  all  the  angles  of  the  polyg(m  ABCDE.  It  follows  thes, 
that  of  the  triangles  whose  vei'tex  is  in  0  the  sum  of  the  anglei 
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at  the  bases  Js  less  than  the  sum  of  the  angles  at  the  bases  of 
the  triaii^es  whose  vertex  is  in  8.  Hence,  the  sum  of  the  angles 
about  the  point  0  is  greater  tlian  the  8uni  of  the  angles  about  the 
point  S.  But  the  sum  of  the  angles  about  the  point  0  is  equal 
to  four  right  angles  (34) ;  therefore  the  sum  of  the  plane  angleSf 
which  form  a  solid  angle  8,  is  less  than  four  right  angles. 

358.  Schdium*  It  is  supposed,  in  tiUs  demonstration,  that  the 
solid  angle  is  conrex,  or  that  the  plane  of  neitlier  of  the  faces 
would,  by  being  produced,  cut  the  solid  angle ;  if  it  were  other- 
wise, the  sum  of  the  plane  angles  would  no  longer  be  limited, 
and  miglit  be  of  any  magnitude  whatever. 

THEOREH. 

359.  If  two  solid  angles  are  respedvoely  contained  by  three  plane 
angles  which  are  equal f  each  to  each,  Uie  planes  rfany  two  qftliese 
angles  in  the  one  will  have  ilie  same  incUnoHon  to  each  other  as  Uie 
planes  of  the  homologous  angles  in  tlie  other. 

Demonstration.    Let  tlis  angle  Ji8C  =  DTF  (Jig.  197),  theFig.  I9r. 
angle  Jl8B  =  nTBf  and  the  angle  B8C^ETFi  we  say  that 
the  two  planes  A8C9  A8B9  will  liave^  with  respect  to  each  other, 
an  inclination  equal  to  that  of  the  planes  DTF9  DTE. 

Take  8B  of  any  magnitude,  and  draw  BO  perpendicular  t» 
the  plane  A8C^  from  the  point  0,  where  this  perpendicular 
meets  the  plane,  draw  Ofl,  OC9  pcqiendicular  respectively  to 
&B9  8C ;  join  JiBf  BC.  Take  also  TE  =  8B ;  and  draw  EP 
perpendicular  to  the  plane  DTF;  from  the  point  P  draw  PD, 
FFi  peipendicular  respectively  to  TD,  TF;  and  join  ED,  EF. 

Tlie  triangle  8JiB  is  right-angled  at  Jf  and  the  triangle  TDE 
BtD  (332);  and,  since  the  angle  JiSBzsDTE,  we  have  also 
SBJl  =  TED.  Moreover,  8B^TE;  therefore  the  triangle 
SAB  =  TDE ;  consequently  SA  =  TD,  and  AB  =  DE.  It  may 
be  shown,  in  a  similar  manner,  that  8C  =  TF,  and  BC^EF. 
This  being  supposed,  the  quadrilateral  SAOC  is  equal  to  the 
quadrilateral  TDPF;  for,  if  we  apply  the  angle  ASCto  its  equal 
DTF,  because  8A=  TD,  and  8C^TF,  the  point  A  will  fall 
upon  D,  and  the  point  C  upon  F.  At  the  same  time  AO,  perpen- 
dicular to  8A,  will  fall  upon  DP,  ])erpendirular  to  TD;  and,  in  like 
manner,  OC  upon  PF^  therefore  the  point  O  will  fall  upon  the 
p<iint  P,  and  we  shall  have  AO^DP.  But  the  tiiangles  AOB9 
DPE,  are  right-angle^l  at  O  and  P,  the  hvpothcnuse  AB  =t  DE, 
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and  the  side  JiO  =  BP ;  consequently  tbe  triangles  are  cqod 
(56) ;  hence  OJB  =  PDE.  But  the  angle  OJB  is  the  inclination 
of  the  two  planes  JSB,  JiSC ;  and  the  angle  FDB  is  the  incfina- 
tion  of  the  two  planes  DTE,  DTF;  therefore  these  two  indua- 
tions  are  equal  to  each  other. 

It  should  be  observed,  however,  that  the  angle  jff  of  the 
right-angled  triangle  OJiB  is  not  properly  the  inclinaticin  of 
the  two  planes  JSB,  JISC,  except  when  the  perpendicalar  BO 
falls,  with  respect  to  SJ3t9  on  the  same  side  bsSC;  if  it  should 
fall  on  the  other  side,  the  angle  of  the  two  planes  would  k 
obtuse,  and,  added  to  the  angle  Ji  of  the  triangle  OJiB,  it  wodi 
make  two  right  angles.  But,  in  the  same  case,  the  angle  of 
the  two  planes  TDE^  TDF,  would  be  likewise  obtuse,  and,  added 
to  tlie  angle  D  of  the  triangle  DPE,  it  would  make  two  ri^ 
angles ;  thorefore,  as  the  angle  Ji  would  be  always  equal  to  A 
we  infer,  in  like  manner,  that  the  inclination  of  the  two  planes 
JISB,  JI8C9  is  equal  to  that  of  the  two  planes  TDE,  TDF. 

S60.  Scholium.  If  two  solid  angles  are  respectively  (x>ntainri 
by  three  plane  angles  which  are  equal,  each  to  each*  and  if,  it 
the  same  time,  the  angles  of  the  one  ai*e  disposed  in  the  $am 
manner  as  the  homologous  angles  of  the  other,  these  solid  angks 
will  be  equal,  and,  being  applied  the  one  to  the  other,  wiD 
coincide.  Indeed,  we  have  already  seen  that  the  quadrilateral 
BAOC  may  be  placed  upon  its  equal  TDPF;  thus,  by  plariif 
SJi  upon  TD,  8C  would  fall  upon  TF,  and  the  point  O  upon  Oe 
point  P.  But,  on  account  of  the  equality  of  the  triangles  Mlh 
DPE9  the  line  OB  perpendicular  to  the  plane  ^8C  is  equal  to 
PE  pcri)cndicular  to  the  plane  TDF;  moreover  the  perpendic- 
ulars ai*e  directexl  the  same  way ;  therefore  the  point  B  will  fall 
upon  the  point  E,  the  line  SB  upon  TE,  and  the  two  solid  angles 
will  coincide  cntiiTly  with  each  other. 

This  coincidence,  however,  does  not  take  place  except  bj 
supposing  that  the  plane  angles  are  disposed  in  tlie  same  manner 
in  each  of  the  two  solid  angles ;  for  if  the  plane  angles  weit 
disposeil  in  a  contrary  order  in  the  one  from  what  they  are  id 
the  other ;  or,  which  comes  to  the  same  tiling,  if  the  perpendic- 
ulars OB9  PE,  in>tead  of  being  directed  the  same  way  with 
respect  to  the  planes  ASC^  DTF,  were  directed  contraiy  ways, 
it  \vo!iI<1  bo  in)possii)le  to  make  the  solid  angles  coincide  witk 
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,  each  other.    Still  it  would  not  bo  the  less  truei  that,  agreeably 

^  to  the  theorem,  the  planes  of  tlie  homologous  angles  would  be 
equally  inclined  to  each  other ;  so  that  the  two  solid  angles 

.  vrould  be  equal  in  all  their  constituent  partSf  without  the  prop- 
erty howerer  of  coinciding,  when  applied  the  one  to  the  other. 
This  kind  of  equality,  which  is  not  absolute,  or  docs  not  admit 

^  of  superposition,  deserves  to  bo  distinguished  by  a  particular 

.   denomination  ;  we  shall  call  it  equality  by  symmetry. 

Thus  the  two  solid  angles  under  consideration,  which  are 

_  respectively  contained  by  three  plane  angles  equal,  each  to  each, 
but  disposed  in  a  contrary  order  in  the  one  from  what  they  are 
in  the  other,  we  shall  call  angles  equal  by  symmetry f  or  simply 
symmetrical  angles. 

The  same  remark  is  applicable  to  solid  angles  contained  by 
more  than  three  plane  angles  5  thus  a  solid  angle  contained  by 
the  plane  angles  J,  B,  C,  D,  £,  and  another  solid  angle  con- 
tained by  the  same  angles  iu  tho  inverse  order  w9,  JG,  Df  C,  B, 
may  be  such  that  the  planes  of  the  homologous  angles  shall  be 
equally  inclined  to  each  other.  These  two  solid  angles,  which 
would  be  equal  without  admitting  of  superposition,  we  shall  call 
solid  angles  equal  by  symmetry,  or  symmetrical  solid  angles. 

Thero  is  not  properly  an  equality  by  symmetry  among  plane 
figures ;  all  those  to  which  wo  might  give  this  name,  have  the 
property  of  absolute  equality,  or  equality  by  superposition.  The 
i*cason  is,  that  a  plane  figure  may  be  reversed,  and  the  upper 
side  be  taken  for  the  under.  It  is  not  so  with  respect  to  solids, 
in  which  the  third  dimension  may  be  taken  in  two  diflei'ent  ways. 

PBOBUSM. 

S61.  Three  plane  angles  forming  a  solid  angle  being  given,  to 
Jind,  by  a  plane  construction,  tlie  angle  'which  two  of  these  planes 
make  with  each  other. 

Solution.    Let  S  (Jig.  1 98)  be  the  pnqiosed  solid  angle  in  pig,  igg. 
which  the  three  plane  angles  J8B,  JiSC,  BSC,  arc  known ;  tho 
angle  made  by  two  of  these  planes  with  each  other,  .^5^,  .ASC, 
for  example,  is  required. 

The  same  construction  being  supposed  as  in  the  precexling 
theorem,  the  angle  OJIB  would  be  the  angle  sought.  It  is  pro- 
posed to  find  the  same  angle  by  a  plane  constructionf  or  by 
lines  traced  upon  a  plane. 
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In  order  to  thi8»  make  upon  a  plane  the  angles  H^&if  Md 
B'SCf  equal  to  the  angles  B8A.  ^8C,  B8Cs  in  the  solid  figuit; 
take  B8f  B'8j  each  equal  to  B8  in  the  solid  figure  ;  from  the 
points  B  and  B*  let  fall  EfA  and  Ef'C  perpendiculaiiy  npoii 
8A  and  8Cf  \rliich  will  meet  in  a  point  0.  From  the  point  4 
as  a  centi-e,  and  with  tlie  radius  AB^  describe  the  scmicircan- 
ference  B'bE ;  at  the  point  0  erect  upon  BE  the  perpendhruhr 
Ob  meeting  the  circumference  in  6 ;  join  Mf  and  the  angle  £J 
will  be  the  inclination  sought  of  the  two  planes  ASC,  ASB,  k 
the  solid  angle. 

We  have  only  to  show  that  tlie  trian^e  AM  of  the  phae 
figure  is  e<|ual  to  the  triangle  AOB  of  the  solid  figure.  Nov 
the  two  triangles  B8A9  BSAf  are  right- angliMi  at  Jif  and  die 
angles  at  8  are  equals  consequently  the  angles  at  B  and  B  are 
albo  equal.  But  the  hypothenuse  8B  is  equal  to  the  hypoth^ 
nuse  8B ;  therefore  the  triangles  are  equal ;  hence  SA  m  tb 
plane  figure  is  equal  to  8A  in  the  solid  figure^  also  AB  or  Mb 
equal  Ab  in  the  plane  figure,  is  equal  to  AB  in  the  solid  figure. 
It  may  be  shown*  in  the  same  manner,  that  8C  in  one  figure  is 
equal  to  8C  in  the  other ;  whence  it  follows  that  the  quadrilat- 
eral SAOC  in  one  figure  is  equal  to  8A0C  in  tlie  other,  and  thit 
thus  AO  in  the  plane  figure  is  equal  to  AO  in  the  solid  figure; 
consequently  the  right-angled  triangles  AOb,  AOB,  have  their 
hypothenuse^  equal  and  one  side  of  the  one  equal  to  one  side  of 
tlie  other ;  they  arc  therefoi-e  equal,  and  the  angle  EAb^  found 
by  the  plane  construction,  is  equal  to  the  inclination  of  the 
planes  SAB,  8ACf  in  the  solid  angle. 

When  the  point  0  falls  between  A  and  B  in  the  plane  figure, 
the  angle  EAb  becomes  obtuse,  and  always  measures  the  tme 
inclination  of  the  planes.  It  is  on  this  account  that  we  have 
designated  the  required  inclination  by  EAbf  and  not  by  OAb,  in 
order  that  the  same  solution  may  be  adapted  to  every  case  with- 
out exception. 

362.  Scholium.  It  may  be  asked,  if,  any  three  plane  angles, 
taken  at  pleasure,  can  be  made  to  form  a  solid  angle. 

In  tlie  first  place,  it  is  necessary  that  the  sum  of  the  three 
given  angles  should  be  less  than  four  right  angles,  otherwise  Ae 
solid  angle  could  not  be  formed  (357) ;  it  is  necessaryf  more* 
over,  that*  alter  having  taken  two  of  the  angles  at  pleasure 
BSA,  ASC,  tlie  tliird  CSB"  should  be  such  that  tlie  pcrpendicu- 
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lar  B'C  to  the  side  8C  shall  meet  the  diameter  BE  between 
its  extremities  ff  and  E.  Thus  the  limits  of  the  magnitude  of 
the  angle  C8Jff'  are  such  as  require  the  perpendicular  B^'C  to 
terminate  at  the  points  B  and  JB,  From  the»e  points  let  fall 
upon  C8  the  perpendiculars  BI9  EK^  meeting  in  /  and  JTthe 
circumference  described  upon  the  radius  8B\  and  the  limits  of 
the  angle  C8B'  will  be  C8I  and  C8K. 

But,  in  the  isosceles  triangle  B8I9  the  line  C8  produced  being 
perpendicular  to  the  base  BI9 

the  angle  €81=^  C8ff  =  JISC  +  A8B. 
Andy  in  the  isosceles  triangle  ESK  the  line  8C  being  perpendic- 
ular to  EK9  the  angle  C8K=  C8E,    Moreover,  on  account  of 
the  equal  triangles  ^8E,  ASH,  the  angle  A8E  ^  JtSB ;  therefore 
C3E  or  C8K=:  ^SC  —  A8B. 

Hence  we  infer  that  the  pn»blem  will  be  possible,  while  the 
third  angle  b  less  than  the  sum  of  tlie  two  others  JiSC^  A8B9 
and  gi-eater  than  tlieir  difference,  a  condition  which  accords 
with  the  theorem  art.  356 ;  for,  by  this  theorem,  we  must  have 
C8ff'  <  Ji8C+  A8Bf9  also  ASC  <  CSB'  +  JiSB,  or 

C8ff':>A8C—Ji8B\ 

PROBLEM. 

363.  Two  of  the  three  plane  angles^  rvhich  form  a  solid  angle^ 
being  given  together  with  the  angle  which  their  planes  make  rtith 
each  otherf  to  find  tlie  third  plane  angle. 

Solution.  Let  A8C,  JtSff  (Jig.  198),  be  the  two  given  plane  Fig,  191 
angles,  and  let  us  suppose,  for  the  present,  that  C8B'  is  the 
third  angle  sought ;  then,  by  constructing  the  figure  as  in  the 
preceding  problem,  the  angle  contained  by  the  planes  of  the  two 
first  would  be  EM.  Now,  as  we  determine  the  angle  EJIb  by 
means  of  C8B\  the  two  ot!iei*8  being  given ;  so  we  can  deter- 
mine C8B'  by  means  of  EAif  and  thus  solve  the  proposed  prob- 
lem. 

Having  taken  SB  of  any  magnitude  at  pleasure,  let  fall  upon 
8A  the  indefinite  perpendicular  BE,  make  the  angle  EAh  equal 
to  the  angle  of  tlie  two  given  planes  ;  from  the  point  6,  where  the 
side  Ah  meets  the  circumference  described  with  the  centre  A  and 
the  radius  AB'f  let  fall  upon  AE  the  perpendicular  60,  and  from 
the  point  0  let  fall  upon  SC  the  indefinite  perpendicular  OCB^ 
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which  terminate  in  JT'  making  SB' s  AIT ;  fhe  angle  CtOT  wiD 
be  the  third  plane  required* 

For»  if  a  solid  angle  be  formed  of  the  three  planea  S8Jk 
JISMJ9  CSff'f  the  inclination  of  the  planes  containing  the  givca 
angles  MB,'  A80f  will  be  equal  to  the  given  angle  JSJk 

364.  Scholium.  If  a  solid  angle  is  fundnigriey  or  formrd  hj 
yif .  199.  four  plane  angles  ASB^  BSCf  CS2>,  DSA  {Jig.  199),  we  cannot 
by  knowing  these  angles*  determine  the  mutual  incliiiatlon  of 
their  planes ;  for  with  the  Mime  plane  angles  any  number  of 
solid  angles  may  be  formed.  But,  if  a  condition  be  added,  il^ 
for  example,  the  inclination  of  the  two  planes  ASB9  BSC9  ke 
given,  then  the  solid  angle  is  entirely  determinate,  and  the  indt 
nation  of  any  two  of  the  planes  may  be  found.  Buppoee  a  tri/k 
solid  angle  formed  by  the  plane  angles  ASB^  BSC9  ASC ;  the 
two  first  angles  are  given  as  well  as  the  inclination  of  thdr 
planes ;  we  can  then,  by  the  problem  just  resolved,  dctenaim 
the  third  angle  ASC.  Afterward,  if  we  consider  the  triple  aoiil 
angle  formed  by  the  plane  angles  ASC,  ASD.  DSC,  these  thm 
angles  are  known ;  thus  the  solid  angle  is  entirely  determiaatei 
But  the  quadruple  solid  angle  is  fonoed  by  the  union  of  flie  twi 
triple  solid  angles  of  which  we  have  been  speaking ;  tberefinn^ 
since  these  partial  angles  are  known  and  determinate,  the  whok 
angle  will  be  known  and  determinate. 

The  angle  of  tlie  two  planes  ASD9  JDSC,  may  be  found  imme- 
diately by  means  of  the  second  partial  solid  angle.  As  to  the 
angle  of  the  two  planes  BSC,  CSD9  it  is  necessary  in  one  of  the 
partial  solid  angles  to  find  the  an^e  comprehended  between  the 
two  planes  ASC,  DSC,  and  in  the  other  the  ang^e  comprehended 
between  the  two  planes  ASC.  BSC;  the  sum  of  these  an^ks  will 
be  the  angle  comprehended  between  the  two  planes  BSCf  DSC 

It  will  be  foundy  in  the  same  manner,  that,  in  order  to  deter- 
mine a  quintuple  solid  angle,  it  is  necessary  to  know,  beside  the 
five  plane  angles  which  compose  it,  two  of  the  mutual  inclinations 
of  their  planes ;  in  a  sextuple  solid  angle  it  is  necessary  to 
know  three  of  these  inclinations,  and  so  on. 
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SECTION  SECOND. 
Of  Pahfedrom. 

365.  EvsmT  solid  terminated  by  planes  or  plane  faces  is  called 
a  f oKd  polyedronf  or  simply  a  pohftdron.  These  planes  are  them* 
selves  necessarily  terminated  by  straight  lines. 

A  solid  of  four  faces  is  called  a  tdraeiron,  one  of  six  a  hex* 
aidranf  one  of  eight  an  octaeditmy  one  of  twdve  a  dodecaednm,  one 
of  twenty  an  ieataedranf  &c. 

The  tetraedron  is  the  most  simple  of  polyedrons;  for  it 
requires  at  least  three  planes  to  form  a  solid  angle,  and  these 
three  planes  would  leave  an  oi^eiiing,  to  close  which  a  fourth 
plane  is  necessary. 

366.  The  common  intersection  of  two  adjacent  tacts  of  a 
polyedron  is  called  a  side  or  edge  of  the  polyedron. 

367.  A  regtdar  polyedron  is  one,  all  whose  faces  are  equal 
regular  polygons,  and  all  whose  solid  angles  are  equal  to  each 
other.    There  are  five  polyedrpns  of  this  kind. 

368.  A  prism  is  a  splid  comprehended  under  several  parallelo- 
grams terminated  by  two  equal  and  parallel  polygons. 

To  construct  this  solid  let  ABCDE  (Jig.  SOO)  be  any  polygon ;  ^v-  30C 
if •  in  a  plane  parallel  to  ABC  we  draw  tlie  lines  FGj  GHf  Hh 
Ac.,  equal  and  parallel  to  the  sides  AB^  BCf  CDf  &c.,  we  shall 
form  the  polygon  FOHIK  equal  tf>  ABCDE ;  if  now  we  connect 
the  vertices  of  the  homologous  angles  by  the  straight  lines  AFf 
BO,  CHf  &c.,  the  faces  ABGFf  BCHG,  &c.,  wiU  be  paraUelo- 
grams,  and  the  solid  thus  formed  ABCDEFGHIK  will  be  a 
prism. 

369.  The  equal  and  parallel  polygons  ABCD  E  FGHIK,  are 
called  the  hoses  of  the  prism.  The  other  planes  taken  together^ 
constitute  the  lateral  or  convex  surface  of  the  prism.  The  equal 
straight  lines  AFf  BO9  CH,  &c.,  are  cdled  the  sides  of  the  prism. 

370.  The  attitude  tf  a  prism  is  the  distance  between  its  bases^ 
or  the  perpendicular  let  fall  from  a  point  in  the  superior  base 
upon  the  plane  of  the  inferior. 

371.  A  right  prism  is  one  whose  sides  AF9  B6,  &c.,  are  per- 
pendicular to  the  planes  of  the  bases ;  in  this  case^  each  of  the 
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sides  is  equal  to  the  altitude  o(  the  prism.    In  every  other  case 
the  pribin  is  obliquet  and  the  altitude  is  less  than  the  side. 

372.  A  prism  is  tnangulnr^  quadrangularf  peni4igonalf  hexago- 
nal f  &C.9  acronling  as  the  base  is  a  triangle,  a  quadrilateralf  t 
pentagon,  a  hexagon,  &c. 
l^iff.  206.     S73.  A  prism  ^hose  base  is  a  parallelogram  (Jig.  206)»  hai 
all  its  fares  parallograms,  and  is  called  a  paraUilapiped. 

A  paralMapiped  is  rectangularf  when  all  its  bees  are  rec> 
tangles. 

374.  Among  i-ertangular  parallelopipeds  is  distinguished  tiia 
aihe  or  regular  hexaedron  comprehended  under  six  equal  sqouneii 

S75.  A  pyramid  is  a  siAid  fiirmed  by  several  triangular  pbuM 
proceeding  from  the  same  point  and  terminating  in  the  sides  of  a 
Fig.  i96.pohgon  ABCDE  (fg.  196). 

Tlie  polygon  ABCDE  is  called  the  base  of  the  pyramid,  the 
point  S  its  vei-tcx,  and  the  triangles  ASB,  BSCf  ftc,  compose 
the  lateral  or  convex  surface  of  the  pyramid. 

376.  The  altitude  of  a  pyramid  is  the  perpendicular  let  fidl  from 
the  vertex  upon  the  plane  of  the  base,  produced  if  necessary. 

377.  A  pyramid  is  triangular^  qtiodrangular,  Ikc»9  according  ai 
the  base  is  a  triaujifle,  a  quadrilateral  &c. 

378.  A  pyramid  is  regular^  when  the  base  is  a  regular  poly- 
gon, and  the  perpendicular,  let  fall  from  the  vertex  to  the  plane 
of  the  base*  passes  through  the  centre  of  this  base.  This  line  is 
csdled  the  axis  of  tlie  pyramid. 

379.  The  diagonal  of  a  polyeilron  is  a  straight  line  which 
joins  the  vertices  of  two  solid  angles  not  adjacent. 

380.  I  shall  call  sijmmctrical  pdijedrons  two  polyedrons  which, 
having  a  common  base,  arc  similarly  constructed,  the  one  above 
the  plane  of  this  base  and  the  other  below  it,  with  this  condition, 
that  the  vertices  of  the  homologous  solid  angles  be  situated  at 
equal  distances  from  the  plane  of  tlie  base,  in  the  same  straight 
line  per|M.Mulicular  to  this  ])lane. 

■"i^.  202.  If  the  straight  line  ST  {fig.  202),  for  example,  is  perpendicu- 
lar to  the  plane  ABC,  and  is  bisected  at  the  point  O,  where  it 
mrets  this  plane,  tlie  two  pyramids  SABC,  TABC9  which  have 
the  common  base  ABC^  are  two  symmetrical  polyedrons. 

381.  T^o  triangtdar  pyramids  are  similar  when  they  have  two 
fares  similar,  each  to  each,  siaiilarly  placed,  and  equally  inclined 
to  each  other. 
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Tho9,  if  we  supfmse  the  angle  ABC  =i  DEF,  BAC  =  EDF, 
ABS  =  DETf  BAS  =  EDT  (Jig.  203),  if  also  the  inclination  of  Fig.  20: 
the  planer  ABS^  ABC9  is  equal  to  that  of  their  homolof^ous  planes 
DTEf  DEFf  the  pyramids  SABC,  TDEF,  are  similar. 

382.  Having  formed  a  triangle  with  the  vertices  of  three 
angles,  taken  in  the  same  fare  .or  base  of  a  polyedron,  we  ran 
imagine  the  vertices  of  the  different  solid  angles  of  the  poly- 
edron,  situated  oat  of  the  plane  of  thi«  base,  to  be  the  vertices  of 
as  many  triangular  pyramids,  which  have  for  their  -common 
base  the  above  triangle ;  and  these  several  pyramids  will  deter- 
mine the  positions  of  the  several  solid  angles  of  the  polyedron 
with  respect  to  the  base.    This  being  supposed ;  • 

Two  pdyedrons  are  similaVf  when,  the  bases  being  similar, 
the  vertices  of  the  homologous  solid  angles  are  determined  by 
triangular  pyramids  similar  each  to  each. 

383.  I  shall  call  vertices  of  a  polyedron  the  points  situated  at 
the  vertices  of  the  different  solid  angles. 

N.  B.  We  shall  eonsider  only  those  polyedrons,  which  have  saliant 
angleSf  or  convex  polyedrons.  We  thus  denominate  those,  the  sur- 
face of  which  cannot  be  met  by  a  straight  line  in  more  than  two 
points.  In  polyedrons  of  this  description  the  plane  of  neither  of 
the  faces  can,  by  being  produced,  cut  the  solid  ;  it  is  impossible  then, 
that  the  polyedron  should  be  in  part  above  the  plane  of  one  of  the 
faces  and  in  part  below  it ;  it  is  wholly  on  oue  side  of  this  plane. 

THEOREM. 

384.  Thpo  polyedrons  cannot  have  the  same  verticeSf  the  fmmber 
also  being  the  samCf  without  coinciding  the  one  with  the  other* 

Demonstration.  Let  us  suppose  one  of  the  polyedrons  already 
constructed,  if  we  would  construct  another  having  the  same  verti- 
ces, the  number  also  being  the  same,  it  is  necessary  that  the  planea 
of  this  last  should  not  all  pass  through  the  same  points  as  in  the 
first ;  if  they  did,  they  would  not  differ  the  one  from  the  other ; 
but  then  it  is  evident  that  any  new  planes  would  cut  the  first 
polyedron  ;  there  would  then  be  vertices  above  these  planes  and 
vertices  below  them,  which  does  not  consist  with  a  convex  poly- 
edron ;  therefore,  if  two  polyedrons  have  the  same  vertices,  the 
number  also  being  the  same,  they  must  necessarily  coincide  the 
one  with  the  other. 
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rig.  204.  d85.  8chdtium.  The  points  A^  B,  C,  JST,  &c.  (/f  .  S04),  bring 
given  in  position  to  be  used  as  the  vertices  of  a  polyedron,  it  ii 
easy  to  describe  the  polyedron. 

Taket  in  the  first  place^  three  neighbouring  points  Dt  £»  ft 
each  that  the  plane  DEH  shall  pass,  if  there  is  occasion  for  it* 
through  oilier  points  K9  C,  but  leaving  all  the  rest  on  the  sams 
8ide«  all  above  the  plane,  or  all  below  it;  the  plane  DEH  or 
DEHKCf  thus  determined^  will  be  a  face  of  the  solid.  Through 
one  of  the  sides  EH  of  this  face,  suppf>se  a  plane  to  pass,  and  to 
turn  upon  this  line  until  it  meets  a  new  vertex  F,  or  several  at 
the  same  time  F*  I;  we  shall  thus  have  a  second  face  FEHw 
FEHL  Proceed  in  this  manner,  by  making  planes  to  paai 
through  the  sides  of  the  faces,  until  the  solid  is  terminated  in  all 
directions ;  this  solid  will  be  the  polyedron  requiredf  for  theft 
are  not  two  which  can  have  the  same  vertices. 

THEOREM. 

386,  In  two  sifmmetrical  polyedrons  the  hamtiogaus  faea  0rt 
iqttal,  each  to  eachf  and  the  indination  oj  two  adjacent  facet  in  ose 
if  the  sdtds  is  equal  to  the  inclination  of  the  homologous  faces  is 
the  other. 
.  205.  Demonstration*  Let  ABODE  {fg.  205)  be  the  common  bam 
of  the  two  polyedrons,  M  and  X  the  vertices  of  any  two  sdid 
angles  of  one  of  the  polyedrons,  Af  and  .AT  the  homologous  ver- 
tices of  the  other  polyediim ;  the  straight  lines  JlfJ(f ,  J^Jf,  must 
be  perpendicular  to  the  plane  ABC^  and  be  bisected  at  the  points 
m  and  n  (380),  where  they  meet  this  plane*  This  being  siqh 
posed,  we  say  that  the  distance  MX  is  equal  to  M'J^. 

For,  if  the  trapezoid  mJ^fKn  be  made  to  revolve  about  flMf 
until  its  plane  come43  into  the  position  of  the  plane  nUiiNn^  oi 
account  of  the  right  angles  at  m  and  n,  the  side  mJlf  will  fldl 
upon  its  equal  fiiJIf,  and  nN*  upon  nj^;  therefore  the  two  trape- 
zoids will  coincide,  and  we  shall  have  MJ^  =  MN'. 

Let  P  be  a  third  vertex  in  the  sui)erior  polvedron,  and  F  the 
homologous  vertex  in  the  other,  we  shall  have,  in  like  manneri 
MP^M'P,  and  JVT  =  wV'P';  consenucntly  the  triangU  iHSf* 
formed  by  joining  any  three  vertices  of  the  superior  polyednmit 
equal  to  the  triavg'e  M'M'P',  formed  by  joining  tlie  homoUpiiKi 
vertices  of  the  other  polyedron. 
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ft      Uf  among  these  triangles  we  consider  only  those  which  are 
i  formed  at  the  surface  of  the  polyedrons^  we  can  conclude  already 

that  the  surfaces  of  the  two  polyedrons  are  composed  of  the  same 
1  number  of  triangles  equaly  each  to  each. 

if  We  say  now  that,  if  some  of  these  triangles  are  in  the  same 
^  [ilane  upon  one  surface  and  form  the  same  polygonal  face,  the 
S  homologous  triangles  will  be  in  die  same  plane  upon  tlie  other 
T^  surface  and  will  form  an  equal  polygonal  face, 
s  Let  MP^f  J^P^f  be  two  adjacent  triangles,  which  we  suppose 
y  in  tlie  same  plane,  and  let  M'P^f  J^Fiff  be  the  homologous 
I  triangles.  We  have  the  angle  MNT  =  M'J^'P'^  the  angle 
J  PJV^  =  FJ^'q ;  and,  if  we  were  to  join  Mq  and  M'q[^  the 
3  triangle  MM^  would  be  equal  to  Jf'«iV^,  thus  we  should  have 
^  the  angle  MJ^  =  MM^Q!.    But,  since  J^PJiTq  is  one  plane,  we 

have  the  an^e  MM'q  s  MN'P  +  PJ>rq ;  we  have  also 

M'j>rq^ = ji'j>rp' + FJ^q. 

Now,  if  the  three  planes  M'J^Pf  FJ^q^  M'J^q,  arc  not  con- 
founded in  one,  they  will  form  a  solid  angl^,  and  we  shall  have 
«  the  angle  MJ^q[  <  Jd'^"F  +  FJ^q  (356) ;  therefore,  as  this 
'   condition  does  not  exist,  the  two  triangles  M'M^F,  FJ>rq  are 
-  in  the  same  plane. 

We  hence  infer  that  each  face,  whether  triangular,  or  polygo- 
!    nal,  in  one  polyedron,  corresponds  to  an  equal  face  in  the  other, 
'    and  that  thus  the  two  polyedrons  are  comprehended  ojider  the 
same  number  of  planes  equal,  each  to  each. 

It  remains  to  show  that  the  inclination  of  any  two  adjacent 
faces  in  one  of  the  polyedrons  is  equal  to  the  inclination  of  the 
two  homologous  faces  in  the  other. 

Let  JiPJ^Tf  JSTPq^  be  two  trianj^es  formed  upon  the  common 
edge  JVT  in  the  planes  of  two  adjacent  faces;  let  MFM^, 
J>r'Fq^9  be  the  homologous  triangles.  We  can  conceive  at  JV*a 
solid  angle  formed  by  the  three  plane  angles  MM^^  M^P^  -P-V^ 
and  at  jr  a  solid  angle  formed  by  tlie  three  JI/'JVT^,  Jd'J>rF, 
F'J^q[.  Now  it  has  already  been  proved  that  these  plane 
angles  are  equal,  each  to  each  ;  consequently  the  inclination  of 
the  two  planes  M^TP.  PJV*^,  is  equal  to  that  of  their  homologous 
planes  Jt'J>rF,  FJ>rq  (359). 

Therefore  in  symmetrical  polyedrons  the  faces  are  equal,  each 
to  each,  and  the  planes  of  any  two  adjacent  faces  of  one  of  the 
solids  have  the  same  inc  lination  to  each  other  as  the  \^\aLtvea  ot 
the  two  homologous  faces  of  the  other  solid. 
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SSr.  Sduiium.  It  may  be  remarked  that  the  woHd  oi^gfai  ^ 
the  one  polyedron  are  symmeirical  with  the  nlid  amg^  €fh 
ether;  fur^  if  the  solid  angle  JV*i8  furmed  by  the  plaora  JCKI^ 
FX^9  tlXRn  fkjc.9  its  homologous  angle  A^  ia  formed  by  Ikp 
planes  MJ^r,  P\>rq,  qjS'^B!,  &c.  These  last  seem  ta  k 
disposed  in  the  same  order  as  the  otliers ;  bnty  as  one  of  lb 
solid  angles  is  inverted  with  respect  to  the  other^  it  follows  thatth 
actual  disposition  of  the  planes,  which  form  the  solid  angle  JV| 
is  the  reverse  of  that  which  exists  with  respect  to  (lie  homb 
gous  angle  JV*»  Moreover  the  inclinations  of  the  sncoeaifl 
planes  in  the  one  are  equal  respectively  to  tlioae  in  the  otheu 
therefore  these  solid  angles  are  symmetrical  with  respect  ta  cmI 
other.    See  art  360. 

It  will  be  perceivefU  from  what  has  been  saidf  that  oiqf  fif 
edran  tcluitever  can  liave  only  one  polyedron  symmetrical  with  It 
For,  if  there  were  constnictedy  upon  another  basOf  a  new  polj:- 
ednm  symmetrical  with  the  given  polyedron»  the  solid  angfa 
of  tills  last  would  always  be  symmetrical  with  the  angles  of  tk 
given  polyedron;  conser|uently  they  would  be  equal  to  tiiQserf 
the  symmetrical  polyedron  constructed  upon  the  first  kmt, 
Morcoveri  the  homologous  faces  would  always  be  equal;  whem 
these  two  symmetrical  polyedn)nS|  constructed  upon  the  one  hue 
and  upon  the  other,  would  have  their  faces  equal  and  thdrsoU 
angles  equal ;  therefore  they  would  coincide  by  superpositki^ 
and  would  make  one  and  the  same  polyedron. 

THEOREM. 

688.  Two  prisms  are  equal,  when  three  planes  contaifUfig  a  «H 
angle  of  the  one  are  equal  to  three  planes  containing  a  soUd  em^^ 
the  other,  each  to  each,  and  are  similarly  placed. 
Fig.  200.  Demonstration.  Let  the  base  AUCDE  (Jig,  200),  be  eqvalto 
the  base  abcde,  the  parallelogram  JBGF  equal  to  the  paralkl^ 
gram  abgf,  and  tiic  parallelogram  BCHG  equal  to  the  parslkb- 
bchg;  wc  say  that  the  prism  .ABCl  will  be  equal  to  the  pita 
abci. 

For,  let  the  base  ABCDE  be  placed  upon  the  base  utcde,  ttf 
two  bases  will  coincide.  But  the  three  plane  angles,  which  lim 
the  solid  angle  B,  are  efjual  to  the  three  plane  angles,  which  fci* 
the  solid  angle  h,  each  to  eacli^  namely,  JiBC  =  otc,  ABO  =  ilfr 
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f  s  gbc ;  also  these  angles  are  similarlj  placed ;  therefore 
olid  angles  B  and  b  are  equal  (360),  and  consequently  the 
BQ  will  fall  upon  its  equal  bg.  We  see  also  that,  on 
unt  of  the  equal  parallelograms  ABOF^  ^^gf*  the  side  GF 
Fall  upon  its  equal  gff  and  likewise  G//uiion  gh;  therefore 
nperior  base  FGUIK  will  coincide  entirely  with  its  equal 
9  and  the  two  solids  will  form  one  and  the  same  solid,  since 
liavc  the  same  vertices  (384). 

9.  Corollary.  Two  right  prismSf  which  have  eqtud  bases 
equal  altiUtdeSf  are  eq;iiaL  For,  since  the  side  JB  =  ab,  and 
altitude  BG^hgf  the  rectangle  JiBGFz=i  abgf;  the  same 
be  proved  with  rcs^iect  to  the  rectangles  BGHC,  bghc ;  thus 
hrcc  planes,  which  form  the  solid  angle  B,  are  equal  to  the 
^  which  form  the  solid  angle  b,  therefore  the  two  prisms  are 

,1.  [] 


TUEOREM. 

10.  In  every  paraUelopiped  the  opposite  planes  are  equal  and 
lid. 

e^tionstrattdfu.  According  to  the  definition  of  this  solid,  the 
3  ABCDf  EFGU(Jig.  206),  arc  ecjual  parallelograms,  and  Fig.  206. 
*  sides  are  parallel  (373).  It  remains  then  to  demonstrate 
the  same  is  true  with  respect  to  two  opposite  lateral  faces,  as 
(D,  BFGC.  Now  AD  is  equal  and  parallel  to  J9C  since  the 
*e  ABCD  is  a  parallelogram  ;  for  a  similar  reason  JtE  is  eqnal 
parallel  to  BF ;  consequently  the  angle  DJiE  is  equal  to  the 
c  CBF  (344),  and  the  plane  IME  parallel  to  CBF ;  there- 
also  the  parallelogram  DAEH  is  ei]ual  to  the  parallelogi*am 
"G,  In  like  manner  it  may  be  demonstrated  that  the  oppo- 
parallelograms  ABFE,  DCGHf  are  equal  and  parallel. 

11.  Corollary,      Since  a  paraUelopiped  is  a  solid  comprc- 
led  under  six  planes  of  which  the  opposite  ones  ai-e  equal 
parallel,  it  follows  that  either  of  the  faces  and  its  opposite 
be  taken  for  the  bases  of  the  parallelepiped. 

)2.  Sclioliufn.  There  being  given  three  straight  lines  AB, 
ADf  passing  through  the  same  point  J,  and  making  given 
es  with  each  other ;  upon  these  three  straight  lines,  a  par- 
opiped  may  be  constructed ;  in  order  to  this,  a  plane  is  to  be 
e  to  pass  through  the  extremity  of  each  straight  line  parallel 
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to  the  plane  of  tlie  two  others ;  namely^  through  tbe  point  B  i 
plane  parallel  to  DdE^  through  the  point  D  a  pfauie  paraUd  to 
BJiEf  and  through  the  point  E  a  plane  parallel  to  BAD.  Tht 
mutual  meeting  of  these  planes  will  form  the  paralldopipri 
roriuired. 

THEOREM. 

S93.  In  every  paraUelnpiped  tlie  opposite  solid  angles  are  sjfnmd' 
ricalf  and  the  diagomls  drawn  through  the  vertices  of  these  om^ 
bisect  each  other. 

Demonstration.  Let  us  compare,  for  example,  the  solid  aii^ 
Ag.  206.  ji  ^jig^  206)  with  the  solid  angle  G ;  the  angle  JEJIB^  eqoal 
to  EFB,  is  also  equal  to  HGC,  the  angle  DAE  =  DHE  =  C6F, 
and  the  angle  DAB  =  DCB  =  HGP;  consequently  the  three 
plane  angles  which  form  the  solid  angle  A,  are  equal  to  Or 
three,  which  form  the  solid  angle  G,  each  to  each ;  besideSf  it  is 
evident  tliat  their  disposition  in  the  one  is  diflTerent  from  thit 
in  the  other ;  therefore  the  two  solid  angles  d9  and  O  are  sym- 
metrical (359). 

Again,  let  us  suppdse  that  the  two  diagonals  EC^  AOf  tobi 
drawn  each  through  opposite  vertices ;  since  AE  is  equal  and 
parallel  to  CG,  the  figure  AEGC  is  a  parallelograni ;  conse- 
quently the  diagonals  ECf  JiG,  bisect  each  other.  It  may  be 
demonstrated,  in  the  same  manner,  that  the  diagonal  EC  aai 
another  DF  also  bisect  each  other ;  therefore  the  four  diagosab 
bisect  each  other  in  a  point  which  may  be  regarded  as  thecentiv 
of  the  parallelopiped. 

THEOBEM. 

Fig.  207.  394.  The  plane  BDHP  (fig.  207),  ivMch  passes  tfiraugfi  tw 
opposite  parallel  edges  BF,  DH,  of  a  parallelopiped  AG  divides  ii 
into  txvo  triangular  prisms  ABD-HEF,  GHF-BCD,  st/mmttricd 
with  each  other. 

Demonstration,  In  the  first  place  the  solids  arc  prisms ;  for 
the  triangles  ABD,  KFH,  having  the  sides  of  the  one  equal  and 
parallel  to  those  of  the  other,  arc  equal ;  and,  at  the  same  time. 
the  lateral  faces  ABFE,  JiDUE,  BDUF.  are  parallelograms ; 
thciTfore  the  solid  ABD-HEF  is  a  prism.  The  same  may  be 
pnued  with  i*cspect  to  the  solid  GHF-BCD.  We  say  nowfhit 
tlirsc  two  prisms  arc  symmetrical  with  each  other. 


Of  Polyeilnms.  ISi 

Upon  the  btse  JiBD  make  the  prism  JiBD-EF'H'  symmetrical 
with  the  prism  ABD-EFH.  According  to  what  has  been  demon- 
strated (386),  the  plane  JStBFET  is  equal  to  ^BFE,  and  the  plane 
ADH'Ef  is  equal  to  JiDHE;  but,  if  we  compare  the  prism 
GHF'BCD  with  the  prism  ABD-U'EF\  the  base  GUF  is  equal 
to  ABB ;  the  parallelogram  QHDC,  which  is  equal  to  JSIBFE,  is 
also  equal  to  JiBFE,  and  the  parallelogram  OFBC9  which  is 
equal  to  ADHB^  is  also  equal  to  JiBWFl ;  thereforer  the  thi'ee 
planes,  which  form  the  solid  angle  G  in  the  prism  QHF-BCB^ 
are  equal  to  the  three  planes,  which  form  the  solid  angle  A  in 
the  prism  JSBD-H'E^Ft  each  to  each ;  they  are  moi*eover  simi- 
larly disposed  in  the  two  cases ;  therefore  these  two  prisms  are 
equal,  and  being  applied  the  one  to  the  other  would  coincide.  But 
one  of  them  is  sjmmetrical  with  the  pvism  ABD-UEF  ^  there- 
fore the  oiherGHF'BCD  is  also  symmetrical  with  JiBD-HEF. 

I.EMMA. 

395.  In  every  prism  ABCI  the  sections  NOPQR,  STVXT 

(fig.  201),  made  by  parallel  planes  are  equal  pdygons.  Fig.  3oi. 

Demonsiraiian.  The  sides  JVY>,  8T9  are  parallel,  being,  inter- 
sections of  two  parallel  planes  by  a  third  plane  ABGF ;  tliese 
same  sides  JW,  8Tf  are  comprehended  between  the  parallels 
JV%>  OTf  which  are  sides  of  the  prism ;  consequently  JV*0  is 
equal  to  8T.  For  a  simUar  reason,  the  sides  OV9  P^,  ^A,  &c., 
of  the  section  ^TOP^U  are  equal  respectively  to  the  sides  TV^  VXy 
JTF,  &c.,  of  the  section  8TVXF.  Besides,  the  equal  sides  being 
also  parallel,  it  follows  that  the  angles  JVOP,  OP^^  &c.,  of  the 
first  section  are  equal  respectively  to  the  angles  8TF9  TVX,  &c., 
of  tlie  second  (344).  Therefore  the  two  sections  MVP^R, 
8TVXY9  are  equal  polygons. 

396.  Corollary.  Every  section  made  in  a  prism  parallel  to 
its  base  is  equal  to  this  base. 

THEOSElff. 

39r.    2%e  two  symmetrical  triangvlar  prisms   ABD-HEP, 
BCD-HFG  (fig.  SOS),  which  compose  the  paralldopiped  AG,  ore  Fig^.  20& 
eqtiroalent. 

Demonstration.  Through  the  vertices  B,  F,  perpendicular  to 
the  side  BF,  su[qK>se  the  planes  Bade,  Felig  to  pass,  meeting  the 
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three  other  sidrs  ^E,  DHf  CG^  of  the  parallclopiped^  the  oiie  in 
Of  d,  C9  the  otiier  in  e^  h^  g;  the  sections  Hodct  Kehgw  wHl  be 
equal  paralIcIogratn.si.  Tlicy  ai'e  equal,  because  (hey  are  made 
by  i)Iancsy  which  are  perpendicular  to  the  same  straight  line, 
and  consiHpieiitly  parallel  (397) ;  they  are  paralleltigrains,  be- 
cause the  tMo  opposite  sides  of  the  same  section  aB,  de,  are  the 
intcrscctitins  of  two  pai*allel  planes  JiBFE,  BCOHf  by  the  sane 
plane. 

For  a  similar  reason,  the  figure  BaeF  is  a  paraUelogranb  as 
also  the  otlier  lateral  faces  BFgc,  cdhg,  adhe,  of  the  solid 
Badc-Fehg;  therefoi*e  this  solid  is  a  prism  (368);  and  ttis 
prism  is  a  right  prism,  since  the  side  BF  is  perpendicular  to  fte 
plane  of  the  base. 

This  being  premised,  if  the  right  prism  Bh  be  divided  by  the 
plane  BFHD  into  two  right  triangular  prisms  oBdJieF,  Bdc-gFk, 
we  say  that  the  oblique  triangular  prism  ABD-HEF  wiD  be 
eqatvalent  to  the  right  triangular  prism  aBd-heF. 

Indeed,  as  the  two  prisms  have  the  part  MDhtF  common,  it 
is  necessary  only  to  prove  that  the  two  remaining  partSf  namelji 
the  solids  BadDd,  FeEHh,  are  equivalent  to  each  other. 

Now,  on  account  of  the  parallelograms  ABFS,  aBFtf  tbe 
sides  JEf  ae,  being  each  equal  to  its  parallel  BF,  are  equal  txi 
each  other ;  if  tlien  we  take  away  the  common  part  JlCf  we  sbiH 
have  Jla  =  Ee.    It  may  be  shown,  in  like  manner^  that  DdzszBk. 

Now,  iu  oitler  to  apply  the  two  solids  BaADdf  FtEHh^  one  to 
the  other,  let  the  base  Feh  be  placed  upon  its  equal  Bad ;  the 
point  e  falling  upon  a,  and  the  point  A  upon  1/,  the  sides  «£,  Wf 
will  fall  ujion  a.9,  d/J,  each  upon  its  e(|ual,  since  they  are  per- 
])cndiculai*  to  the  same  plane  Bad ;  consequently  the  two  soUdi 
under  considc ration  will  coincide  entirely,  the  one  with  tbe 
other;  therefore  tiic  oblique  prism  BJlD-UFE  is  equivalent  to 
the  right  prism  Bad-hFe. 

It  may  be  demonstrated,  in  like  manner,  that  the  oblique 
prism  BDC'GFJl  is  equivalent  to  the  right  prism  Bdc-gFK  But 
the  two  right  prisms  Bad-Fch^  Bdc-gFhf  are  et|ual  to  each  other, 
since  they  have  the  same  alitude  7iF,  and  their  bases  Hod,  Bic$ 
are  each  lialf  of  the  same  parallelogram  (389)*  Therefore  the 
two  triangular  prisms  BjID-HFE,  BlJC-GFIl,  equivalent  to 
equal  pri^ius,  are  e(«uivalent  to  each  othei% 
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I  398.  CaroUary.  Every  triangular  prisnuSi^/^-tfFA' is  half  of 
><  the  parallelopiped  JiG,  constructed  upon  ttie  same  solid  angle  Ji 
f    with  the  same  edges  AB,  Jii),  AE. 

r 

C    '  THEOBBM. 

599.  If  two  paraUdopipeds  AG,  AL  (fig.  209),  have  a  cammmi  Fl?.  209. 
base  ABCD,  and  Iiave  also  their  superior  bases  compreliended  in 
the  same  plane  and  between  the  same  parallels  EK,  UL,  these  two 
paraUdopipeds  tvUI  be  equivalent. 

Demonstration.  The  proposition  admits  of  three  cases,  accord- 
ing as  £/  is  greater  than  EF,  less,  or  equal  to  it ;  but  the 
demonstration  is  the  same  for  each ;  and,  in  the  first  place,  we 
say  tiiat  the  triangular  prism  JiEI-J^DH  is  equal  to  the  trian- 
gular prism  BFK'LCB. 

Indeed,  since  dE  is  parallel  to  BF^  and  HE  to  6F,  the  angle 
AEI=  BFK,  IIEI=  OFIC,  HEJ  =  GFB.  Of  these  six  angles 
the  three  first  form  the  solid  angle  E,  and  the  three  last  the  solid 
angle  F;  consequently,  since  diese  plane  angles  are  equal,  each 
to  each,  and  similariy  disposed,  it  follows  that  the  solid  angles 
E9  Ff  are  equal.  Now,  if  the  prism  AEJI  be  applied  to  the 
prism  BFL,  the  base  JtEI  being  placed  upon  the  base  BFK, 
these  two  bases,  being  equal,  will  coincide ;  and,  since  the  solid 
angle  E  is  equal  to  the  solid  angle  F,  the  side  EH  will  fall  upon 
its  equal  FGf.  Nothing  further  is  necessary  in  oi*der  to  show 
tliat  the  two  prisms  will  coincide  througliout ;  for  the  base  AEI 
and  its  edge  EH  determine  the  prism  JiEMt  as  the  base  BFK 
and  its  edge  FO  determine  the  prism  BFL  (388)  5  tlierefore 
these  prisms  are  equal. 

But,  if  from  the  solid  AL  we  take  the  prism  «9£»¥,  there  will 
remain  the  parallelopiped  AIL ;  and,  if  from  the  same  solid  AL 
we  take  the  prism  BFL,  there  will  remain  the  parallelopiped 
AEG  ^  therefore  the  two  parallelopipeds  AIL,  AEG  are  equiv- 
alent. 

THEOBEM. 

400.  Two  paraUdopipeds  which  have  the  same  base  and  Hie  same 
altUudef  are  equivalent 

Demonstration.    Let  ABCD  {fig.  210)  be  the  common  base  of  ]j>ig.  31Q, 
two  parallelopipeds  AO,AL;  since  they  have  the  same  altitude, 
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their  superior  bases  EFGH,  IKLM,  will  be  in  the  same  plane. 
Moreover  the  sides  EF,  AB,  are  equal  and  parallel^  as  also  IK, 
JtB ;  consequently  EF  is  equal  and  parallel  to  IK;  for  a  similir 
reason,  OF  is  equal  and  parallel  to  LK  Produce  the  sides  £F, 
HOf  also  ZA*«  MI,  till  they  shall,  by  their  intersections^  form  the 
parallelogram  J^OP^ ;  it  is  evident  that  this  parallelogram  viO 
be  equal  to  eacli  of  the  bases  EFGH,  IKUL  Now,  if  a  third  par- 
allelepiped be  supposed,  which,  with  the  same  inferior  ban 
JiBCD,  has  for  its  superior  base  MVF^,  this  third  parallelopipel 
will  be  equivalent  to  the  parallelopiped  JiO  (399)  ;  since,  tk 
inrerior  base  being  the  same,  the  superior  bases  are  compre- 
hended in  the  same  plane  and  between  the  same  parallels  C^ 
FJVl  For  the  same  reason,  this  third  paralldopii^ed  will  bi 
equivalent  to  the  parallelopiped  AL,  therefore  the  two  paralldqii- 
peds  JG,  AL,  which  have  the  same  base  and  the  same  altitude^ 
are  equivalent. 

THEOREM. 

401.  Every  paralldopiptd  may  be  changed  into  an  equmHait 
rectangular  parallelopiped  having  the  same  altitude  and  an  equtva- 
lent  base. 

F\g.  210.  Demonstration.  Let  AG  (fig.  210)  be  the  proposed  fiarallflo- 
piped ;  from  the  points  A,  B^  C,  D,  draw  AI,  BK,  CL,  DM, 
perpendicular  to  the  plane  of  tlio  base,  and  we  shall  thus  have 
tlic  parallelopiped  AL  equivalent  to  the  parallelopiped  AO,  and 
of  wiiich  the  lateral  faces  AK',  BL,  &c.,  will  be  rectangles.  If 
then  the  base  ABCD  is  a  i-ectangle,  AL  will  be  the  rectangular 
pai*a11clopipcd  er[uivalent  to  the  proi)osed  parallelopiped  AOm 

Fig.  211.  But,  if  ABCD  {fig.  21 1)  is  not  a  rectangle,  draw  AO,  B^%  each 
pcrpendiculai*  to  CD,  also  OQ,  ^F,  each  perpendicular  to  the  base, 
and  we  shall  have  tlic  solid  ABJ\"0-IKrH,  which  will  be  a  rectan- 
gular pai*allelopii)cd.  Indeed  the  base  ABJW  and  the  opposite 
base  IRT(l  are,  by  construction,  rectangles;  the  lateral  faces  are 
also  rectangles,  since  the  edges  AI,  Oq^  &c.,  are  each  perpendic- 
ular tu  the  plane  of  the  base ;  therefore  the  solid  AP  Ls  a  rectan- 
giilar  parallelopiped.  But  the  two  parallelopipeds  AP,  AL,  may 
be  ronsidcfed  as  having  the  same  base  ABKI,  and  the  same 
altitude  AO ;  consc(|uenily  thoy  are  equivalent ;  therefore  the 

Fly.  pJ^parallclopipiMl  AG  {fist.  9Aiu  211),  which  was  first  changed  into 
an  rf(nivMlrnt  parallclf)])ij)0(l  AL.  is  now  changed  into  an  equiva- 
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lent  rectangular  parallelopiped  JPf  which  has  tlie  same  altitude 
M,  and  of  which  tiie  base  ABM'O  is  equivalent  to  the  base  JtBCD. 

^ '  THEOREM. 

40d.    Two  rectangular  paraUdapipeds  AG,  AL  (fig.  £12%] 
which  haroe  the  9ame  base  ABCD^  are  to  each  other  as  their  alH^ 
tudes  AE,  AL 

Demanstratunu  Let  us  suppose,  in  the  first  place,  that  tlie 
altitudes  JiE,  Alf  are  to  each  other  as  two  entire  numbers,  as  15 
to  B,  for  example,  AE  may  be  divided  into  15  equal  parts  of 
which  AI  will  coutidn  8,  and  through  the  points  of  division  x,.  y, 
%9  &c.,  planes  may  be  drawn  parallel  to  the  base.  These  planes 
will  divide  the  solid  AQ  into  15  partial  parallelopipeds,  which 
will  be  equal  to  each  other,  having  equal  bases  and  equal  alti- 
tudes ;  we  say  equal  bases,  because  every  secticm  of  a  prism 
MIKLf  parallel  to  the  base,  is  equal  to  this  base  (S95),  and 
equal  altitudes,  because  the  altitudes  are  tlic  divisions  themselves 
SXf  xy,  y%,  (lc.  Now,  of  these  15  equal  parallelopipeds  8  are 
contained  in  M,;  therefore  the  solid  JSIG  is  to  the  solid  dL  as 
15  is  to  8,  or  in  general  as  the  altitude  JiE  is  to  the  altitude  JSJ. 
Again,  if  the  ratio  of  AE  to  AI  cannot  be  expressed  in  num- 
bers, we  say  still,  that  the  proportion  is  not  the  less  true,  namely, 

solid  AO :  sdid  JiLziAE:  M, 
For,  if  this  proportion  does  not  hold,  let  us  suppose  that 

scM  AG :  solid  ALixAE:  AG. 
Divide  AE  into  equal  parts,  each  of  which  shall  be  less  than  IG; 
there  will  be  at  least  one  point  of  division  m  between  /  and  O. 
Let  F  be  the  parallelopiped  which  has  for  its  base  ABCD  and 
for  its  altitude  Am ;  since  the  altitudes  AE,  Am,  are  to  each  otiier 
as  two  entire  numbers,  we  shall  have 

soHdAGiPi'.AEiAm. 
But,  by  hypothesis, 

solid  AG :  solid  AL:  lAE I  AG, 
whence  soUd  AL:         P    ::  AG :  Am. 

But  AG  Ls  greater  than  Am ;  it  is  necessary  then,  in  order  that 
this  proportion  may  take  place,  that  the  solid  AL  should  be 
greater  than  P ;  on  the  contrary  it  is  less ;  conscciucntiy  it  is 
impossible  that  the  fourth  term  of  the  proportion 

solii  AO :  solid  AL  : :  AE  :  x 
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should  be  a  line  greater  than  ^L  By  similar  i*ca8oiiing  it  maj 
be  shown  that  the  (biii*th  term  cannot  be  less  than  j9/;  it  is  then 
equal  to  JI;  tliei'efore  rectiingular  parallelopipeds  of  the  same 
base  are  to  each  otiicr  as  their  altitudes. 

THEOREM. 

Fig.  213.  403,  Txvo  rectangular  parallelopipeds  AG,  AK  (fig,  21 S),  rchidi 
have  the  same  altitude  AE,  are  to  each  other  as  their  bases  ABCD. 
AMNO. 

JPemunstration.  Having  placed  the  two  solids  the  one  by  tk 
side  of  the  other,  as  rei)resented  in  the  figiirey  produce  the  plsue 
(kVKL,  till  it  meet  the  plane  DCGHin  Vq,  and  a  third  paralld- 
opiped  Jl^l  will  he  obtained,  which  may  be  compared  with  each  uf 
tlie  p!iraIlelopi])cds  AG^  JiK.  The  two  solids  JiG^  jf  Q,  haviof 
the  same  base  AEIID  are  to  each  other  as  their  altitudes  AE. 
JiO;  also  the  two  solids  ^({^  JiK^  having  the  same  base  AOLL 
arc  to  each  other  as  their  altitudes  JiD^  AM.  Thus  we  have  the 
two  proporti(ms 

solid  AG  :  solifl  Aq  : :  AR  :  AO9 
solid  Aq  :  solid  AlC:  :  AD :  AM. 
Multiplying  the  two  proportions  in  order  and  omitting  in  tk 
result  the  common  multiplier  solid  Aq  we  shall  have 

solid  AG  :  solid  AK:  :  AB  x  AD :  AO  X  AM. 
But  ADx  AD  reprcscnls  the  base  ABCD  and  AO  x  .Wf  repn"'- 
sents  the  base  AMXO ;  thercfoie  two  rectangular  parallelopiped> 
oi'  the  same  altitude  are  to  each  other  as  their  bases. 

TIIEOUEM. 

40-4.  Any  two  rectangular  parallelopipeds  are  to  each  oilier  as  tht 
products  of  their  bases  by  tlwir  altitudes,  or  as  the  products  of  thar 
three  dimensious. 
Fiff  213.  Dcmoustration,  IIa\  ing  placed  the  two  solids  AG,  AJZ(^fg.  213). 
in  sucli  a  manner  that  their  surfaces  may  have  a  common  angk 
BAE^  pn)duce  the  planes  necessary  to  form  the  tliird  parallelo- 
]>iped  J/k*of  the  same  altitude  with  the  parallelopi{x^d  «AG,  we 
shall  have,  by  the  preredln.*:  proposition, 

sola  AG  :  soli'l  AK: :  ABCD :  AMXO. 
Hut  the  (wo  ])arallelopipeds  AK,  AZ^  which  have  the  same  base 
J.V^NYA  arr  to  earli  tjthcr  as  their  altitudes  JE^  AX^  thos^? 
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have  MaUdAK.MoHdAZiiAEiAX. 

Multiplying  these  two  proportions  in  order  and  omitting  in  tiie 

result  the  common  multiplier  solid  AKf  we  obtain 

sdid  AO  :  solid  AZ::  ABCD  x  AE :  AMJ^O  x  AX. 
In  the  place  of  the  bases  ABCD,  AMiffO,  we  can  substitute 
AB  X  AD,  AO  X  AMf  which  wUI  give 

solid  AO :  soUd  AZ  iiABxADxAEiAOx  AMxAX. 
Therefore  any  two  rectangular  parallelepipeds  are  to  each  other 
as  the  products  of  their  bases  by  their  altitudes^  or  as  the  pro- 
ducts of  their  three  dimensions. 

405.  Schdium.  Hence  we  may  take  for  the  measure  of  a 
rectangular  paralldopiped  the  product  of  its  base  by  its  altitude, 
or  the  product  of  its  three  dimensions.  It  is  on  this  principle 
that  we  estimate  all  other  solids. 

In  order  to  understand  this  measure  it  is  necessary  to  recollect 
that  by  the  product  of  two  or  several  lines  is  meant  the  product 
of  the  numbers  which  represent  these  lines,  and  these  numbers 
depend  upon  the  linear  unit,  which  may  be  taken  at  pleasure ; 
the  product  therefore  of  the  three  dimensions  of  a  parallelepiped 
is  a  number  which  of  itself  has  no  meaning,  and  which  would  be 
different  according  as  one  or  another  linear  unit  is  used.  But  if, 
in  like  manner,  the  three  dimensions  of  another  parallelopiped 
are  multiplied  together,  by  estimating  them  according  to  the 
same  linear  unit,  the  two  products  would  be  to  each  other  as  the 
two  parallelepipeds  and  would  give  an  idea  of  their  relative  mag- 
nitude. 

Tlie  magnitude  of  a  solid,  its  volusie,  or  its  extension,  consti- 
tutes what  is  called  its  sdidity  i  and  the  word  solidt/jff  is  employed 
particularly  to  denote  the  measure  of  a  solid;  thus  we  say  that 
the  solidity  of  a  rectangular  parallelopiped  is  equal  to  the  pro- 
duct  of  its  base  by  its  altitude,  or  the  product  of  its  three 
dimensions. 

The  three  dimensions  of  a  cube  being  equal  to  each  other,  if 
the  side  is  1,  the  solidity  will  be  1  x  1  X  1,  or  1 ;  if  the  side  is 

t  Content  is  often  employed  by  English  writers  to  denote  both 
solid  and  superficial  measures.  The  word  solidity,  though  most 
commonly  used,  is  exceptionable,  as  it  is  likely  to  suggest  to  the  mind 
of  the  student  the  idea  of  resistence.  The  term  volums  has  been 
adopted  by  some  as  preferable  to  solidity* 

18 
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^f  the  solidity  will  be  2  x  S  x  2^  or  8 ;  if  the  Bide  is  3,  fhe 
solidity  will  be  S  x  3  x  3,  or  27,  and  so  on ;  thuSf  the  sides  of 
cubes  being  as  the  numbers  1,  2,  3,  &c«y  the  cubes  tlieinselva» 
or  their  solidities,  ara  as  the  numbers  1,  8,  27^  te.  Hence  the 
origin  of  what  in  arithnffetic  is  called  the  cube  of  a  number;  itii 
the  product  arising  from  three  factors,  which  are  each  equal  t0 
this  number. 

If  it  were  proposeil  to  make  a  cube  double  of  a  given  cubey  it 
would  be  necessary  that  the  side  of  the  cube  sought  should  be  l» 
the  side  of  the  given  cube  as  the  cube  root  of  2  is  to  1.  Now  it  is 
easy  to  find,  by  a  geometrical  construction,  the  square  root  of  2; 
but  we  cannot,  in  this  way,  find  the  cube  root  of  this  number,  at 
least  by  the  simple  operations  of  elementary  geometfy^  whick 
consist  in  employing  only  straight  lines,  two  points  of  which  ait 
known,  and  circles  whose  centres  and  radii  are  determined. 

On  account  of  this  difficulty  the  problem  of  the  diiplioalum  of 
the  cube  was  celebrated  among  the  ancient  geometers,  as  aba 
that  of  the  trisection  of  an  angle,  which  is  nearly  of  the  same 
character.  But  the  solutions,  of  which  problems  of  this  kind 
are  .susceptible,  have  long  been  known ;  and,  although  less  simpb 
than  the  constructions  of  elementary  geometry,  they  are  not  leai 
exact  or  less  rigorous. 

THEOREM. 

406.  The  sdidiiy  of  a  paralUiopipedf  and  in  general  cf  any 
prism  ivhaiever^  is  equal  to  the  product  (f  its  tfase  by  its  aUilwdi. 

Demonstration.  1.  A  paralleiopiped  of  whatever  kind  is  equiv- 
alent to  a  rectangular  paralleiopiped  having  the  same  altitade 
and  an  equivalent  base  (401).  But  the  solidity  of  this  last  is  cquil 
to  the  pniduct  of  its  base  by  its  altitude  (405) ;  therefore  the 
solidity  of  the  first  is  also  equal  to  the  product  of  its  base  by  its 
altitude. 

2.  Every  triangular  prism  is  half  of  a  paralleiopiped,  so  con- 
structed as  to  have  the  same  altitude  and  a  base  twice  as  great 
(i^rc).  Nf)W  the  solidity  of  this  litst  is  equal  to  the  product  of 
its  base  by  its  altitude  (405)  :  thei-etbi-e  the  solidity  of  the  trian- 
gular prism  is  e(|ual  to  tlie  product  of  its  base,  half  of  that  of  the 
paralleiopiped,  by  its  altitude. 
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S.  A  priflm  of  whatever  kind  may  be  divided  into  as  many 
triangular  prisms  of  the  same  altitude^  as  there  are  triangles  in 
the  polygon  taken  tor  a  base.  But  the  solidity  of  eacli  triangular 
prism  is  equal  to  the  product  of  its  base  by  its  altitude ;  and, 
since  the  altitude  is  the  same  in  eachf  it  follows  that  the  sum  of 
all  the  partial  prisms  is  equal  to  the  sum  of  all  the  triangles, 
taken  for  bases,  multiplied  by  the  common  altitude.  Therefore 
the  solidity  of  a  prism  of  whatever  kind  is  equal  to  the  product 
of  its  base  by  its  altitude. 

407.  C&nUary,  If  we  compare  two  prisms,  which  have  the 
same  altitude,  the  products  of  the  bases  by  the  altitudes  will  be 
as  the  bases ;  therefore  two  prisms  cf  the  same  aUitude  are  to 
each  other  as  their  bases  ;  for  a  similar  reason,  ttoo  prisms  of  the 
same  base  are  to  each  other  as  their  altitudes. 

408.  If  a  pyramid  S-ABCDE  (fig.  214)  is  cut  by  a  plane  abd,Fig.2U 
parallel  to  the  basCf 

1.  The  sides  SA,  SB,  SC, and  the  altitude  SO,  vM  be 

divided  proportionally  in  a,  b,  c, and  o ; 

2.  The  section  abcde  wHl  be  a  polygon  similar  to  the  base 
ABCDE. 

Demonstration.  The  planes  ABC,  abc,  being  parallel,  their 
intersections  AB9  nb,  by  a  third  plane  SAB,  will  be  parallel 
(340) ;  consequently  the  triangles  SAB9  Sab,  are  similar,  and 

SA:Sa:iSB:Sb; 
in  like  manner  SB:Sb::SC:  Se, 

and  so  on  ;  therefore  the  sides  SA,  SB,  SC,  &c.,  are  cut  propor- 
tionally at  a,  b,  c,  &c.    The  altitude  SO  is  cut  in  the  same 
proportion  at  the  point  O ;  for  BO  and  bo  are  parallel  (340),  and  , 
consequently 

SO:  So::  SB:  Sb    (196). 
S.  Since  ab  is  parallel  to  AB,  be  to  BC,  cd  to  CA  kc.,  the 
angle  abc  ^  ABC,  the  angle  bed  =:  BCD,  and  so  on.    Moreover, 
on  account  of  the  similar  triangles  SAB9  Sab, 

AB:ab:iSB:Sb; 
and,  on  account  of  the  similar  triangles  SBC,  Sbc, 

SB:Sb::BC:bc; 
whence  AB  lab: :  BC :  be ; 
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in  like  manner^  BC  ibci:  CD:  cdp 

and  so  on.    Therefore  the  polygons  ABODE,  abeiep 

anglea  equal,  each  to  each,  and  their  honudogoiis  aides  pnpr 

tional ;  that  is,  thej  are  similar. 

409.  CoroUary.  Let  S-ABCDE,  S-XYZ9  be  two 
that  have  a  common  vertex,  and  whose  altitudes  are  die 
or  whose  bases  are  situated  in  the  same  plane ;  if  tiieae  pjnaik 
be  cut  by  a  plane  parallel  to  their  bases,  the  9erUanB  abcde^  i|% 
thus  formed,  will  be  to  each  other  as  the  hues  ABCDSiy  XVl 

For,  the  polygons  ABCDE9  abde,  being  similary  their  sarfm 
are  as  the  squares  of  their  liomologous  sides  diB»  ab  ;  but 

AB  labiiSAiSa^ 

consequently  ABCDE :  abcde  ::SA:  Sa. 

For  the  same  reason, 

XYZ  :  xii%  : :  SX  :  Sx. 
But,  since  abcde,  ocya,  are  in  the  same  plane, 

SAiSaiiSXi  Sv, 
whence  ABCDE :  abcde  iiXYZ :  xy»  ; 

therefore  the  sections  abcde,  Xy%,  are  to  each  other  as  tlmlrbaHi 
ABCDE,  XYZ. 

LEMMA. 

Fig.  315.  410.  Let  S-ABC  (fig.  £15),  (e  a  triangular  pyramid,  ofwKA 
SisUie  vertex  and  ABC  the  base ;  if  the  sides  SA,  SB,  8C^  AB, 
AC,  BC,  be  bisected  at  the  points  D,  E,  F,  G,  H,  I,  and  thm^ 
these  points  the  straight  lines  DE,  EF,  DF,  EG,  FH,  EI,  GI, 
GH,  be  drawn  ;  we  say  that  the  pyramid  S-ABC  may  he 
sidered  as  composed  of  two  prisms  AGH-FDE,  EGI-CFH, 
alent  to  each  other,  and  two  equal  pyramids  S-DEFf  £-GBL 

Demonstration.  It  follows  from  the  construction,  that  ED 
is  parallel  to  BA,  and  GE  to  AS  (199)  ^  hence  tilie  figure  ADEG 
is  a  parallelogram.  For  the  same  reason,  the  figure  ADFHis 
also  a  parallelogram ;  consequently  the  straight  lines  AD,  GE, 
HF,  are  equal  and  parallel ;  therefore  the  solid  AGH-FDE  b  a 
prism  (346). 

It  may  be  shown,  in  like  manner,  that  the  two  figures  EFQf 
CIGH9  are  parallelograms,  and  that  thus  the  straight  lines  £fi 
IC,  Gil,  are  equal  and  parallel  *,  therefore  the  solid  EGLCFH'b 
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a  prism.  Now  we  say  that  these  two  triangular  piisms  are 
valent  to  each  other. 

ideedf  if  upon  the  edges  GI,  6£,  GH,  the  parallelopiped 
be  formedf  the  triangular  prism  EGI-CFH  will  be  half 
bis  parallelopiped  (397);  on  tbe  other  hand,  the  prism 
1'FDE  is  also  equal  to  half  of  the  parallelopiped  GX  (406)» 
0  they  have  the  same  altitude,  and  the  triangle  AGH,  the 
(  of  the  prism,  is  half  of  the  parallelogram  GICH  (1 68), 
base  of  the  parallelepiped.  Therefoi'e  the  two  prisms 
UCFH,  JlGH'FDE,  are  equivalent  to  each  other, 
hese  two  prisms  being  taken  from  the  pyramid  S-ABC  there 
remain  only  the  two  pyramids  S-DEFf  E-GBI;  now  we  say 
these  two  pyramids  are  equal  to  each  otlier. 
ideed,  since  tbe  following  sides  are  equal,  namely,  ££  =  ££, 
=:AG  =  DEf  EG=:AD=:  SD,  the  triangle  BEG  is  equal  to 
triangle  ESD  (4S).  For  a  similar  reason,  the  triangle  BEI 
lualtothe  triangle  £SJP;  moreover  the  mutual  inclination 
ie  two  planes  BEG,  BEU  is  the  same  as  that  of  the  two 
es  ESD9  ESFf  since  BEG,  ESD,  are  in  the  same  plane, 
BEI3  ESF,  are  also  in  the  same  plane.  If  then,  in  order  to 
y  the  one  pyramid  to  the  other,  we  place  the  triangle  EBG 
\  its  equal  EDS,  the  plane  BEI  must  fall  upon  the  plane  ESF ; 
t  since  the  triangles  are  equal  and  similarly  dis|)osed,  the 
it  /  will  fall  upon  F,  and  the  two  pyramids  will  coincide 
ughout  (S84). 

'herefore  the  entire  pyramid  S-ABC  is  composed  of  two  tri- 
ular  prisms  AGF,  GIF,  equivalent  to  each  other,  and  two 
d  pyramids  S-DEF,  EGBL 

11.  Corollary  i.  From  the  vertex  S  let  fall  upon  the  plane 
3  the  perpendicular  SO,  and  let  P  be  the  point,  where  this 
lendicular  meets  the  plane  DEF,  parallel  to  ABC;  since 
=  ^SA,  we  have  SP  =  ^SO  (408),  and  the  triangle  DEF  =  I 
3gle  ABC  (218)  ;  consequently  the  solidity  of  the  prism 

AGH-FDE  =  \ABC  x  ^SO ; 
the  solidity  of  the  two  prisms  AGH-FDE,  EGLCFH,  taken 
tlier,  is  equal  \ABC  x  SO.  These  two  prisms  are  less  than 
pyramid  S-ABC,  since  they  are  contained  in  it ;  therefore 
iolidUy  of  a  triangular  pyramid  is  greater  than  the  fourth  part 
€  product  of  it$  base  by  its  altitude. 
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412.  CornUary  ii.  If  we  join  DG9  DH,  we  flhall  have  a  net 
pyramid  D-AGIl  equal  to  tlio  pyramid  S^DEF;  for  thelN» 
DEF  may  be  placed  uiK)n  its  equal  AGH9  and  then,  the  angh 
SDE9  SDF,  bring  equal  to  the  anglefl  DAG9  DAH9  it  is  inanifat 
that  DS  will  fall  upon  AD  (364),  and  the  vertex  5  upon  tk 
vertex  D.  Kow  the  pynimid  D-AGH  is  less  than  the  prin 
AGH-FDE  since  it  is  contained  in  it ;  therefore  each  of  tk 
pyramids  S-DEF,  E-GBh  is  less  tlian  the  prism  AGH-FDE] 
thercfoi-e  the  pyramid  S-ABCf  which  is  composed  of  two  pyn- 
mids  and  two  prisms,  is  less  than  four  of  these  same  prisaa 
But  the  solidity  or  one  of  these  prisms  =  i  ABC  x  SO9  and  ik 
quadniple  =  \  ABC  x  SO ;  hence  tlie  solidity  of  any  frioi^gifar 
pyTamid  is  less  than  ludfqfilte  product  of  its  hose  by  its  aUiiMit. 

THEOREM* 

413.  Tlie  solidiiy  of  a  triangular  pyramid  is  equal  to  a  Hid 
of  tfie  product  of  its  hose  by  its  altitude* 

rig.  S15.     Demonstration.     Let  S-ABC  {Jig.  £15)  he  any  triangnbr 
pyramid,   ABC   its  base,  SO  its  altitude  $  we  say  that  tb 
solidity  of  the  pyramid  S-ABC  is  equal  to  a  third  part  of  fti 
product  of  the  surface  ABC  by  the  altitude  SO,  so  that 
S'ABC=\  ABC  X  SO,  or  =  SO  X  i  ABC. 

If  this  pro|)osition  be  denied,  the  solidity  <S-^fiC  must  be  equal 
to  tlie  product  of  SO  by  a  surface  either  greater  or  less  thai 
^ABC. 

1.  Let  this  quantity  be  greater,  so  that  we  shall  have 

S-ABC  =  SO  X  G  ABC  +M). 
If  wc  make  tlie  same  consti-uction  as  in  the  preceding  proposi- 
tion, the  pyramid  S-ABC  will  be  divided  into  two  equivalent 
prisms  AGH-FDE,  EGl-CFH,  and  two  equal  pyramids  S-DEF, 
E'GBI.  "Sow  the  solidity  of  the  prism  AGH-FDE  is  DEF  x  PO, 
consequently  wc  shall  have  the  solidity  of  the  two  prisms 

AGII-FDE  +  EGICFII^  DEF  x  2P0,  or  =  DEF  x  SO. 
The  two  prisms  being  taken  from  the  entire  pyramid,  the  re- 
mainder will  be  equal  to  double  of  the  pyramid  S-DEF,  so  that 
we  shall  have 

QS-DEF  =  SO  X  (^  ABC  +  .V—  DEF). 
But,  because  SA  is  double  of  SJ),  the  surface  ABC  is  quadruple 
of  DEF  (4O8),  and  thus 
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^JlBC"^DEF=i^BEF—DEF^^DEF; 

ice 

28-DEF  =  iSfO  X  (i  DEF  +  M), 

J  taking  the  half  of  each, 

S-DEF^z  8P  X  (i  DEF  +  M). 

peai'S  then,  that  in  order  to  obtain  the  solidity  of  the  pyi'a- 

S-DEF,  it  is  necessary  to  add  to  a  third  of  the  base  the  same 

Lce  Jd,  which  was  added  to  a  third  of  the  base  of  the  large 

inidf  and  to  multiply  the  whole  by  the  altitude  SP  of  the 

I  pyramid. 

8D  be  bisected  at  the  point  K,  and  if  through  this  point  a  plane 

f  be  supposed  to  pass  parallel  to  DEF  meeting  the  perpen- 

.ar  8P  in  Q ;  according  to  what  has  just  been  demonstrated 

8^KLM:=i  8q  X  (4  ICLM+Jd). 

re  proceed  thus  to  form  a  series  of  pyramids,  the  sides  of 

h  decrease  in  the  ratio  2  to  1,  and  the  bases  in  the  ratio  of 

1,  we  shall  soon  arrive  at  a  pyramid  8-abc9  the  base  of 

h  abc  shall  be  less  than  6JIC    Let  8o  be  the  altitude  of 

last  pyramid }  and  its  solidity,  deduced  from  that  of  the 

eding  pyramids,  will  be 

8ox(:^abc+M). 

•¥>  I  abc,  and  consequently  ^abc  +  M^^  abc    It  would 

w  then,  that  the  solidity  of  the  pyramid  8^bc  is  greater  than 

I  abc ;  which  is  absurd,  since  it  was  proved  in  the  preced- 
proposition,  corollary  ii,  that  the  solidity  of  a  triangular 
jnid  is  always  less  than  half  of  the  product  of  its  base  by 
dtitude ;  therefore  it  is  impossible  that  the  solidity  of  the 
mid  8'JiBC  should  be  greater  than  80  x}  ABC. 

Let  8^BC  be  equal  to  80x{\ABC  —  M)i  it  may  be 
m,  as  in  the  first  case,  that  the  solidity  of  the  pyramid 
SjP,  the  dimensions  of  which  are  less  by  one  half,  is  equal  to 

8Pxi\DEF—M)i 

by  continuing  the  series  of  pyramids,  the  sides  of  which 
ease  in  the  ratio  of  2  to  1,  until  we  arrive  at  a  term  8'abc 
hall,  in  like  manner,  have  the  solidity  of  this  last  equal  to 

8ox{\abt  —  M). 

as  the  bases  ABCn  DEF,  KLM ahc,  form  a  decreas- 

icries,  each  term  of  which  is  a  fourth  of  the  preceding,  wc 

soon  arrive  at  a  term  ahc  equal  to  \9,M,  or  which  shall 
^mprchended  between  \9,M  and  3»V;  then,  M  being  either 
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equal  to  or  greater  than  ^V  ^^  ^®  quantity  ^  aic  >—  JIf  wiD 
either  be  equal  to  or  less  than  ^  oftc ;  so  that  we  shall  have  the 
solidity  of  the  pyramid  S-ahc  either  equal  to  or  less  than 

8ox\Qbc; 
which  is  absurdf  since,  according  to  corollary  i  of  the  precedin|[ 
proposition,  the  solidity  of  a  triangular  pyramid  is  always 
greater  than  the  fourth  of  the  product  of  its  base  by  its  altitude  i 
thei-efore  the  solidity  of  the  pyramid  8^BC  cannot  be  less  thn 
80  x^  JiBC. 

We  conclude  then,  according  to  the  enunciation  of  the  theiH 
rem,  that  the  solidity  of  tlie  pyramid  SJiBC  =  <90  x  •$  MC, 
or  =  ^  ^BC  X  SO. 

414.  CorMary  i.  Every  ti*iangular  pyramid  is  a  third  of  a 
triangular  prism  of  the  same  base  and  same  altitude;  fiir 
ABC  X  SO  is  the  solidity  of  the  prism  of  which  JIBC  is  the  base 
and  SO  the  altitude. 

415.  CoroUary  lu  Two  triangular  pyramids  of  the  same 
altitude  are  to  each  other  as  their  bases,  and  two  triangulir 
pyramids  of  the  same  base  are  to  each  other  as  their  altitudes. 

THEOREM. 

Fi^.  214.     416.  Every  pyramid  S-ABCDE  (fig.  214)  has  for  its  fneaun 
a  third  of  the  product  of  its  base  by  its  altitude. 

Demonstration.  If  the  planes  SEBf  SEC,  be  made  to  pan 
through  the  diagonals  EB,  EC,  the  polygonal  pyramid  S-JiBCDS 
will  be  divided  into  several  triangular  .pyramids,  which  haveil 
the  same  altitude  SO.  But,  by  the  preceding  tlieorem,  these  an 
measured  by  multiplying  their  bases  JIBE,  BCEf  CDE,  esA 
by  a  third  of  its  altitude  SO ;  consequently  the  sum  of  the  triaa- 
gular  pyramids,  or  the  polygonal  pyramid  S-JIBCDE  will  ban 
for  its  measure  the  sum  of  the  triangles  JBE,  BCE,  CDE,  or 
the  i)olygon  JSlBCDE,  multiplied  hy^  SO;  therefore  every  py* 
mid  has  for  its  measure  a  third  of  the  product  of  its  base  by  ill 
altitude. 

417.  CoroUary  i.  Every  pyramid  is  a  third  of  a  prism  of  fk 
same  base  and  same  altitude. 

4 1 8.  CoroUary  ii.  Two  pyramids  of  the  same  altitude  are  li 
each  other  as  their  base^,  and  two  pyramids  of  the  same  batt 
are  to  each  other  as  their  altitudes. 
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419.  SckfiUum.  The  solidity  of  any  polyedron  may  be  esti- 
mated  by  decomposing  it  into  pyramids,  and  this  decomposition 
may  be  effected  in  several  ways ;  one  of  the  most  simple  is  by 
means  of  planes  of  division  passing  through  tlie  vertex  of  the 
«aiiie  solid  angle ;  tlien  we  shall  have  as  many  paiiial  pyramid$^  - 
as  there  are  faces  in  the  polyedron  excepting  those  which  contain 
the  solid  angle  from  which  tiie  planes  of  division  proceed. 

TUKOREM* 

420.  Two  sytmnelnciU  pdyedrons  are  equivalent  to  each  oilter 
or  equal  in  solidity. 

i      Demonstration.  1.   Two  symmetrical  triangular  pyramids,  as 
,  S-ABC^  T-ABCiJig.  202),  have  each  for  its  measure  the  product  ^'ff-  3^* 
of  the  base  ABC  by  a  thii-d  of  its  altitude  80  or  TO  i  thei-efore 
these  pyramids  are  equivalent. 

2.  If  we  divide,  in  any  manner,  one  of  the  symmetrical  poly- 
edrons  in  question  into  triangulai*  pyramids,  we  can  divide  the 
other  polyedron,  in  the  same  manner  into  triangular  pyramids 
symmetrical  with  the  former  (382) ;  but  the  triangidar  pyi'amids 
in  the  one  case  and  the  other  being  symmetrical,  arc  equivalent, 
each  to  each  ;  therefore  the  entii'e  polyedrons  are  ecjuivalcnt  to 
each  other  or  equal  in  solidity. 

421.  Scholium.  This  proposition  seems  to  result  immediately 
TiHim  a  former  (S86),  in  which  it  was  shown  that,  with  respect 
to  two  symmetrical  (Milyedrons,  all  the  constituent  parts  of  the 
one  ai*e  equal  respectively  to  those  of  the  other ;  still  it  was 
necessary  to  demonstrate  it  in  a  rigoi-ous  manner. 

THEOREM. 

422.  If  a  pyramid  is  cut  by  a  plane  parallel  to  its  base^  the  frus- 
tum which  remainSf  after  taking  away  tlie  smaller  pyramid^  is 
equal  to  tlu  sum  vf, three  pyramids,  which  have  for  tlieir  com^non 
altitude  tlie  altitude  if  the  frustum,  and  witose  bases  are  the  inferior 
base  of  tlie  frustum,  its  superior  base,  and  a  mean  proportional 
between  these  bases. 

Demonstration.    Let  S-JBCDE  (fg,  217)  be  a  pyramid  cut  Pisr*  2ir 
by  the  plane  abd  parallel  to  the  base ;  let  T-FOIIhe  a  triangular 
pyramid,  whose  base  and  altitude  are  equal  or  equivalent  to  the 
base  and  altitude  of  the  pyramid  S-JtBCDE.    The  two  bases 

19 


146  BtemmlM  of  Oeometry. 

may  be  sopposed  to  be  situated  in  tbe  same  plane ;  and  thniki 
plane  aid  produced^  will  determine  in  the  triangular  pjnmaA  t 

section  fgh  situated  at  the  same  altitude  above  the  common  pbv 

of  the  bases ;  whence  it  follows  that  tbe  section  Jgh  is  to  Ai 

section  abdf  as  the  base  FGH  is  to  the  base  JiBD  (408) ;  wt^ 

since  the  bases  are  equivalent,  the  sections  will  be  eqnivaM 

also.    Consequently  the  pyramids  S^cdtf  T-fgh^  are  equb^ 

lent,  since  they  have  the  same  altitude  and  equivalent  baflH. 

The  entire  pyramids  S^JBCDB,  T-FGH,  are  equivalent^  bt 

the  same  reason;  therefore  the  frustums  ABD-^dab^  FGBJj^ 

are  equivalent ;  and  consequently  it  will  be  sufficient  to  denoi- 

strate  the  proposition  enunciated,  with  reference  merely  to  tti 

case  of  the  frustum  of  a  triangular  pyramid. 

Let  FGH'hJg  be  the  frustum  of  a  triangular  pyramid  ;  throq|^ 
the  points  F,  gf  H,  supjiose  a  plane  F^JETto  pass  cutting  off  frui 
the  frustum  the  triangular  pyramid  g-FGH.  This  pjrramid  \m 
for  its  base  the  inferior  base  FGHo{  the  frustum,  it  baa  aho  fv 
its  altitude  the  altitude  of  the  frustum,  since  the  vertex  gkit 
the  plane  of  the  superior  base  fgh. 

This  pyramid  being  cut  off,  there  will  remain  the  qnadns^ 
gular  pyramid  gflillFf  the  veilex  of  whiph  is  g  and  the  ban 
fhHF.  Through  the  three  points  /, ;,  JET,  suppose  a  plane  JjgE 
to  pass  dividing  the  quadrangular  pyramid  into  two  triangahr 
pyramids  g-FfH,  g-JliU.  This  last  pyramid  may  be  considered 
as  having  for  its  base  the  superior  base  gjh  of  the  frustum,  tad 
for  its  altitude  the  altitude  of  the  frustum,  since  the  vertex  H  ii 
in  tiie  inferior  base.  Thus  ^e  have  two  of  the  three  pyramids 
which  compo.se  the  frustum. 

It  remains  to  consider  the  third  pyramid  g-F/H.  Now  if  wt 
draw  ^A*  parallel  to  /F,  and  suppose  a  new  pyramid  K-F/R,  tbe 
vertex  of  which  is  JC^  and  the  base  F/7/;  these  two  pyramids  will 
have  the  same  base  Ffll;  they  will  have  also  the  same  altitude, 
since  the  vertices  g,  K^  are  situated  in  a  line  gK  parallel  to  f/y 
and  consequently  parallel  to  the  plane  of  the  base  ;  therefore 
these  pyramids  arc  equivalent  But  the  pyramid  K-FfHmK;/  be 
considered  as  having  its  vertex  in  /,  and  thus  it  will  have  the 
same  altitude  as  the  frustum  ;  as  to  its  base  Ff/K*,  we  say  that 
it  is  a  mean  proportional  bct\\een  the  two  bases  FHGf  fhg* 
indeed  the  triangles  F//A;  J7{/rf  have  the  angle  F=:/,  and  the 
side  FA'= /y. 
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henoe 

FHKiJhg.iFKxFHifgxJhi.FHifh    (216). 
Also  FHOiFHKiiFG.FKwfg. 

But  the  sioiUar  triangles  FHGfJhg,  give 

FO:fg:iFH:fhi 
conscquentiy  FHGiFHKi.FHKifhg; 
and  thus  the  base  FHK  is  a  mean  proportional  between  the  two 
bases  FHO,  fhg^  therefore  the  frustum  of  a  triangular  pyramid 
is  equal  to  three  pyramids,  wliich  have  for  their  common  altitude 
the  altitude  of  the  frustum,  and  whose  bases  are  the  inferior 
base  of  the  frustum,  its  superior  base,  and  a  mean  proportional 
between  tliese  bases. 

THBOBEM. 

423.  If  a  triangidar  prism,  whose  tase  is  ABC  (fig.  216),  be^iff*  3li 
4sut  by  a  ptane  DEF  incUned  to  this  base,  the  solid  ABC-DEF 
thus  formed,  vrill  be  eqtud  to  the  sum  of  the  three  pyramids  whose 
vertices  are  D,  E,  F,  and  the  common  base  ABC. 

Demonstration.  Through  the  three  points  F,  A,  C,  suppose  a 
plane  FAC  to  pass  cutting  off  from  the  truncated  prism 

ABC-DEF 
tibe  triangular  pyramid  F-ABCi  ^^is  pyramid  will  have  for  its 
base  ABC  and  for  its  vertex  the  point  F» 

This  pyramid  being  cut  off,  there  will  remain  the  quadran- 
gular pyramid  F-ACDE,  of  which  F  is  the  vertex,  and  ACDE 
the  base.  Through  the  points  F,  Ep  C,  suppose  a  plane  FEC  to 
pass  dividing  the  quadrangular  pyramid  into  two  triangular 
pyramids  F-AEC,  F-CDE. 

The  pyramid  F-AEC,  which  has  for  its  base  the  tiHangle 
AEC  and  for  its  vertex  the  point  F,  is  equivalent  to  a  pyramid 
B'AEC,  which  has  for  its  base  AEC,  and  for  its  vertex  the  point 
£.  For  these  two  pyramids  have  the  same  base ;  they  have 
also  the  same  altitude,  since  the  line  BF,  being  parallel  to  each 
of  the  lines  AEf  CD,  is  parallel  to  their  plane  AEC ;  therefore 
the  pyramid  F-AEC  is  equivalent  to  tbe  pyramid  B-AEC,  which 
may  be  considered  as  having  (or  its  base  ABC,  and  for  its  vertex 
the  point  E. 

The  third  pyramid  F-CDE,  or  E-FCD,  may  be  changed  in 
the  first  place  into  A-FCD ;  for  the  two  pyramids  have  the  same 
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base  FCD ;  they  have  also  the  same  altitiidey  since  JlE  ia  panOd 
to  the  plane  FCD ;  consequently  the  pyramid  E-FCD  ia  eqaifs. 
lent  to  A'FCD.  Again,  the  pyramid  A-FCD.  wF-ACD^  may  k 
changed  into  B-ACDf  for  tlieHC  two  pyramids  have  tlie  comoa 
hase  ACD ;  tliey  have  also  the  same  altitude,  since  their  Tertioci 
F  and  B  are  in  a  parallel  to  the  plane  of  the  base.  Therefore  tka 
pyramid  E-FCDf  cf|uivalent  to  A-FCD9  is  also  equivalent  to 
B'ACD.  jSow  this  last  may  he  regarded  as  having  for  its  bMl 
ABC,  and  for  its  vertex  the  point  A 

We  conclude  then,  that  the  truncated  prism  ABC-DEF  k 
equal  to  the  sum  of  three  pyramids  which  have  f(HT  their  oom- 
mon  base  ABC  and  wliose  vertices  are  respectively  the  poiak 
A  £•  F. 

424.  Corvllanf.  If  the  edges  are  perpendicular  to  the  phon 
of  the  base,  they  will  bo  at  the  same  time  tlie  altitudes  of  the 
three  pyramids,  which  compose  the  truncated  prism  ;  so  that  the 
solidity  of  the  truncated  prism  will  be  expressed  by 

\ABCxAE  +  \ABCxBF+\ABCxCDf 
or  ^ABCxiAE  +  BF-^CD), 

THEOREM. 

425.  Two  similar  triangidar  pyramids  have  tlieir  Iiamotogma 
faces  similar,  and  their  liamologoiis  solid  angles  equaL 

Demonstration.  The  two  triangular  pyramids  S-ABCf  T-DET 
\%,  203.  (Jig.  203),  arc  similar,  if  the  two  triangles  SAB,  ABC,  are  similar 
to  tiie  tw^o  TDE,  DEF,  and  are  similarly  placed  (381)  ;  that  is,  if 
the  angle  AttS  =  DET,  BAS  =  EOT,  ABC  ==  DEF,  BJiCz=i  EBF, 
and  if  fui'thermoi'c  the  inclination  of  the  planes  SAB,  ABC,  is 
oqnal  to  that  of  the  planes  TUE^  DEF.  This  being  supposed, 
we  say  that  the  pyramids  have  all  their  faces  similar,  each  to 
onrh,  and  their  homologous  solid  angles  equal. 

Take  BG=  ED.  BH:=zEF,  BI^ET,  and  join  OH,  GI,  IB. 
The  pyramid  T-DEF  is  equal  to  the  pyramid  l-GBHi  for  the 
Kidos  GB,  BIT,  being  equal,  by  ronstruclicm,  to  the  sides  DE,  EFf 
pnc!  the  angle  GBfl  being,  by  hypothesis,  equal  to  the  angle 
DRF.  the  triangle  GBfliH  equal  DEF  (36)  ;  therefore,  in  order 
to  apply  one  of  thrsc  jiyraniids  to  the  olher,  we  can  evidently 
place  the  base  DEF  \i\)nn  its  equal  Glill:  tlien,  since  the  plane 
TffE  1ms  the  name  inclination  to  DEF^  as  the  plane  SAB  has  to 
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JlBC,  it  18  manifest  that  the  plane  TDE  will  fall  indefinitely 
upon  the  plane  SAB.  But,  by  hypothesis,  the  angle  DET=  GBU 
consec|uently  ET  will  fall  upon  its  equal  BI ;  and  since  the  four 
points  A  E9  jP,  Tf  coincide  with  the  four  G,  jB,  /ft  /,  it  follows 
that  the  pyramid  T-DEF  will  coincide  with  the  pyi'amid  I-GBH 
(S84). 

Now,  on  account  of  the  equal  triangles  DEF,  GBH9  the  angle 
BGH  —  EDF  =z  BAC ;  consequently  GH  is  parallel  to  AC. 
For  a  similar  reason  GI  is  parallel  to  AS ;  therefore  the  plane 
IGH  is  parallel  to  SAC  (544).  Whence  it  follows  that  the 
triangle  /6H,  or  its  equal  TDF,  is  similar  to  SAC  (347).  and 
that  the  triangle  IBHf  or  its  equal  7£F,  is  similar  to  -SBC ; 
therefore  the  two  similar  triangular  pyramids  S-ABCn  T-DEF 
have  their  four  faces  similar,  each  to  each.  Moreover  the  homo- 
logous solid  angles  arc  equal. 

For,  we  have  already  placed  the  solid  angle  E  upon  its  homo- 
logous angle  £,  and  the  same  may  be  done  with  respect  to  the 
two  other  homologous  solid  angles ;  but  it  will  be  readily  {ler- 
ceived*  that  two  homologous  solid  angles  arc  equal,  for  example, 
the  angles  T  and  S,  because  they  are  formed  by  three  plane 
angles  which  arc  equal,  each  to  each,  and  similarly  placed. 

Therefore  two  similar  triangular  pyramids  have  their  homo* 
logons  faces  similar  and  the  homologous  solid  angles  equal. 

426.  Corollary  i.  The  similar  triangles  in  the  two  pyramids 
furnish  the  proportions 

ABiDEi:  BC:  EF:  lACiDFi:  ASiDT:  SBiTE::  SC:  TF; 
therefore  in  similar  triangular  pjramids  the  homotHgous  sides  are 
proporiionaL 

427.  Corollary  ii.  Since  the  homologous  solid  angles  are 
equal,  it  follows  that  tlie  inclination  of  any  two  faces  of  one  pyra- 
mid is  equal  to  the  inclination  of  Uie  two  homobgons  faces  of  a  sim- 
ilar pyramid  (359). 

428.  CnroUary  iii.  If  a  triangular  pyramid  SABC  be  cut  by 
a  plane  G/i/ parallel  to  one  of  the  faces  SACf  the  jiartial  pyramid 
/GBH  will  be  similar  to  the  entire  pyramid  SABC.  For  the 
triangles  BGI9  BGHj  are  similar  to  the  triangles  BAS^  BAC9  each 
to  each,  and  similarly  placed  ;  also  the  inclination  of  the  two  planes 
is  the  same  in  each  ;  therefore  the  two  pyramids  are  similar. 

429.  Corollary  iv.  If  any  pyramid  whatever  SABCDR 
(fig.  214)  he  cut  by  a  plane  abcde  parallel  to  the  basCf  t/ie  partial  i'lf^.  i 
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pyramid  S-tbcde  mil  he  nmilar  to  the  entire  pyramid  S-ABCDB. 
For  the  bases  ABCDEt  abcdef  are  similar,  and  JlCf  ae»  bfti^ 
joined,  it  has  just  been  proved  that  the  triangular  pyramid  S^BC 
18  similar  to  the  pyramid  S-abc ;  therefore  the  point  S  is  det» 
mined  with  respect  to  the  base  ABC,  as  the  point  5  is  deter- 
mined with  respect  to  the  base  abc  (382)  ;  therefore  tbe  t«s 
pyramids  S-ABCDE^  S-abcdtf  are  similar. 

430.  Scholium.  Instead  of  the  five  given  things^  required  hf 
the  definition  in  onler  that  two  triangular  pyramids  may  Iw 
similar,  we  can  substitute  five  others,  according  to  dilfarad 
combinations ;  and  therr  will  result  as  many  theoremsy  amom 
which  may  be  distinguished  the  following ;  two  friamgutar  pynt- 
mufa  are  similar,  when  theij  have  their  hamok^gouB  tides  prefer' 
tienaL 

For,  if  wo  have  the  proportions 

AB.DE::BC:EF:iAC:DFi:AS:DT::SB:TEiiSCiTF 
Pig.  303.  (Jig.  203)»  which  contain  five  conditions,  the  trianghs  ABS, 
ABC,  wiU  be  similar  to  DET,  DBF,  and  the  dispomtiM  of  die 
former  will  be  similar  to  that  of  the  latter.  We  have  aha 
the  triangle  SBC  similar  to  TEF;  therefore  the  three  plan 
angles,  which  form  the  solid  angle  B,  are  equal  to  the  tkm 
plane  angles  which  form  the  solid  angle  E,  each  to  each; 

whence  it  follows  that  the  inclination  of  the  planes  SAB,  ABC 
is  equal  to  that  of  the  homologous  planes  TDE,  DEF,  and  that 
thus  the  two  pyramids  are  similar. 

I 

THEOREM. 

431.  Two  similar  pdyedrons  have  their  homologous  faces  similar, 
and  their  homologous  solid  angles  equaL 

rig.  219.  Demonstration.  Let  ABCDE  (Jig.  219)  be  the  base  of  one 
polyedron  ;  let  JU,  ^,  be  the  vertices  of  two  solid  angles,  with- 
out this  base,  determined  by  the  triangular  pyramids  M-^BC, 
N'ABC,  whose  common  base  is  ABC ;  let  there  be,  in  the  other 
polyedron,  the  base  abcde  homologous  or  similar  to  ABCDEt 
m,  n,  the  vertices  homologous  to  M,  Jf,  dcteimined  by  the  pyra- 
mids m^-abc,  n-abc,  similar  to  the  pyramids  M-ABC,  K-JtBCi 
we  say,  in  the  first  place,  that  the  distances  MK,  mn,  are  pro- 
portional to  the  homologous  side.s  AB^  ah. 

Indeed,  the  pyramids  M-ABC^  m-ahc,  being  similar,  the  incli- 
nation of  the  planes  MAC,  BAC,  is  e:iual  to  that  of  the  planes 
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ffioCf  hae ;  in  like  nanner,  the  pyramids  Jf-ABC,  n-abCf  being 
aimilary  the  inclination  of  the  planes  J^Ad  BAC,  is  equal  to  that 
of  the  planes  fioc»  bac ;  consequentlyf  if  we  subtract  the  first  indi- 
nations  respectively  from  the  secoiidt  there  will  remain  the  incli- 
nation of  the  planes  J^ACf  MAC9  equal  to  that  of  the  planes  niu;, 
mac.  But,  because  the  pyramids  are  similar,  the  triangle  MAC 
is  similar  to  mac^  and  the  triangle  JfAC  is  similar  to  nac\ 
therefore  the  triangular  pyramids  MNAC9  mnaCf  have  two  faces 
similar  each  to  each,  similarly  placed,  and  equally  inclined  to 
each  other ;  consequently  the  two  pyramids  are  similar  (425)  ; 
and  their  homologous  sides  give  the  proportion 

Jlf^ :  mn : :  AM:  am. 
Moreover  AM  lamii  AB  :  ab ; 

therefoi*e,  Jlf  JV :  nm : :  AB  :  ab. 

Let  P  and  p  be  two  other  homologous  vertices  of  the  same 
polyedrons,  and  we  have,  in  like  manner, 

P^T:  pniiABiabf 
PM:pm:iAB:ab; 
whence  JUJV: mn : : PN-.pn : :  PMzpm. 

Therefore  the  triangU  PNM,  Jormed  by  joining  any  three  vertices 
rf  one  polyedroiif  u  similar  to  the  triangle  pnm,  formed  by  joining 
the  three  homdogoni  vertices  of  the  other  pdyedron. 

Furthermore,  let  Q,  9,  be  two  homologous  vertices,  and  the 
triangle  PQX  will  be  similar  to  pqn.  We  say  also,  that  the 
inclination  of  the  planes  PQJV,  PMJi,  is  equal  to  that  of  the 
planes  pgn,  pnm. 

For,  if  we  join  QM  and  9m,  we  shall  always  have  the  triangle 
QJiM  similar  to  gnn^  and  consequently  the  angle  QJ^M  equal  to 
qnm.  Suppose  at  JV  a  solid  angle  formed  by  the  three  plane 
angles  QJVJtf,  QJiP,  PKM^  and  at  n  a  solid  angle  formed  by 
the  plane  angles  qnm^  qnp^  pma ;  since  these  plane  angles  are 
equal,  each  to  each,  it  follows  that  the  solid  angles  are  equal. 
Whence  the  inclination  of  the  two  planes  PJVQ,  PNMf  is  equal 
to  that  of  the  homologous  planes  pnq^  pnm  (359)  ;  therefore,  if 
the  two  triangles  PNQ9  PNM3  be  in  the  same  plane,  in  which 
case  we  should  have  tlie  angle  QNM  =  QNP  +  PXM,  we  should 
have,  in  like  manner,  the  angle  qnm  ss  qnp  +  pntn,  and  the  two 
triangles  qnpp  pum,  would  also  be  in  the  same  plane. 

All  that  has  now  been  demonstrated  takes  place,  whatever  be 


1 5£  Ulentents  ^  GeaMdry. 

the  angles  Mf  .^^  Pf  Q,  compared  with  the  homoIogauA  aDghs 
m,  fi,  p,  J, 

Let  U8  suppose  now  that  the  surface  of  one  of  the  poljredniii 
is  divided  into  triangles  ^fiC»  ACD,  MXP,  KPQ,  tec.,  we  sk 
that  the  surface  of  the  other  polyedron  wiQ  contain  an  eqnii 
number  of  triangles  ofrc,  acdf  mnp,  upq,  &c«f  similar  to  the  fbr 
mer  and  similarly  placed ;  and  if  several  triangles,  aa  MP^t 
•YPQ,  &c«  belong  to  the  same  face,  and  are  in  the  same  plane^ 
the  liomologous  triangles  mpn,  npq^  &c.»  will  likewise  be  in  tbe 
same  plane,  llierefore  each  polygonal  face  in  the  one  polyedron 
will  correspond  to  a  similar  polygonal  face  in  tlie  other ;  and 
consequently  the  two  -polyedrons  will  be  comprehended  under 
the  same  number  of  similar  and  similarly  disposed  planes.  "We 
say  moreover,  that  the  solid  angles  Will  be  equal. 

For,  if  tlie  solid  angle  ^,  for  example,  is  formed  by  the  pUne 
angles  QXP,  PKM,  MXRf  QNR^  the  homologous  solid  angle  a 
will  .be  formed  by  the  plane  angles  qnp^  jmm,  VMir,  far.  Now 
the  former  plane  angles  are  equal  to  the  latter,  each  to  each,  wai 
the  inclination  of  any  two  adjacent  planes,  is  equal  to  that  of 
their  homologous  planes;  therefore  the  two  solid  an^cs  an 
equal,  since  they  would  coincide  uptm  being  applied. 

We  conclude  then,  that  two  similar  polyedrons  have  their 
homologous  faces  similar,  and  their  homologous  solid  angles 
equal. 

432.  Corollary.  It  follows,  fit>m  the  preceding  demonstration, 
that  if  with  four  vertices  of  a  polyedron  we  form  a  triangular 
pyramid,  and  also  another  with  the  four  homologous  veitices 
of  a  similar  po1yedi*on,  these  two  pyramids  will  be  similar ;  for 
they  will  have  their  homologous  sides  propoKional  (430). 

It  will  be  perceived,  at  tiie  same  time,  that  the  homologous 
diagonals  (157),  ^JV,  ari,  for  example,  ai*e  to  each  other  as  two 
homologous  sides  ABn  ah. 

« 

TUKORKM. 

433.  Ttvo  similar  jyaijedrons  may  be  divideil  iiUo  Hit  same 
vumbcr  oj  triangular  pyramids  similar,  each  to  cadi,  and  similarly 
placed. 

Ikmonstrafton.  We  have  seen  that  the  surfaces  of  two  similar 
pnlycdrons  tuay  be  divided  into  the  hame  number  of  triangle^ 
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that  are  similar^  each  to  each,  and  similarlj  phiced.  Let  us 
consider  all  the  triangles  of  one  of  the  polyedrons,  except  those 
which  form  the  solid  angle  Af  as  the  bases  of  so  many  triangular 
pyramids  having  their  vertices  in  A ;  these  pyramids  taken 
together  will  compose  the  polyedron.  Let  us  divide  likewise  the 
other  polyedron  into  pyramids  having  for  their  common  vertex 
that  of  the  angle  a,  homologous  to  ^ ;  it  is  evident  that  the  pyra- 
mid, which  connects  four  vertices  of  one  polyedron,  will  bo 
similar  to  the  pyramid  which  connects  the  four  homologous  ver- 
tices of  tlie  other  polyedron ;  therefore  two  similar  polyedrons,  &c« 

THUORBM. 

434.  Two  simUar  pyramids  are  to  each  other  as  the  cubes  of 
their  homologous  sides. 

Demonstration^    Two  pyramids  being  similar,  the  less  may  be 
placed  in  the  greater  so  that  they  shall  have  the  angle  8  (Jig.  214)  Fi|^.  2U. 
common.    Then  the  bases  JiBCDE,  abcdCf  will  be  parallel ;  for, 
since  the  homologous  faces  are  similar  (423),  the  angle 

Sab  =  SAB, 
as  also  Sbc  =  SBC;  therefore  the  plane  ahc  is  pandlel  to  the 
plane  JiBC  (344).  This  being  premised,  let  fall  the  perpendicu- 
lar 80  from  the  vertex  6  upon  the  plane  JiBC,  and  let  a  be  the 
pointf  where  this  perpendicular  meets  the  plane  abc ;  we  shall 
have,  according  to  what  has  already  been  demonstrated  (406), 

80:8oi:8Ji:8a::JiB:ab9 
and  consequently 

^80i^8o:iJIB:db. 
But  the  bases  ABCDEf  abode,  being  similar  figures, 

ABCBE :  abcde  ::AB:ab    (2£l). 
Multiplying  the  two  proportions  in  order  we  shall  have 

ABCDE  xi80i  abede  x^SoiiABizab; 
but  ABCDE  x\  80  is  the  solidity  of  the  pyramid  8ABCDE 
(413),  and  abcde  x^SoSb  the  solidity  of  the  pyramid  Sabcde ; 
therefore  two  similar  pyramids  are  to  each  otlier  as  the  cubei9 
of  their  homologous  sides. 

20 
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THEOREM. 

435.  Two  similar  pdyednms  are  to  each  other  as  the  eiiks  ff 
their  homologous  sides. 

Demonstratunu  Two  similar  polyedrons  may  be  divided  inti 
the  same  number  of  triangular  pyramids  that  are  similary  eick 
to  each  (425).  Now  tlie  two  similar  pyramids  APKMf  ajma 
F](?.  219.^^.  S19)»  are  to  each  other  as  the  cubes  of  their  homologov 
sides  AM9  am,  or  as  the  cubes  of  the  homologous  sides  ABf  d 
(4S4.  Tlie  same  ratio  may  bo  shown  to  exist  between  any  t«i 
other  homologous  pyramids ;  therefore  the  sum  of  all  the  pyra- 
mids, which  compose  tlie  one  polyedron,  or  the  polyedron  itseK 
is  to  the  other  polyedron,  as  the  cube  of  any  one  of  the  sidoB  of 
tlio  firsts  Is  to  the  cube  of  the  homologous  side  of  the  seccmd. 

Oeneral  Scho^m. 

436.  We  can  express  in  algebraic  language^  that  isy  ia  t 
manner  the  most  concise^  a  recapitulation  of  the  principal  pro- 
positions of  tliis  section  relating  to  the  solidity  or  content  of 
polyedrons. 

Let  B  be  the  base  of  a  prism^  H  its  altitude ;  the  solidity  d 
tlie  prism  will  bo  fi  x  H,  or  BH. 

Let  B  be  the  base  of  a  pyramid,  H  its  altitude  ;  the  aolidi^ 
of  the  pyramid  will  be  fi  x  ^H,  or  H  x  4  B^  or  ^  BH. 

Let  H  be  tlie  altitude  of  the  frustum  of  a  pyramid  and  let  jf ,  A 
be  the  bases ;  then  \/Jb  will  bo  tlie  mean  proportional  between 
them,  and  the  solidity  of  the  frustum  will  be 

|i/x  (A+B  +  x^jfi). 

Let  B  be  the  base  of  a  truncated  triangular  prism*  H,  Iff 
H\  the  altitudes  of  the  three  superior  vertices,  the  solidity  of 
the  truncated  prism  will  be  |  B  x  (H  +  /f  +  /f ')• 

Lastly,  let  P,  p,  bo  the  solidities  of  two  similar  polyedmiUi 
A  and  a  two  homologous  sides,  or  diagonals^  of  the  polyedrons. 
we  shall  have  PipiiA^  xa^. 
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SECTION  THIRD. 

Of  the  Bphat. 

JDEFfj^rriojrs. 

437.  A  9pken  is  a  solid  terminated  by  a  carved  surface  all  the 
points  of  which  are  equally  distant  from  a  point  within  called 
the  centre. 

The  sphere  may  be  conceived  to  be  generated  by  the  revo- 
lution of  a  semicircle  DAE  {fig.  820)  about  its  diameter  Z>£;Fig.  330. 
for  the  surface  thus  described  by  the  curve  DAE  will  have  all 
its  points  equally  distant  from  tt|.e  centre  C 

438.  The  radius  of  a  sphere  is  a  straight  line  drawn  from  the 
centre  to  a  point  in  the  surface ;  the  diameter  or  axis  is  a  line 
passing  through  the  centre  and  terminated  each  way  by  the 
surfitce. 

All  radii  of  the  same  sphere  are  equal ;  the  diameters  also  are 
equal*  and  each  double  of  the  radius. 

439.  It  will  be  demonstrated  art.  459,  that  every  section  of  a 
sphere  made  by  a  plane  is  a  circle.  This  being  supposed*  we 
call  a  great  cirde  the  section  made  by  a  plane  which  passes 
tbrougfa  the  centre,  and  a  snudl  droit  the  section  made  by  a  plane 
which  does  not  pass  through  the  centre. 

440.  A  pUme  is  a  tangent  to  a  sphere,  when  it.  has  one  point 
only  in  common  with  the  sur&ce  of  the  sphere. 

441.  The  pole  of  a  drde  of  the  sphere  is  a  point  in  the  surface 
of  this  sphere  equally  distant  from  every  point  in  the  circumfer- 
ence of  the  circle.  It  will  be  shown  art  464,  that  every  circle 
great  or  small  has  two  pdes. 

442.  A  spherical  triangle  is  a  part  of  the  surfkce  of  a  sphere 
comprehended  by  three  arcs  of  great  circles. 

These  arcs,  which  are  called  the  sides  of  the  triangle,  are 
always  supposed  to  be  smaller  each  than  a  semicircumference. 
The  angles  which  their  planes  make  with  each  other  are  the 
angles  of  the  triangle. 

443.  A  spherical  triangle  takes  flie  name  of  right-angledf  isos- 
odes  and  equilateral f  like  a  {dane  triangle,  and  under  the  same 
circumstances. 
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444.  A  spherical  iniiygan  is  a  part  of  the  surface  of  a  sphere 
tf  nniiiated  by  several  arcs  of  ^*eat  circles. 

445.  A  In  nary  mrfacc  is  the  part  of  the  surface  of  a  spihiic 
comprehended  between  two  scraicircuinferenccs  of  great  circles, 
which  terminate  Jii  a  common  diameter. 

446.  We  shall  call  a  spliericcl  wedgt  the  part  of  a  sphere 
comprehended  between  tlie  halves  of  two  great  circles,  and  to 
which  the  lunary  surface  answers  as  a  base. 

447.  A  spherical  pyramid  is  the  part  of  sphere  compn- 
hendcd  between  the  planes  of  a  solid  angle  whose  vertex  is  it 
the  centre.  The  base  of  the  pyramid  is  the  spherical  poljgoi 
intercepted  by  these  planes. 

448.  A  zone  is  the  part  of  the  surface  of  a  sphere  compit- 
hcndcd  between  two  parallel  planes  which  are  its  bases^  One  of 
these  planes  may  be  a  tangent  to  the  sphere^  in  which  case  tk 
zone  has  only  one  base. 

449.  A  spherical  segment  is  the  portion  of  a  sphere  ampt' 
hended  between  two  parallel  planes  which  are  its  bases.  Om 
of  these  planes  may  be  a  tangent  to  the  sphere,  in  which  rase 
the  spherical  segment  has  only  one  base* 

450.  The  altitude  of  a  %one  or  of  a  segment  is  the  disttnce 
between  the  parallel  planes  which  are  the  bases  of  the  zone  or 
segment 

Fig.  220.  ^^^'  While  the  semicin-le  DJlE  (Jig.  220),  turning  about  tbe 
diameter  Z>£,  describes  a  sphere,  every  circular  sector  as  DCFt 
or  FCHf  describes  a  solid  which  is  called  a  spherical  sector. 

TUEOBEM. 

452.  Every  section  of  a  spliere  made  by  a  plane  is  a  drde. 
Pig.  221.  Demonstration.  Let  AMD  {fig.  221)  be  a  section,  marie  by  a 
plane,  of  the  sphere  of  which  C  is  the  centre.  From  tiie  point 
C  draw  CO  perpendicular  to  the  plane  AMBj  and  different 
oblique  lines  CM^  CM,  to  different  points  of  the  cunre  JtMB 
which  terminates  the  section. 

The  oblique  lines  CM,  CM,  CB,  are  equal,  since  thej  are  mdii 
of  tlie  sphere  ;  consequently  they  are  at  equal  distances  from  the 
periiendicular  CO  (S29)  ;  whence  all  the  lines  OM,  OJlf,  OB,  are 
equal ;  therefoi*e  the  section  AMD  is  a  ciirle  of  which  the  point 
O  is  the  centre. 
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453.  CaroUary  i.  If  the  cutting  plane  pass  through  the  centre 
of  the  sphere^  the  radius  of  the  section  will  be  the  radius  of  the 
sphere ;  therefore  all  great  circles  are  equal  to  each  other. 

454.  CoroUary  ru  Two  great  circles  always  bisect  each 
other ;  for  the  common  intersection,  passing  through  the  centre, 
is  a  diameter. 

455.  CoroUarjf  iu«  Ererj  great  circle  bisects  the  sphere  and 
its  surface  ;  for,  if  having  separated  the  two  hemispheres  from 
each  other  we  apply  the  base  of  the  one  to  that  of  the  other 
turning  the  convexities  the  same  way,  tlie  two  surfaces  will 
cxiincide  with  each  other ;  if  they  did  not,  there  would  be  points 
in  these  surfaces  unequally  distant  from  the  centre. 

456.  CaroUary  ly.  The  centre  of  a  small  circle  and  that  of 
the  sphere  are  in  the  same  straight  line  perpendicular  to  the 
plane  of  the  small  circle. 

457.  CarMary  v.  Small  circles  are  less  according  to  their 
distance  from  the  centre  ct  the  sphere ;  for,  the  greater  the  dis- 
tance CO9  the  smaller  the  chord  AB,  the  diameter  of  the  small 
circle  AMB. 

458.  Corollary  vi.  Through  two  given  points  on  the  surface 
of  a  sphere  an  arc  of  a  great  circle  may  be  described  ;  for  the 
two  given  points  and  the  centre  of  the  sphere  determine  the 
position  of  a  plane.  K,  however,  the  two  given  points  be  the 
extremities  of  a  diameter,  these  two  points  and  the  centre  would 
be  in  a  straight  line,  and  any  number  of  great  circles  might  be 
made  to  pass  through  the  two  given  points. 

THEOREM. 

459.  In  any  spherical  triangle  ABC  {Jig.  222)  either  side  is  less  ^'^S-  ^^ 
than  the  sum  of  the  other  two. 

Demonstration.  Let  0  be  the  centre  of  the  sphere,  and  let  the 
radii  OAf  OB,  OC,  be  drawn.  If  the  planes  AOB,  AOCf  COBj 
be  supposed,  these  planes  will  form  at  the  point  O  a  solid  angle, 
and  the  angles  AOB,  AOC,  COB,  will  have  for  their  measure  the 
sides  •dJS,  ACf  BC,  of  the  sperical  triangle  ABC  (123).  But  each 
of  the  three  plane  angles,  which  form  the  solid  angle,  is  less  than 
the  sum  of  the  two  others  (356) ;  therefore  either  side  of  the 
triangle  ABC  is  less  than  the  sum  pf  the  other  two. 
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THEOREM. 

460.  The  sliorUd  way  from  one  poUd  to  awaOur  om  iht  turfaa 
of  a  spliere  is  the  arc  of  a  great  drde  'whicli  Jotiu  tke  taw  gm% 
points, 
;.  223.  Demonstration.  Let  AJfB  (Jig,  223)  be  the  arc  of  a  gmt 
circle  wliicli  joins  tlie  two  given  poiuts  A  and  B9  and  let  then 
be  without  tliis  arc,  if  it  be  possible^  a  point  JIf  of  the  ahoitest  Iim 
between  A  and  B.  Through  tlie  point  M  draw  the  area  of  gnat 
cirlcs  MAf  MB,  and  take  RN':=^MB. 

According  to  the  pi*eceding  theorem  the  arc  AJfB  ia  leea  An 
AM  +MB ;  taking  from  one  BNf  and  from  the  other  its  eqnl 
BM,  we  Hhall  have  AJ^"  <  AM.  Now  the  distance  fitNn  £  to  A 
whether  it  be  the  same  as  the  arc  BM9  or  any  other  linoy  b  eqal 
to  the  distance  fi-om  J3  to  JV*;  for,  by  supposing  the  plane  of  tk 
great  circle  BM  to  turn  about  the  diameter  passinjp  thm^gfc  A 
the  point  M  may  be  reduced  to  the  point  JV,  and  then  the  ahefftBil 
line  from  M  to  B9  whatever  it  may  be»  is  the  same  as  that  fiw 
^  to  £;  consequently  the  two  ways  from  A  to  B,  the  om 
through  M  and  tlie  other  through  JV,  have  the  part  finom  JIf  to 
B  equal  to  tliat  from  J{  to  B.  But  the  first  way  is*  by  hypolhe* 
sis»  the  shoilest ;  consequently  the  distance  from  jf  to  JIf  is  loi 
than  the  distance  from  A  to  X,  which  is  absurd,  since  the  an 
AM  is  gi-cator  than  AJ{ ;  whence  no  point  of  the  shortest  luw 
between  A  and  B  can  be  without  the  arc  AJfB ;  therefore  this 
line  is  itself  the  shortest  that  can  be  drawn  between  its  ex- 
tremities. 

THEOREM. 

461.  The  sum  of  tlie  three  sides  of  a  splierical  triangfe  if  leu 
Vian  the  circiiniference  of  a  great  cirde, 
ig.  224.  Demonstration.  Let  ABC  (Jig.  224)  be  any  spherical  triangh; 
pn)duce  the  sides  AB.  AC,  till  they  meet  again  in  D.  The  arcs 
ABD,  ACDf  will  be  tlie  semicircuniferences  of  groat  circlesy  since 
two  groat  circles  always  bisect  each  other  (454);  but  in  the 
triangle  BCD  the  side  BC<iBD+  CD  (459) ;  adding  to  eack 
AB  +  AC  we  shall  have  AB  +  AC  +  BC  <:^ABD  +  ACD9  that 
is,  less  than  ihi;  circumrcrcnce  of  a  great  circle. 
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THEOKBM* 

46S.  The  9um  €§  the  ridee  tjf  any  spAmcoI  potygan  is  less  tlian 
the  eircmnfirmee  of  a  great  drde. 

IkmonstraiUnu  Let  there  be^  for  example^  the  pentagon 
JIBCDE  {Jig.  225) ;  produce  the  sides  AB^  DC,  tiU  they  meet  ^'S-  225. 
in  F;  since  BC  is  less  than  BF+  CF,  the  perimeter  of  the 
pentagon  ABODE  is  less  than  that  of  the  quadrilateral  AEDF. 
Again  produce  the  sides  AE,  FD,  till  they  meet  in  G,  and  we 
shall  hare  ED  <  £6  +  GD ;  consequently  the  perimeter  of  tlie 
quadrilateral  ABDF  is  less  than  that  of  the  triangle  AFG ;  but 
thb  last  is  less  than  the  circumference  of  a  great  circle  (461) ; 
therefore  for  a  still  stronger  reason  the  perimeter  of  tlie  poly- 
gon ABODE  is  less  than  this  same  circumference. 

463.  SehMum.  This  proposition  is  essentially  tlie  same  as 
that  of  art.  357 ;  for  if  O  be  the  centre  of  the  sphere,  we  can 
suppose  at  the  point  O  a  solid  angle  formed  by  the  plane  angles 
AOB^  BOOf  OOD9  &c.,  and  the  sum  of  these  angles  must  be 
less  than  four  right  angles,  which  does  not  differ  from  the 
proposition  enunciated  above ;  but  the  demonstration  just  given 
is  diSsrent  from  that  of  art  357 ;  it  is  supposed  in  each  that  the 
polygon  ABODE  is  convex,  or  that  no  one  of  the  sides  produced 
vrould  cut  the  figure. 

TSEOBEM* 

464.  If  the  diameter  DE  (fig.  220)  be  drawn  perpendicular  to  rig.  230. 
the  plane  tf  the  great  circle  AMB,  the  extremities  D  and  E  of  this 
diameter  vriU  be  the  pdes  of  the  drde  AMB,  and  of  every  small 

cirde  FNG  which  is  paraUd  to  it. 

Demonstration.  DC,  being  perpendicular  to  the  plane  AMB,  U 
perpendicular  to  all  the  straight  lines  CA,  CM,  CB,  ice.  di*awn 
through  its  foot  in  this  plane  (325) ;  consequently  all  the  arcs 
DA,  DM,  DB,  &c«,  are  quarters  of  a  circumference.  The  same 
may  be  shown  with  respect  to  the  arcs  EA,  EM,  EB,  &c., 
whence  the  points  D,  E,  are  each  equally  distant  from  all  the 
points  in  the  circumference  of  the  circle  AMB ;  therefore  they 
are  the  poles  of  this  circle  (441). 

Again,  the  radius  DC,  perpendicular  to  the  plane  AMB  is 
perpendicular  to  its  parallel  /W6 ;    consequently  it  passes 
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through  the  centre  O  of  the  circle  FA'G  (456) ;  whence,  if  DF, 
£>JV,  JDG9  be  diawn^  these  oblique  lines  will  be  equally  distint 
from  tlie  ]icq)endicular  DO9  and  will  be  equal  (329).  Butt  the 
rhoi*ds  being  equal,  the  arcs  are  equal ;  consequentlj  all  the  arcs 
DFf  DXf  DGf  k.c.f  are  equal ;  therefore  the  point  D  is  the  pok 
of  the  small  circle  FA'G,  and  for  the  same  reason  the  pcMut  E  k 
tlie  other  pole. 

465.  Corollary  i.  Every  arc  DMf  drawn'fhmi  a  point  in  tte 
arc  of  a  great  cii-cle  AMB  to  its  pole,  is  the  fourth  part  of  tk 
circumference,  which  for  the  sake  of  conciseness  we  shall  calli 
quadrant;  and  this  quadrant  at  the  same  time  makes  a  right  an^ 
\vith  the  arc  ML  For  tlie  line  DC  being  petpendicular  to  dv 
plane  AMC9  every  plane  DMCf  uhich  passes  through  the  line 
JDCf  is  perpendicular  to  the  plane  AMC  (351);  therefore  tk 
angle  or  these  planes,  or,  according  to  the  definition  art.  44^, 
the  angle  AMD  is  a  right  angle. 

4G6.  Corollary  it.  In  order  to  find  the  pole  of  a  given  arc 
AM,  draw  the  indefinite  arc  MD  perpendicular  to  AM,  take  M 
equal  to  a  quadrant,  and  the  point  D  will  be  one  of  tlie  poles  ef 
the  arc  MJ);  or  rather,  draw  to  the  two  points  Af  M,  the  am 
AD,  MDn  perpendicular  each  to  AM,  the  point  of  meeting  D  o( 
these  two  arcs  will  be  the  pole  n^quii-oil. 

4Gr.  Corollary  iii.  Conversely,  if  the  distance  of  tho  point 
J)  from  each  of  the  points  A,  M,  is  equal  to  a  quadrant,  wesa; 
that  the  point  D  will  be  the  pole  of  tlie  arc  AM,  and  that^  at  tlte 
same  time,  the  angles  DAM,  AMD,  will  be  right  angles. 

For,  let  C  be  the  centre  of  the  sphere,  and  let  the  radii  U 
CD,  CM,  be  drawn.  Since  the  angles  ACD,  MOD,  are  rigU 
angles,  the  line  CD  is  pei*pendicular  to  the  two  straight  linn 
CA,  CM;  whence  it  is  perpendicular  to  their  plane  (325)  ;  thcrf- 
fore  the  point  D  is  the  ])olc  of  tlie  arc  AM ;  and  consequentlj 
the  angles  DAM,  AMD^  are  right  angles. 

4GB.  Scholmm.  By  means  of  poles,  arcs  may  be  traced  upon 
the  surface  of  a  sphere  as  easily  as  upon  a  plane  surface.  We 
see,  for  example,  that  by  turning  the  arc  DF,  or  any  other  liar 
of  the  same  extent  about  the  point  D,  the  extremity  F  will  des- 
cribe the  small  circle  FJVG;  and,  by  turning  the  quadrant  DFJ 
about  the  {mint  D,  the  extremity  A  will  describe  the  arc  of  a 
grcat  circle  AM. 
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If  the  are  Mt  is  to  be  produced,  or  if  only  the  points  Jl^  Mf 
are  given^  through  which  this  arc  is  to  pass^  we  determine,  in 
the  first  place,  the  pole  D  by  the  intersection  of  two  arcs  des- 
cribed from  the  points  J,  Jtf^  as  centres  with  an  extent  equal  to 
a  quadrant.  The  pole  D  being  found,  we  describe  from  the 
point  J9,  as  a  centre,  and  with  the  same  extent,  the  arc  JtMov  the 
continuation  of  it* 

If  it  is  required  to  let  fall  a  perpendicular  from  a  given  point 
F  upon  a  given  arc  AM9  we  jntnluce  this  arc  to  8*,  so  that  the 
distance  F8  shall  be  equal  to  a  quadrant ;  then  from  the  pole  8 
and  with  the  distance  T8  we  describe  die  arc  FM9  which  will  be 
the  perpendicular  arc  required. 

THBOKEM.  ^  «^  ^ 

469.  Every  plane  perpendicular  to  the  radius  at  its  eoetremity  is 
a  tangent  to  the  sphere. 

Demonstratum.  Let  FAO  he  a  plane  perpendicular  to  the 
radius  AO  at  its  extremity ;  if  we  take  any  point  M  in  this  plane 
and  join  OMf  JIM9  the  angle  OMt  will  be  a  right  angle,  and 
thus  tlie  distance  OM  will  be  greater  than  OA ;  consequently  the 
point  M  Is  without  the  sphere ;  and,  as  the  same  might  be  shown 
with  respect  to  every  other  [loint  of  the  piano  FAQ^  it  follows  *• 
that  this  plane  has  only  tlie  point  A  in  common  with  the  surface 
of  the  sphere ;  tlicrcfctre  it  is  a  tangent  to  this  surface  (440). 

470.  Schciinm.  it  may  be  shown,  in  like  manner,  that  two 
spheres  have  only  one  point  common,  and  are  consequently 
tangents  to  each  other,  when  the  distance  of  their  centres  is  etjual 
to  the  sum  or  to  the  difference  of  their  radii ;  in  this  case  the 
centres  and  the  point  of  contact  are  in  the  same  straight  line* 

THEOUEH. 

471.  The  angle  BAG  (fig.  226),  which  two  arcs  of  great  circles  F\g.  33< 
make  with  each  other,  is  equal  ta  the  angle  FAG  farmed  hy  the 
tangents  of  these  arcs  at  the  point  A;  it  lias  also  for  its  measfiire  the 

arc  D£,  described  from  the  point  A  as  a  paic,  and  comprehended 
between  the  sides  AB,  AC,  prodxuxd  if  necessary. 

Demonstratian.  For  the  tangent  AF^  drawn  in  the  plane  of 
the  arc  ABf  is  perpendicular  to  the  radius  AG  (MO)  ;  and  the 
tangent  AOp  drawn  in  the  plane  of  the  arc  AC,  is  perpendicular 

21 
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to  the  same  radius  ^O ;  therefore  the  angle  FJO  is  equal  to  the 

atij^le  of  tlie  plaim  OAB9  OAC  (S49)f  which  is  that  of  tlie  arcs  ABf 

M9  and  which  is  designated  by  BJC, 

In  lilLe  manner,  if  the  arc  AD  is  equal  to  a  quadranty  and  aha 

AEf  the  lines  ODf  OEf  will  bo  perpendicular  to  JiOf  and  the 

angle  DOE  will  be  equal  to  the  angle  of  the  planes  JiOD,  JiOE; 

therefore  the  arc  DE  is  the  measure  of  the  angle  of  these  plam% 

or  the  measure  of  the  angle  CJIB. 
4rs.  Corollary.    The  angles  of  spherical  triangles  may  he 

compared  with  each  otiicr  by  means  pf  the  arcs  of  great  circkif 

describe-fl  from  their  vertices  as  poles  and  com^ehended  between 

their  sides;  thus  it  is  easy  to  maite  an  angle  equal  to  a  givea 

angle. 
^  iflt*    ^^^*  Sdidinm.     The  angles  opposite  to  each  ofher  at  the 
^'        vertex,  as  JCOf  BCJ^T^  are  equal ;  for  each  is  equal  to  the  anf^ 

formed  by  the  two  planes  ACB^  OCJV(350). 
It  will  be  perceived  also  that  in  the  meeting  of  two  arcs  ACB, 

OCJ^f  the  two  adjacent  angles  JiCO,  OCB,  taken  together,  aic 

equal  to  two  right  angles. 

THEOREM. 

•"ig.ier.  474.  T!ie  triangle  ABC  (fig.  207)  being  given,  if  from  flr 
points  A9  B,  C..  as  poles,  the  arcs  EF,  FD,  DE,  be  dexrOd 
fmnning  the  triangle  DEF,  reciprocally  tlie  paints  D,  E,  F,  iciff  k 
the  poles  of  the  sides  BC,  AC,  AB, 

Demonstration.  The  point  Jl  being  the  pole  of  the  arc  BF,  the 
distaDco  JIE  is  a  quadrant ;  the  point  C  being  tlic  pole  of  the 
arc  DE,  the  distance  CE  is  likewise  a  quadrant ;  consequently 
tlie  point  E  is  distant  a  quadrant  from  each  of  the  points  jft  C; 
therefore  it  is  the  jwlc  of  the  arc  JIC  (467).  It  may  be  shown, 
in  the  same  manlier^  that  D  is  the  pole  of  tiie  arc  BC,  and  F  that 
of  the  arc  Ali. 

475.  Ctn-oUanj.  Ilonce  tlie  triangle  ABC  may  be  described 
by  means  of  DEF,  us  DEF  is  described  by  means  of  JiBC. 

TIIEOKEM. 

47G.  The  same  things  ttcing  snpposcd  as  in  the  preceding  ilieorem, 

i-ij;.  227.  each  angle  of  one  if  the  triangles  ABC.  DEF  (fig.  227),  icUl  Aarf 

/ijr  its  meamirc  a  scinici  reins  for  en  ce  minus  the  side  opposite  in  thr 

other  tntnglc. 
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Iknumahntbm.  Let  the  sides  JB9  Mf  be  produced,  if  neces- 
sary, till  they  meet  BF  in  O  and  H;  since  the  point  .d  is  the 
pole  of  the  arc  OB,  the  angle  Ji  will  have  for  its  measure  the 
arc  OEL  Bat  the  arc  Eil  is  a  quadrant,  as  also  OF,  since  B  is 
the  pda  of  JiH,  and  F  the  pole  of  JiO  (465) ;  consequently 
EH+  OF  is  equal  to  a  semicircumference.  But  EH+  OF  is 
the  same  as  SF  +  OH;  therefore  the  arc  OH,  which  measures 
the  angle  J,  is  equal  to  a  semicircumference  minus  the  side  EF; 
likewise  the  angle  B  has  for  its  measure  ^  circ  —  DF,  and  the 
angle  C  ^  cire,  —  HJS. 

This  property  must  be  reciprocal  between  the  two  triangles^ 
since  they  are  described  in  the  same  manner,  the  one  by  means 
of  the  other.  Thus  we  shall  find  that  the  angles  D,  E,  F,  of  the 
triangle  DBF  have  for  their  measure  respectively  ^  arc  —  BC, 
1  arc  —  JC,  ^  arc  -»  JiB.  Indeed,  the  angle  D,  for  example, 
has  for  its  measure  the  arc  MI;  but 

MI+BC=zMC  +  BI=z^circ; 
therefore  the  arc  MI,  the  measure  of  the  angle  J9,  =  ^  arc — BC, 
and  so  of  the  others* 

47T,  Scholium.  It  may  be  remarked  that,  beside  the  triangle 
DBF,  throe  others  may  be  formed  by  the  intersection  of  the  three 
arcs  DE,  EF,  BF.  But  the  pn^osition  iq>plies  only  to  the 
central  tdangle,  which  is  distinguished  from  the  three  others  by 
tliis,  that  the  two  angles  A,  D,  are  situated  on  the  same  side  of 
BC,  the  two  B,  E,  on  the  same  side  of  AC,  and  the  two  C,  F,  on 
the  same  side  of  AB. 

Different  names  arc  given  to  the  triangles  JkBCt  DBF;  we 
shall  call  tliem  ]folar  trianglei. 

ImS  a  Jjf  a* 

478.  The  triangle  ABC  (fig.  229)  hang  given,  iffrem  thepolev\g.  23R 
A  and  with  the  distance  AC  an  arc  (fa  imatt  drde  DEC  he 
described,  tftdsofrom  the  pole  B  and  reith  the  distanee  BC  the  arc 
DFC  he  desaihed,  and  from  the  point  D  where  the  arcs  DEC, 
DFC,  cut  each  other,  thearcs  tf  great  drdes  AD,  DB,  be  drawn; 
Tve  say  that  of  the  triangle  ADB  thus  farmed  the  parts  will  be 
equal  to  those  of  the  triangle  ACB* 

Demonstration.  For,  by  construction  the  side  AD  =  AC, 
DB  =  BC,  and  AB  is  common ;  therefqiie  the  two  triangles  will 
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have  tlie  sides  eqiialf  each  to  each.    We  say  moreovery  thai  tin 
angles  oppiisitc  to  the  equal  sides  are  equaL 

Indeed,  if  the  centre  of  the  sphere  be  supposed  in  O,  we  can 
suppose  a  solid  angle  formed  at  the  point  0  by  the  three  phie 
angles  JiOBf  AOCt  BOC;  we  can  suppose  likewise  a  secosd 
solid  angle  formed  by  the  three  plane  angles  dOB,  JlODf  BOA 
And  since  the  sides  of  the  triangle  dBC  are  equal  to  those  of  tb 
triangle  ADBf  it  follows  that  the  plane  angles,  which  form  on 
of  the  solid  angles,  are  et^ual  to  the  plane  angles  which  form  tk 
other  solid  angle,  each  to  each.  But  the  planes  of  any  two 
angles  in  tlie  one  solid  have  the  same  inclination  to  each  othr 
as  the  idanes  of  the  homologous  angles  in  the  other  (359) ;  coi- 
ser|ucntly  the  angles  of  the  spherical  triangle  DjSB  are  equal  ti 
those  of  the  triangle  C^fT,  namely,  D^B^BJiC,  DBdtsiCBJt 
and  JOB  =  *9CB ;  thcrafore  the  sides  and  the  angles  of  thi 
trian,^le  JOB  are  ecjuai  to  the  sides  and  angles  of  the  trtan^ 
JICB. 

479.  Scholium.  The  equality  of  these  triangles  does  m( 
depend  upon  an  absolute  equality,  or  equality  by  superpositiiiii 
for  it  would  be  impossible  to  make  tliem  coincide  by  ^ipljiBg 
the  one  to  the  other,  at  least  except  they  should  happen  to  bi 
isosceles.  The  equality  then  under  consideration  is  that  whicb 
we  have  already  called  equality  by  symmetry,  and  for  this  resMi 
we  shall  call  the  triangles  JiCB,  JiDB,  symmetrical  Manxes. 

THEOREM. 

480.  Ttvo  triangles  situated  on  the  same  sphere,  or  on  efnd 
spheres,  are  equal  in  all  their  parts,  when  two  sides  and  the  tacMsi 
anisic  of  the  one  are  equal  to  two  sides  and  the  included  an^  (f 
the  other,  each  to  each. 

iQ.  230.  Demonstration.  Let  tlie  side  JB  =  EF  (fg.  230),  the  side 
.4C  =  EG,  and  the  angle  B.aC  =  FEO,  the  triangle  EFO  can  be 
placed  upon  the  ti*iaiiglc  JBC,  or  upon  the  triangle  symmetrical 
with  it  .SBD,  in  the  same  manner  as  two  plane  triangles  ut 
applied,  when  they  have  two  sides  and  the  included  angle  of  the 
one  respectively  equal  to  two  sides  smd  the  included  angle  of  the 
other  (.36).  Therefoi^e  ail  the  parts  of  the  ti'iangic  EFG  will  be 
erjiial  to  tliose  of  the  triun^Ic  .^BCf  that  is,  beside  the  three  parts 
whirh  were  supposed  equal  wc  shall  have  the  side  BC  =  FG^  the 
angle  JBC  =  EFG,  and  the  aiiglo  JCB  =  EGF. 
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THEOBBM. 

481.  Two  triangles  situated  an  the  same  sphere,  or  on  equal 
spheres,  are  equal  in  all  their  parts,  when  a  side  and  the  two 
adjacent  angles  of  the  one  are  equal  tp  a  side  and  the  two  adjacent 
angles  of  the  other,  each  to  each. 

Demonstration.  For  one  of  tliese  triangles  may  be  applidd  to 
the  other  as  lias  been  done  in  the  analogous  case  of  plane  trian- 
gles (38). 

THEOBEM. 

482.  Jff  two  triangles  situated  on  the  same  sphere,  or  on  equal 
spheres,  are  equilateral  with  respect  to  each  other,  they  wiU  also  be 
equiangular  with  respect  to  each  other,  and  the  equal  angles  will  be 
opposite  to  equal  sides. 

Demonstration.  This  proposition  is  manifest  from  the  rea- 
soning pursued  in  art.  478,  by  which  it  is  shown  that  with  three 
given  sides  ABf  AC,  BC,  only  two  triangles  can  be  constructed, 
differing  as  to  the  position  of  their  parts,  but  equal  as  to  the 
magnitude  of  these  parts.  Therefore  two  triangles,  which  are 
equilateral  with  respect  to  each  other,  are  cither  absolutely  equals 
or  at  least  equal  by  symmetry ;  in  either  case  they  are  equian- 
gular with  respect  to  each  other  and  the  equal  angles  are  oppo- 
site to  equal  sides. 

THEOBEM. 

483.  In  every  isosceles  spfierical  triangle  the  angles  opposite  to 
the  equal  sides  are  equal ;  and  conversely,  if  two  angles  of  a  sphe- 
rical triangle  are  equal,  the  triangle  is  isosceles. 

Demonstration.  1.  Let  AB  be  equal  JiC  (Jig.  231);  we  say  Fig.  SSI. 
that  the  angle  C  wQl  be  equal  to  the  angle  B.  For,  if  from  the 
vertex  A  the  arc  AD  be  drawn  to  the  middle  of  the  base,  the  two 
triangles  ABD,  ADC,  will  have  the  three  sides  of  the  one  equal 
to  the  three  sides  of  the  other,  each  to  each,  namely,  AD  com- 
mon, BD  =  DC,  AB  =  AC;  consequently,  by  the  preceding 
theorem,  the  two  triangles  will  have  their  homologous  angles 
equal,  therefore  B=C. 

2.  Let  the  angle  B  be  equal  to  C;  we  say  that  AB  will  be 
equal  to  AC.    For,  if  the  side  AB  is  not  eiiual  to  AC,  let  AB  be 
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the  greater ;  take  BO  =  jf  C»  and  join  OC.  The  two  siAes  BO, 
BC9  are  equal  to  the  two  Mf  BC ;  and  the  angle  OBC  contaimi 
by  the  first  is  equal  to  the  angle  ^CB  contained  by  the  aeconi 
Consequently  the  two  triangles  have  their  other  parts  equil 
(480),  namely,  OCB  =  JlBC ;  but  the  angle  ABC  is,  by  bypotb^ 
sis,  equal  to  JiCB;  whence  OCB  is  equal  to  JStCB,  which  b 
impossible ;  J31B  then  cannot  be  supiiosed  unequal  to  JiC;  there- 
fore the  sides  JiB,  AC,  opposite  to  the  equal  angles  Bf  C,  ire 
equal. 

484.  Scholium.  It  is  evident,  from  the  same  demonstratioi^ 
that  tlie  angle  BAD  =  DAC,  and  the  angle  BDA  =  ADC.  Gn- 
sequently  the  two  last  are  right  angles ;  therefore^  the  are  dram 
from  the  vertex  of  an  isosceles  spherical  triangle  to  the  middle  of  A 
basBf  is  perpendicular  to  this  base,  and  dividei  the  angle  etppeA 
into  two  equal  parts. 

tueohem. 

Fig.  333.  485.  In  any  spherical  triangle  ABC  (fig.  232),  ^  the  an^k 
is  greater  than  the  angle  B,  the  side  BC  opposite  to  the  erngk  1 
will  be  greater  than  the  side  AC  opposite  to  the  angle  B  ;  amversiji 
if  the  side  BC  is  greater  than  AC,  the  angle  A  rcUl  begreatertlm 
the  angle  B. 

Demonstration.  1.  Let  the  angle  A'^B;  make  the  aaj^ 
BAD  =  B,  and  we  shall  have  AD  =  DB  (483) ;  but 

AD+DC^AC; 
in  the  place  otAD  substitute  DB,  and  we  shall  have  DB  +DC 
or  BC  >  AC. 

2.  If  we  suppose  BC  >  AC,  wc  say  that  the  angle  BAC  wil 
be  greater  ABC.  For,  if  BAC  were  equal  to  ABC,  we  shouM 
have  BC  =  AC ;  and  if  BAC  wei*e  less  than  ABC,  it  would  follov, 
according  to  what  has  just  been  demonstrated,  that  BC^Mt 
which  is  contrary  to  the  suppusitionj  therefore  the  angle  BJCis 
greater  than  AUG. 

TliUORCM. 

yig  333.  486.  If  the  two  sides  AB,  AC  (fifi;.  233),  of  the  spAmcfiZ  trisM^ 
gle  ABC  are  equal  to  the  two  sides  DK,  DF,  of  the  triangle  DEF 
described  upon  an  equal  .sphere,  if  at  the  same  time  the  an^  A  ti 
greater  than  the  angle  D,  we  say  that  the  third  side  BC  tfthejlnt 
triangle  will  be  greater  than  the  third  side  EF  of  the  secondm 
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Tlie  demoDfltration  of  this  proposition  is  entirely  similar  to 
that  of  art  42. 


THEOREM. 

487.  If  two  triangles  described  upon  the  same  sphere  or  upon 
equal  spheres  are  equiangular  with  respect  to  each  other,  they  will 
also  be  equilateral  with  respect  to  each  other. 

Demonstration,  het  A,  B,  be  the  two  given  triangles,  P,  Q, 
their  polar  triangles.  Since  the  angles  ai-e  equal  in  the  trian- 
gles J,  B,  the  sides  will  be  equal  in  the  polar  triangles  P,  ^ 
(476) ;  but,  since  the  triangles  P,  Q,  are  equilateral  with 
respect  to  each  other,  they  are  also  equiangular  with  respect  to 
each  other  (482) ;  and,  the  angles  being  equal  in  the  triangles 
P,  Q,  it  follows  that  the  sides  are  equal  in  their  polar  triangles 
JI9  B.  Therefore  the  triangles  Jif  B,  which  are  equiangular  with 
respect  to  each  other,  are  at  the  same  time  equilateral  with  res- 
pect to  each  other. 

Tliis  proposition  may  bo  demonstrated  without  making  use  of 
polar  triangles  in  the  following  manner. 

Let  ABC9  DEF(Jig.  234),  be  two  triangles  equiangular  withFiff-234( 
respex;t  to  each  other,  having  A:=iD,B:=E,  C  =  F;  we  say 
that  the  sides  will  be  equal,  namely,  JiB  =  DE,  AC  =  DF, 
BC=EF. 

Produce  jf B,  AC,  making  AG  =  DE,  AH=  DF ;  join  GH^ 
and  produce  the  arcs  BC^  GH^  till  they  meet  in  /  and  K. 

The  two  sides  AG,  AH9  are,  by  construction,  equal  to  the  two 
DF,  DE,  the  included  angle  GAU—  BAC=:EDFf  consequently 
the  triangles  AGE,  DEF,  are  equal  in  all  their  parts  (480) ; 
therefore  AGn=  DEF:=:  ABC9  and  the  angle 

AHG  =  DFE  =  ACB. 

In  the  triangles  IBG,  KBG^  the  side  BG  is  common,  and  the 
angle  IBG  =  GBK*,  and,  since  IGB  4-  BGK'xh  equal  to  two  right 
angles,  as  also  GBK + IBG^  it  follows  that  BGK  =  IBG.  Conse- 
quently  the  triangles  IBG,  GBK,  are  equal  (481)  ',  tlici-efore 
/&  =  ££*,  and /i7=  GK. 

In  like  maimer,  since  the  angle  AHG  =:  ACB^  the  triangles 
ICHf  HCK,  have  a  side  and  the  two  adjacent  angles  of  the  one 
respectively  equal  to  a  side  and  the  t\^o  udjaccnt  angles  of  the 
other ;  ronsequeiilly  titcy  arc  equal :  therefoi'e  ///  =  CK^  and 
HK-IC. 
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Now,  if  Imra  tlic  equals  BIC^  IG,  we  Uikc  the  c>qiials  CK9 IH. 
llic  rcmaindei's  BC9  Glf^  will  be  equal.  Besides  the  anj^ 
nCd  =  MIG,  and  the  angle  .iBC  =  JGIL  Whence  the  triangles 
.7/;C7*  ^SflGf  liave  a  side  and  the  two  adjacent  angles  of  the  m 
rch^pcctivcly  equal  tf>  a  side  and  the  two  adjacent  anp^ies  of  tk 
other;  consequently  they  are  equah  But  the  triangle  I/£F is 
equal  in  all  its  parts  to  tiie  triangle  *iUG ;  therefore  it  is  al»i 
equal  to  the  triangle  JlBC,  and  we  siiall  have  JB  =,  DEy  AC  —  Bh 
BC:=EF;  hcnccy  if  two  spherical  triangles  are  equiangulir 
with  respect  to  eat  h  Oihcr,  tiie  sides  opposite  to  tlie  equal  angles 
will  br  eijJii-.l. 

46S.  iSutouum.  This  proposition  docs  not  hold  true  witii 
regard  to  plane  triangles,  in  wliich  from  the  equality  of  the  an^le 
we  can  only  infer  the  propoilionality  of  the  sides.  But  ills 
easy  to  account  for  the  difference  in  this  respect  between  {iboe 
and  spherical  triangles.  In  the  pi*esent  proposition  as  well  as 
those  of  articles  480, 481, 48^2, 486,  which  relaie  to  a  coniparisoi 
of  triangles,  it  is  said  expressly  that  the  triangles  are  descriM  j 
upon  the  same  spheix'  or  upon  ef|ual  spheres.  Now  similar  arcs  ' 
ai-e  pi*oportiotial  to  their  radii ;  consequently  upon  equal  spheres 
two  triangles  cannot  be  similar  without  being  equal.  It  is  nut 
therefore  surprising  that  equality  of  angles  should  imply  equality 
of  sides. 

It  would  be  otherwise,  if  the  triangles  were  described  upwi 
unequal  spheres ;  then,  the  angles  being  equal,  the  triangles  would 
be  similar,  and  the  hoinoh)gous  sides  would  be  to  each  other  aj* 
the  radii  of  the  spheres. 


TUEOREM. 

489.  The  sum  of  the  angles  of  every  spherical  iriangte  u  li*^ 
than  si.v  and  greater  than  fxvo  right  angles. 

Demonstration.  1.  Each  angle  of  a  spherical  triang^le  is  Ie»  j 
than  two  right  angles  (^sec  the  foUoivmg  scholiuvi)  ;  therefore  tk  j 
sum  of  the  three  angles  is  less  than  six  right  angles.  1 

"Z.  TUq  measure  of  each  angle  of  a  spherical  triangle  iseqiul 
to  the  semicircnmference  minus  the  corresponding  side  of  tk  j 
pc»lar  triaiJt'Je  (470) :  therefore  the  sum  of  the  three  angles  hi:  I 
for  its  mi*a-4iie  tijroe  semicireumferences  minus  the  sum  o(  l^ 
^•(li's   i.i"  thi*  Tolar  tria;:jr^*.     Non-  this  la^t  sum  is  less  than  a  ' 


\ 


Of  the  Sphere.  169 

circumference  (461) ;  consequeatly^  by  subtracting  it  from  three 
aemicirciimferences  the  remainder  will  be  greater  than  a  semi-  v 
circumferencCf  which  is  the  measure  of  two  right  angles ;  there- 
fore the  sum  of  the  three  angles  of  a  sphei*ical  triangle  is  greater 
than  two  right  angles. 

490.  Corollary  u  The  sum  of  the  angles  of  a  spherical  trian- 
gle is  not  constant  lilce  that  of  a  plane  triangle ;  it  varies  from 
two  right  angles  to  six,  without  the  possibility  of  being  equal  to 
eitlier  limit.  Thus,  two  angles  being  given,  we  cannot  thence 
determine  the  third. 

491.  Corollary  ii.  A  spherical  triangle  may  have  two  or 
three  right  angles,  also  two  or  three  obtuse  angles. 

If  the  triangle  ABC  (Jig.  235)  has  two  riglit  angles  B  and  C,  pi^.  355 
the  vertex  J  will  be  the  pole  of  the  base  BC  (467) ;  and  the  sides 
JiBf  M,  will  be  quadrants. 

If  the  angle  Ji  also  is  a  right  angle,  the  triangle  ABC  will  have 
all  its  angles  right  angles,  and  all  its  sides  quadrants*  The  tri- 
angle having  three  right  angles  is  contained  eight  times  in  the 
surface  of  the  sphere ;  this  is  evident  from  figure  236,  if  we 
suppose  the  arc  »YfJV*  equal  to  a  quadrant. 

492.  Scholium.  We  have  supposed  in  all  that  precedes*  con- 
formably to  the  definition  art.  442,  that  spherical  triangles  always 
have  their  sides  less  each  than  a  semicircumference ;  then  it 
follows  that  the  angles  are  always  less  than  two  right  angles. 

For  the  side  AB  (Jig.  224)  is  less  than  a  semicircumference  as  Fig.  23<( 
also  AC;  these  arcs  must  botli  be  produced  in  order  to  meet  in 
D.    Now  the  two  angles  ABC^  CBD9  taken  together,  are  equal 
to  two  right  angles ;  therefore  the  angle  ABC  is  by  itself  less 
than  two  right  angles. 

We  will  remark,  however,  that  there  are  spherical  triangles 
of  which  certain  sides  are  greater  than  a  semicircumference,  and 
certain  angles  greater  than  two  right  angles.  For,  if  we  pro- 
duce the  side  AC  till  it  becomes  an  entire  circumference  ACE, 
what  remains,  after  taking  from  the  surface  of  the  hemisphere 
the  triangle  ABC,  is  a  new  triangle,  which  may  also  be  desig- 
nated by  ABC,  and  tlie  sides  of  which  are  AB,  BC,  AEDC.  We 
see  then,  that  the  side  AEDC  is  greater  than  the  semicircumfer- 
ence AED I  but,  at  the  same  time,  the  oppasite  angle  B  exceeds  ^ 
two  right  angles  by  the  quantity  CBI). 

22 
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Besidesi  if  we  exclude  from  the  definition  triftiiglesy  tlie  Bite 
and  angles  of  wbicli  are  so  great,  it  is  because  the  resolutioii  of 
thorn,  or  the  determination  of  their  parts,  reduces  itself  always  to 
that  of  triangles  c<intained  in  the  definition.  Indeed,  it  will  be 
n'adily  |>crceived,  that  if  we  know  the  angles  and  sides  of  tk 
triangle  JBC^  we  shall  know  imniediatdy  the  angles  and  sides  of 
the  triangle  of  the  same  name,  which  is  the  remainder  of  tiM 
surface  of  the  hemisphere. 

TII£OBEM. 

ig.  236.  493.  Hie  Unary  surface  AMBNA  (fig.  236)  i$  to  the  surfaee  tf 
the  sphere  as  tlie  angle  MAN  ofUiis  surface  is  to  four  right  angfih 
or  as  tlie  arc  MN,  ivhich  measures  this  angle,  is  to  the  drcumfmMOU 
Demonstration.  Let  us  suppose  in  the  first  place,  that  the  aic 
JiLVis  to  the  circumference  MYF^  in  the  ratio  of  two  eatire 
numbers,  as  5  to  48,  for  example*  Tlie  circumference  MMTH 
may  be  divided  into  48  c<]ual  parts,  of  ^  hich  MJC  will  contain  5  ,* 
then  joining  the  ]K>le  Ji  and  the  points  of  division  by  as  many 
quadrants*  wc  shall  have  48  triangles  in  the  surface  uf  the  hen- 
ispherc  MlXPf^f  wiiich  will  be  equal  among  themselves,  siocc 
they  have  all  their  parts  equal.  The  entire  sphere  then  will 
contain  96  of  these  partial  tiiangles,  and  the  lunary  surface 
JiMILWfl  will  contain  10  of  thom ;  therefore  the  lunary  surface 
is  to  that  of  the  sphere  as  10  Ls  to  96,  or  as  5  is  to  48^  that  is,  as 
the  arc  .VwVis  to  tlic  circumference. 

If  the  arc  ^lAVis  not  commensurable  with  the  circumferencfi 
it  may  be  sliown  by  a  course  of  reasoning,  of  which  we  have 
already  had  many  examples,  that  tlic  lunary  surface  is  alwajs 
to  that  of  the  sphere  as  the  ai*c  JLYxh  to  the  cijcumference, 

494.  Corollary  i.  Two  lunary  surfaces  are  to  each  other  as 
their  respective  angles. 

495.  Cordlcry  ii.  V^c  have  already  seen  that  tlie  entire 
surface  of  tlie  .sphere  is  equal  to  eight  triar;gles  having  each 
three  right  angles  (491);  consequently,  if  the  area  of  one  of 
these  triangles  be  taken  for  unity,  the  surface  of  the  sphere 
>\ill  he  represented  hy  eight.  This  being  supposed,  the  lu- 
nar; surface,  of  whidi  the  aiigle  is  Jl,  will  be  expi'essed  by  SJ, 
the  angie  Jl  being  estiinated  by  taking  the  right  angle  for  unity; 
•uT  wc  iiave  mi :  S  :  :  J  :  4.     lleic  are  then  two  kinds  f)f  units : 
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one  for  angleB,  this  is  the  right  angle ;  the  other  for  surfaces, 
this  is  the  spherical  trtangLe,  of  which  all  the  angles  are  right 
angles  and  the  sides  quadrants. 

496.  Sdutiunu  The  spherical  wedge  comprehended  by  the 
planes  MiB,  MTBf  is  to  the  entire  sphere,  as  the  angle  .d  is  to  four 
right  angles.  For  tlie  lunary  surfaces  being  equal,  the  spherical 
wedges  will  also  be  equal ;  therefore  two  spherical  wedges  are 
to  each  other  as  the  angles  formed  by  the  planes  which  compre- 
hend them. 

THEOREM. 

I 

49r.  Two  syinmetricdl  spherical  triangles  are  equal  in  surface. 

Demonstration.    Let  ^BC^  DBF  (Jig.  237),  be  two  symmetri-  Fig.  2 
cal  triangles,  that  is  two  triangles  which  have  their  sides  equal, 
namely,  JiB=:DE,  M^  DF,  CB=:EF,  and  which  at  the  same 
time  do  not  admit  of  being  applied  the  one  to  the  other ;  we  say 
that  the  surface  JIBC  is  equal  to  the  surface  DEF. 

Let  F  be  the  pole  of  the  small  circle  which  passes  through  the 
three  points  jf,  B,  C* ;  from  this  point  draw  the  equal  arcs  PJl, 
PB,  PC  (464) ;  at  the  point  F  make  the  angle  DFq  =  MP,  tlie 
arc  Fq  =  CP,  and  join  Dq,  Eq. 

The  sides  DF,  Fq^  are  equal  to  tlic  sides  JiC,  CP ;  the  angle 
DFq=:JICP;  consequently  the  two  triangles  DFq^  MP,  are 
equal  in  all  their  parts  (480) ;  therefore  the  side  Dq  =  JIP,  and 
the  angle  DqF^APC. 

In  the  proposed  triangles  DFE^  ABC^  the  angles  DFEf  ACB, 
opposite  to  the  equal  sides  DEf  JiB,  being  equal  (481),  if  we 
subtract  from  them  the  angles  Z^F^,  JiCPt  equal,  by  construc- 
tion, there  will  remiun  the  an^e  qFB  equal  to  PCB.  More- 
over the  sides  ^F,  FE,  are  equal  to  the  sides  PC,  CB ;  conse- 
quently the  two  triangles  FQE,  CFH,  are  equal  in  al!  their 
parts ;  therefore  the  side  qE  =  PB,  and  the  angle  FqE  —  CPB. 

If  we  observe  now  that  the  triangles  DFq^  MP,  which  have 
the  sides  equal  each  to  each,  are  at  the  same  time  isosceles,  we 


*  The  circle,  which  passes  through  the  tliree  points  A^  By  C,  or 
which  is  circumscribed  about  the  triangle  ABC^  can  only  be  a  small 
Circle  of  the  sphere ;  for,  if  it  were  a  great  one,  the  three  sides  AB^ 
BCy  ACj  would  be  situated  in  the  same  plane,  and  the  triangle  ABC 
\i^u1d  be  reduced  to  one  of  its  sides. 
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flhall  pepreive  that  they  may  bo  applied  the  one  to  the  other; 
for,  having  placed  PJ  upon  its  equal  QF,  the  side  PC  will  M 
upon  its  equal  ^/i*  and  thus  the  two  triangles  wUl  Cfrincide; 
consequently  they  are  equal*  and  the  suriace  D^P^s  JiPC*  For 
a  Rimilar  reason  the  surracc  F^E  =  CPB,  and  tiie  sarfKt 
I)HE:=:  JPB ;  we  have  accordingly 

nqF  +  FqE — nqE  =  apc  +  cpb — jipb,  op  dsf = jbci 

therefore  the  two  symmetrical  triangles  JBC9  DBF,  are  equal 
in  surface. 

498.  Scholium.  The  poles  P  and  Q  may  be  situated  withia 
tlie  triangles  JBC9  DEF ;  then  it  would  be  necessary  to  add  tk 
three  triangles  IJqF^  FqE,  DqE,  in  order  to  obtain  the  triangle 
DEFf  and  also  the  three  triangles  dPCf  CPB,  ATB^  in  order  to 
obtain  the  triangle  ABC.  In  other  i*espects  the  demonstratfaM 
would  always  be  the  same  and  the  conclusion  the  same. 

THEOBEM. 

ig.  238.  499.  IS\v)o  great  cirdes  AOB,  COD  (fig.  238),  cut  each  oOer 
in  any  manner  in  the  surface  of  a  hemisphere  AOCBD9  the  swm^ 
the  opposite  triangles  AOC,  BOD,  will  be  equal  to  the  fataari 
surface  of  which  the  angle  is  BOD. 

Deminstration.  By  producing  the  arcs  OB,  OB,  into  the  sor- 
face  of  the  other  hemisphere  till  they  meet  in  ^,  OBM*  will  be  a 
ficmirircumference  as  well  as  JiOB\  taking  fi*om  each  OBfUt 
shall  have  BJ\'*=:AO.  For  a  similar  reason  DJ>r=.CO,  and 
BD  z=  AC;  consequently  the  two  triangles  AOC,  BDM\  have tlie 
three  sides  of  the  one  equal  i*espectively  to  the  three  sides  of  the 
otiier;  moreover,  their  iM>sition  is  such  that  they  are  syramctri* 
cal ;  therefore  (hey  are  equal  in  surface  (496),  and  the  sum  of 
the  triangles  AOC^  BOD,  is  equivalent  to  the  lunary  surface 
OBXnih  of  which  tlic  angle  is  BOB. 

500.  Scholium.  It  is  evident  also  that  the  two  spherical  pyn- 
mids  whicii  have  for  their  bases  the  triangles  AOC,  BOD,  taken 
to,ij;ethery  are  cf|ual  to  the  spherical  wedge  of  which  tlie  angle  if 
BOD. 

THKOUEM. 

501.  The  surface  of  a  spherical  triangle  has  for  its  measure  the 
exceas  rf  the  sum  of  the  three  angles  over  two  right  angles. 
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DemMgtraHon.  Let  ABC  (Jig.  2S9)  be  the  triangle  proposed ;  Fig.  23 
produce  the  sides  till  they  meet  the  great  circle  DEFG  drawn 
at  pleasure  without  the  triangle.  By  tlie  preceding  theorem  the 
two  triangles  ADE,  AGH9  taken  together,  are  equal  to  the 
lunary  surface  of  which  the  angle  is  A9  and  which  has  for  its 
measure  £.4  (495) ;  thus  we  shall  have  ADE+AGH=z  2A ;  for 
a  similar  reason  BGF  +  BID  =  £jB,  CIH  +  CFE  =  2C.  But 
the  sum  of  these  six  triangles  exceeds  the  surface  of  a  hemis- 
phere by  twice  the  triangle  ABC ;  moreover  the  surface  of  a 
hemisphere  is  I'epresented  by  4 ;  consequently  the  double  of 
the  triangle  ABC  is  equal  to  2A  +  ZB+2C  —  4)  and  conse- 
quently ABC  =  A+B  +  C — 2;  tlierefore  every  spherical  trian- 
gle has  for  its  measure  the  sum  of  its  angles  minus  two  right 
angles. 

502.  Corollary  i.  The  proposed  triangle  will  contain  as  many 
triangles  of  three  right  angles,  or  eighths  of  the  sphere  (494)^ 
as  there  are  right  angles  in  the  measure  of  this  triangle.  If  the 
angles,  for  example,  arc  each  equal  to  4  of  a  right  angle,  then 
the  three  angles  will  be  equal  to  four  right  angles,  and  the  pro- 
posed triangle  will  be  represented  by  4  —  2  or  2 ;  therefore  it 
will  be  equal  to  two  triangles  of  three  right  angles,  or  to  a 
fourth  of  the  surface  of  the  sphere. 

503.  Corollary  ii.    The  spherical  triangle  ABC  is  equivalent 

to  a  lunary  surface,  the  angle  of  which  is —  1 ;  like- 

wise  the  spherical  pyramid,  the  base  of  which  is  ABC9  is  equal 
to  the  ^herical  wedge,  the  angle  of  which  is  1. 

504.  Scholium.    At  the  same  time  that  we  compare  the  sphe- 
-  rical  triangle  ABC  with  the  tiiangle  of  three  ri^t  angles,  the 

spherical  pyramid,  which  has  for  its  base  ABC,  is  compared 
with  the  pyramid  which  has  a  triangle  of  three  right  angles 
for  its  base,  and  we  obtain  the  same  proportion  in  each  case. 
The  solid  angle  at  the  vertex  of  a  pyramid  is  compared  in 
like  manner  with  the  solid  angle  at  the  vertex  of  the  pyramid 
having  a  triangle  of  three  right  angles  for  its  base.  Indeed  the 
comparison  is  established  by  the  coincidence  of  the  parts.  Now, 
if  the  bases  of  pyramids  coincide,  it  is  evident  that  the  pyramids 
themselves  will  coincide,  as  also  the'solid  angles  at  the  vertex. 
Whence  we  derive  several  consequences ; 
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K  Two  spherical  triangular  pyramids  are  to  each  other  as 
their  bases ;  and,  since  a  polygonal  pyramid  may  be  divided 
into  several  triangular  pyramids,  it  Follows  that  any  two  splieri- 
cal  pyramids  ai'c  to  each  other  as  the  polygons  which  constituti! 
their  bases. 

2.  1'he  solid  angles  at  the  vertex  of  these  same  pyramids  art 
likewise  pi'oportional  to  the  bases ;  therafore,  in  order  to  rois- 
pare  any  t^^o  solid  angles,  the  vertices  are  to  be  placed  at  thf 
centres  of  two  equal  spheres,  and  these  solid  angles  will  be  t» 
each  other  as  the  sjdierical  polygons  intercepted  between  their 
planes  or  faces. 

The  angle  at  the  vertex  of  the  pyramid,  whose  base  is  a  triu- 
gle  of  thi*ee  right  angles  is  formed  by  three  planes  perpendicular 
to  each  other ;  tliis  angle,  which  may  be  called  a  solid  right  an^* 
is  very  pro[)cr  to  be  used  as  tlie  unit  of  measui*e  for  other  solid 
angles.  Tiiis  being  supposed,  the  same  number  which  gives  tk 
area  of  a  spherical  polygon  will  give  the  measure  of  the  corres- 
ponding solid  angle.  If,  for  example,  the  area  of  a  sphcricii 
polygon  is  ^,  that  is,  if  it  is  ^  of  a  triangle  of  thrf*.c  right  angleSi 
the  corresponding  solid  angle  will  also  be  l  of  a  solid  right  angle. 

THEOREM. 
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jOj.  The.  surface  of  a  spherical  polygon  has  for  Us  measure  ili  j 
sum  (f  ifs  angles  minus  the  product  of  two  right  angles  bji  ik   , 
number  of  sides  in  tlie  pdyqon  minus  tyco, 
•1tc.  -J40.     DemonslraVon.  Krom  the  same  vertex  A  (^Jig.  240)  let  there  be    l 
drawn  to  the  otlit'i*  vertices  the  diagonals  v4C,  .4Z) ;  the  poiygoo 
ABCDEmll  be  divided  into  as  many  triangles  minus  two  as  it  has 
sides,     liut  the  .surface  of  eacli  triangle  has  for  its   measuit 
the  sum  of  its  angles  minus  two  right  angles,  and  it  is  evident 
that  the  sum  of  all  the  angles  of  tlie  triangles  is  equal  to  the  sum 
of  the  angles  of  lite  polygon  ;  therefore  the  ^furface  of  the  j)oly- 
gon  is  equal  to  the  sum  of  its  angles  diminished  by  as  many 
times  two  right  angles  as  thei'e  are  sides  minus  two. 

oOG.  Scholiuw.  Let  .s  be  the  sum  of  the  angles  of  a  spherical 
polygon,  w  the  number  of  its  sides ;  the  right  angle  being  sup- 
posed unity,  the  surface  of  the  polygon  will  have  for  its  measure 
5  —  £  (;i  —  i2)  or  s  —  2n  +  4. 
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SECTION  FOURTH. 

Of  the  three  round  bodies. 

jDEFij^moj^ns. 

ior.  We  call  a  cylinder  the  solid  generated  by  the  revolution 
of  a  rectangle  ABCD  (Jig.  £50),  which  may  be  conceived  to  turn  Fig.  35< 
about  the  side  AB  considered  as  fixed. 

During  this  revolution  the  sides  AD,  BC,  remaining  always 
perpendicular  to  AB,  describe  equal  circular  planes  DUPf  CGQ, 
which  are  called  the  bases  of  the  cylinder,  and  the  side  CD  des- 
cribes the  convex  surface  of  the  cylinder. 

The  fixed  line  AB  is  called  the  axis  of  the  cylinder. 

Every  section  KLM  made  by  a  plane  perpendicular  to  the 
axisi  is  a  circle  equal  to  each  of  the  bases ;  for,  while  the 
rectangle  ABCD  turns  about  AB,  the  line  IK,  perpendicular  to 
AB,  describes  a  circular  plane  equal  to  the  base,  and  this  plane 
is  simply  the  section  made  perpendicular  to  the  axis  at  the  point  /• 

Every  section  PQGH,  made  by  a  plane  passing  through  the 
axis*  is  a  rectangle  double  of  the  generating  rectangle  ABCD. 

508.  We  call  a  cone  the  solid  generated  by  the  revolution  of  a 
right-angled  triangle  SAB  {Jig.  25 1),  which  may  be  conceived  to  Fig.  25J 
turn  about  the  fixed  side  SA. 

In  this  revolution  the  side  AB  describes  a  circular  plane 
BDCE  called  the  iase  of  the  cone,  and  the  hypothenuse  SB 
describes  the  convex  surface  of  the  cone. 

The  point  S  is  called  the  vertex  of  the  cone,  SA  the  axis  or 
tdtitude,  and  SB  the  side. 

Every  section  IIKFI,  made  perpendicularly  to  the  axis,  is  a 
circle ;  every  section  SDE,  made  through  the  axis,  is  an  isos- 
celes triangle  double  of  the  generating  triangle  SAB. 

509.  If  from  the  cone  SCDB  we  separate  by  a  section  parallel 
to  the  base  the  cone  SFKH,  the  remaining  solid  CBHF  is  called  a 
truncated  cone  or  a  frustum  of  a  com.  It  may  be  conceived  to 
be  generated  by  the  revolution  of  the  trapezoid  ABHG9  of  which 
the  angles  A  and  G  arc  right  angles,  about  the  side  AG.  The 
fixed  line  AG  is  called  tlie  axis  or  altitude  of  the  fiustum, 
the  circles  BDC,  HKF,  are  the  bases  and  BII  the  side  of  the 
frustum. 
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510.  Two  c}iindci-s  or  two  cones  are  similar,  when  their  axes 
ai*e  to  each  other  as  the  diainetri's  of  their  bases. 

Pis:.  253.  511.  It;  in  the  cit*clo  ACD  (Jig.  352),  consider^  as  the  base 
of  a  cylinder,  a  polygon  ABCDE  he  inscribed,  and  upon  the  bast 
ABODE  a  riglit  prism  be  erected  equal  in  altitude  to  the  rylio- 
der,  tlic  prism  is  said  to  be  inscribed  in  the  cylinder,  or  the 
cylinder  to  be  circumscribed  about  the  prism. 

It  is  manifest  that  the  edges  AFn  BG,  CHf  &c«,  of  the  prisn, 
being  peq)cndicu1ar  to  the  plane  of  the  base,  aro  comprehended 
in  the  convex  surface  of  the  cylinder;  therefore  the  {irismanl 
cylinder  touch  each  other  along  these  lines. 

Fig.  253.  512.  In  like  manner,  if  ABCD  (Jig.  Q53)  be  a  polygon  fir. 
cumscribcd  €i1  :iut  the  base  of  a  cylinder,  and  upon  the  base  ABCD 
a  light  prism,  er|ual  in  altitude  to  the  cylinder,  be  constinicted, the 
prism  is  said  to  be  clraimscribed  about  tlie  cylinder,  or  the  cylio- 
der  inscribed  in  the  prism. 

I^t  Mf  A^  ^fc,  be  the  points  of  contact  of  the  sides  AB%  BG 
&c.,  and  through  the  points  My  A*,  &c.,  let  the  lines  MX,  JiYfta^ 
be  drawn  perpendicular  to  the  plane  of  the  base  ;  it  is  evideat 
that  these  perpendiculars  will  be  in  the  surface  of  the  cylinder 
and  in  that  of  the  circumscribed  prism  at  the  same  time  ;  there- 
fore they  will  be  lines  of  contact. 

N.  K.   The  cylinder,  the  cone  and  the  sphere  are  the  thrse  rovW  i 
bodieSy  which  are  treated  of  in  the  elements. 
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Preliminary  lemmas  upon  surfaces*  ' 

Mg.  254.     5 1  s,  I,  ^  plane  surface  OABCD  (fig.  254)  is  less  than  any  oite 
surface  TAB  CI)  terminated  by  the  same  perimeter  ABCD.  j 

Demonstration.  This  proposition  is  sufficiently  evident  to  be 
ranked  among  tlie  number  of  axioms ;  for  we  may  consider  the 
])lane  among  surfaces  wliat  the  straight  line  is  among  lines.  : 
The  .straight  line  is  the  shortest  distance  between  two  given  I 
points  ;  in  like  manner  tlic  plane  is  the  least  surface  among  all 
those  which  liave  the  same  perimeter.  Still,  as  it  is  property 
make  the  numhcr  of  axi.oms  as  small  as  possible,  I  shall  present 
a  process  of  reasoning  which  will  leave  no  doubt  with  regard  to 
this  proposition. 

As  a  surface  is  extension  in  length  and  breadth,  we  cannot  con- 
ceive one  surface  to  be  gn.*uter  than  another,  except  the  dlmen- 
si»)ri^  of  the  first  r\c«Td  in  some  direction  those  of  the  second: 
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tiid»  if  it  happens  that  the  dimensions  of  one  surface  are  in  all 
directions  less  than  the  dimensions  of  another  surface,  it  is  evi- 
dent that  the  first  surface  will  be  less  than  the  second.  Now,  in 
whatever  direction  the  plane  BPD  be  made  to  pass,  as  it  cuts 
the  plane  in  BD9  and  the  other  surface  in  BPD^  the  straight 
line  BD  will  always  be  less  than  BPB ;  therefore  the  plane 
urfacc  OABCD  is  less  tlian  the  surrounding  surface  PABCD. 

514.  IT.  A  convex  surface  OABCD  (Jig.  255)  is  less  than  anyFlg,  S55. 
otlier  surface  which  encloses  it  by  resting  on  the  same  perimeter 
ABCD. 

Demonstration.  We  repeat  here,  that  we  understand  by  a 
convex  surface  a  surface  that  cannot  be  met  by  a  straight  line  in 
more  than  two  points  ^  still  it  is  possible  that  a  straight  line  may 
apply  itself  exactly  to  a  convex  surface  in  a  certain  direction ; 
M'c  have  examples  of  this  in  the  surfaces  of  the  cone  and  cylin- 
der. It  should  be  observed  moreover,  that  the  denomination  of 
convex  surface  is  not  confined  to  cun^ed  surfaces  i  it  comprehends 
polyedral  faces,  or  surfaces  composed  of  several  planes,  also  sur- 
faces that  are  in  part  cui*vcd  and  in  part  polyedral. 

This  being  premised,  if  the  surface  OABCD  is  not  smaller 
than  any  of  those  which  enclasc  it,  let  there  be  among  tlicse  last 
PABCD  the  smallest  surface  which  shall  be  at  most  equal  to 
OABCD.  Through  any  point  O  suppose  a  plane  to  pass  touch-> 
ing  the  surface  OABCD  without  cutting  it ;  this  plane  will  meet 
the  surface  PABCD,  and  the  part  which  it  separates  from  it  will 
be  giTater  than  the  plane  terminated  by  the  same  surface; 
therefore  by  preserving  the  rast  of  the  surface  PABCD,  we  can 
substitute  the  plane  for  the  part  taken  away,  and  we  shall  have 
a  new  surface,  which  encloses  the  surface  OABCD,  and  which 
would  be  less  than  PABCD.  But  this  last  is  the  least  of  all,  by 
hypothesis ;  consequently  this  hypothesis  cannot  be  maintained ; 
therefore  the  convex  surface  OABCD  is  less  than  any  which 
encloses  OABCD  and  which  is  terminated  by  the  same  perimeter 
JiBCD. 

515.  ScJiclium.  By  a  course  of  reasoning  entirely  similar  it 
may  bo  shown, 

1.  Tliat  if  a  convex  surface  terminated  by  two  perimeters, 
ABC,  DEF  (Jig.  256),  is  enclosed  by  any  other  surface  termi-Fig.  QSC. 
nated  by  the  same  perimeters,  the  enclosed  surface  will  be  less 
than  the  other. 
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iff.  257.  £.  That»  if  a  convex  surface  AB  (^Jig.  257)  is  enclooed  €iil 
sides  by  another  surface  MJi,  whether  they  have  pointSf  liia^ 
or  planes  in  comnion,  or  whether  they  have  no  point  in  rnniMj 
the  enclosed  surface  is  always  less  than  fhe  enclosing  surbcei 

For  among  these  last  there  cannot  be  one  which  shall  belli 
least  of  ally  since  in  all  cases  we  can  draw  the  plane  CD  a  tm- 
gent  to  the  convex  surface,  which  plane  would  be  less  thaslki 
surface  CMD;  and  thus  the  surface  CJfD  would  be  aottlkr 
than  MJ^9  which  is  contrary  to  tlie  hypotheaisy  that  JKATIitk 
smallest  of  all.  Therefore  the  convex  8urfiu»  JiB  is  kaa  ths 
any  which  encloses  it. 

THEOBEM. 

51G.  2%e  sclidiiy  of  a  cylinder  is  equal  to  (he  product  of  ibtm 
by  its  idtitude. 
'ig.  358.  Demonstration.  Let  CA  (fg.  258)  be  the  radius  of  the  bttt 
of  the  given  cylinder,  H  its  altitude ;  and  let  surf.  CA  rql^ 
sent  the  surface  of  a  circle  whose  radius  is  C/1 ;  we  say  that  tht 
solidity  of  the  cylinder  will  be  xiif/.  CAxH.  For,  ifrar^  CAxB 
Ls  not  the  measure  of  tlie  given  cylinder,  this  product  will  be  thr 
measure  of  a  cylinder  either  greater  or  less.  In  the  first  phcc 
let  us  suppose  that  it  is  the  measure  of  a  less  cylinder,  of  a  cylin- 
der., for  example,  of  which  CD  is  the  radius  of  the  base  and  H 
the  altitude. 

Circumscribe  about  the  circle,  of  which  CD  is  the  radios,  a 
iTguIar  polygon  CHIP,  the  sides  of  which  shall  not  meet  tbe 
circumference  of  whicli  CA  is  tlie  radius  (S85)  ;  then  siimiosc  a 
right  prism  having  for  its  base  the  polygon  GHIPf  and  for  its 
altitude  H;  this  prism  will  be  circumscribed  about  tlie  cylinder 
of  which  llic  radius  of  the  base  is  CD.  Tliis  being  premised. 
the  solidity  of  the  prism  is  equal  to  the  product  of  its  base  GHIP 
multipled  by  tlic  altitude  H-,  and  the  base  GHIP  is  less  than  the 
circle  whose  radius  is  CA ;  therefore  the  solidity  of  the  prism  i** 
less  than  surf.  C.l  x  H.  But  surf.  CA  X  H  is,  by  hypothesis,  the 
solidity  of  the  cylinder  inscribed  in  the  prism ;  consequendf 
the  prism  would  be  less  tlian  tliecyliiulrr;  but  the  cylinder  on 
the  contrary  is  less  than  the  prism,  because  it  Is  contained  hi  it: 
tiKTct'ore  it  is  impossible  that  surf.  CA  x  If  should  be  the  meas- 
uvv  of  a  rvlind'or  of  which  the  radius  of  the  base  is  CD  and  the 
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nltitude  H;  or  in  more  general  terms  the  product  of  the  hose  of  a 
cylinder  by  iis  aUUude  cannot  he  ilie  measure  of  a  less  cylinder. 

We  say,  in  fhe  second  plaiie,  that  this  same  product  cannot  be 
the  measure  of  a  greater  cylinder ;  Tor^  not  to  multiply  figures, 
let  CD  be  the  radius  of  the  base  of  the  given  cylinder ;  and,  if  it 
be  possible,  let  surf  CD  x  H  be  the  measure  of  a  greater  cylin- 
der, of  a  cylinder,  for  example,  of  wiiich  CA  Ls  the  i*adius  of  the 
base  and  H  the  altitude. 

The  same  construction  being  supposed  as  in  the  first  case, 
the  prism  circumscribed  about  the  given  cylinder  will  have  for 
its  measure  GIIIP  x  H;  the  area  GHIP  is  greater  than  surf.  CD; 
consequently,  the  solidity  of  the  prism  in  question  is  greater 
than  siiif.  CD  x  H ;  the  prism  then  would  be  greater  than  the 
cylinder  of  the  same  altitude  wliose  base  is  surf.  CA.  But  the 
prism  on  the  contrary  is  less  than  the  cylinder,  since  it  is  con- 
tained in  it ;  therefore  U  is  impossible  that  the  prodiict  of  the  base 
of  a  cylinder  by  its  altitude  should  be  the  measure  of  a  greater  cy/tn- 
der. 

Wc  conclude  then,  that  the  solidity  of  a  cylinder  is  equal  to 
the  product  of  its  base  by  its  altitude. 

5i7m  Corollary  i.  Cylinders  of  the  same  altitude  are  to  each 
other  as  their  bases,  and  cylinders  of  tlie  same  base  are  to  each 
other  as  their  altitudes. 

518.  Corollary  ii.  Similar  cylinders  are  to  each  other  as  the 
cubes  of  their  altitudes,  or  as  the  cubes  of  the  diameters  of  the 
bases*  For  the  bases  are  as  the  squares  of  their  diameters ; 
and,  since  the  cylinders  are  similar,  the  diameters  of  the  bases 
areas  the  altitudes  (510);  consequently  the  bases  are  as  the 
squares  of  the  altitudes ;  therefore  the  bases  multiplied  by  the 
altitudes,  or  the  cylinders  themselves,  are  as  the  cubes  of  the 
altitudes. 

519.  8cliolium,  Let  R  be  the  radius  of  the  base  of  a  cylinder, 
H  its  altitude,  the  surface  of  the  base  wOl  be  ^R*  (291),  and  the 
solidity  of  the  cylinder  will  be  wR*xH,  or  wR*H. 

lAMMA. 

520.  The  convex  surface  of  a  right  prism  is  equal  to  the  perime- 
ter of  its  base  mulHpUed  by  its  altitude. 

Demonstration.  This  surface  is  equal  to  the  sum  of  the  rec- 
tangles AFGB,  BGHC,  CHID^  &c.  (fig.  252),  which  com^oa^YV.Yvj,.^- 
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Now  tbe  altitudes  AF9  BG,  CH,  &c.,  of  these  rectangles  we  cick 
equal  to  the  altitude  of  the  prism.  Therefore  the  soin  of  tiai 
rectangles,  or  the  convex  surface  of  the  prisniy  is  eqnal  te  th 
perimeter  of  its  base  multiplied  by  its  altitude. 

521.  Corollary.  If  two  right  prisms  have  the  same  altitai^ 
the  convex  surfaces  of  these  prisms  will  be  to  cacb  other  as  th 
perimeters  of  the  bases. 

LEMMA. 

523.  The  convex  surface  of  a  cjfiinder  i$  gretder  than  tie  em- 
vex  stirface  of  any  inscribed  prism,  and  less  than  Ae 
surface  of  any  drcumscrihed  prism. 
Iknumstratinn.    The  convex  surface  of  the  cyUnder  and 

Fig*  352.  of  the  inscribed  prism  ABCDEF  (Jig.  £52)  may  be 

as  having  the  same  length,  since  every  sectioii  made  in  flbe  OM 
and  the  other  parallel  to  AF  is  equal  to  AFi  and  if,  in  ordvli 
obtain  the  magnitude  of  these  surfaces,  we  suppose  flieia  ts  k 
cut  by  planes  parallel  to  the  base,  or  peipendlcniar  to  the  e^ 
AFf  the  sections  will  be  equal,  the  one  to  the  drcnrnferanCB  rf 
the  base,  and  the  other  to  the  perimeter  of  the  polygon  ABQK 
less  than  this  circumference ;  since  therefore,  the  lengths  Ubf 
equal,  the  breadth  of  the  cylindric  surface  is  greater  than  ttiK 
of  tlie  prismatic  surface,  it  follows  that  the  first  sorbce  k 
greater  than  the  second. 

By  a  course  of  reasoning  entirely  similar  it  may  be  showi 
that  the  convex  surface  of  the  cylinder  is  less  than  that  Of  aaf 

Fig.  253.  circumscribed  prism  BCDKLH  (Jig.  S53). 

THEOKEM. 

5I23.  The  convex  surface  (f  a  cyUnder  is  equal  to  the  dram' 
ference  of  its  base  mnUiplied  by  its  altitude. 
t  ig.  258.  Danonstration.  Let  CVi  (Jig.  258)  be  the  radius  of  the  base  of 
the  given  cylinder,  //its  altitude ;  and  let  circ.  CA  be  the  circHii- 
fciTucc  of  a  ( in^Ie  whose  radius  is  CA ;  we  say  that  circ  CA  X  B 
will  be  the  convex  surface  of  the  cylinder.  For,  if  this  prqpoii- 
tioii  bo  denied,  circ.  CA  X  H  must  bo  tbe  surface  of  a  cylinder 
either  |s:i'eater  or  less  ;  and,  in  the  first  place,  let  us  suppose  that 
ii  is  the  surtare  of  a  less  cylinder,  of  a  cylinder,  for  cxamplfiof 
wlih'U  tiic  radius  of  the  base  is  CD  and  the  altitude  H. 
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Circuinscribe  about  the  circlCf  whose  radius  is  CDf  a  regular 
polygon  GHIP9  the  sides  of  which  shall  not  meet  the  circum- 
ference whose  radius  is  CjI  ^  then  suppose  a  ri^t  prism,  whose 
altitude  is  //,  and  whose  base  is  the  polygon  GHIP.  The  convex 
surfoce  of  this  prism  will  be  equal  to  the  perimeter  of  the  poly- 
gon GHIP  multiplied  by  its  altitude  £f  (530) ;  this  perimeter  is  less 
than  the  circumference  of  the  circle  whose  radius  is  CA ;  conse- 
quently the  convex  surface  of  the  prism  is  less  than  ctrc.  CA  x  H. 
But  drc.  CA  x  H  is,  by  hypothesis,  the  convex  surface  of  a 
cylinder  of  which  CD  is  the  radius  of  the  base,  which  cylinder 
is  inscribed  in  the  prism ;  whence  the  convex  surface  of  the 
prism  would  be  less  than  that  of  the  inscribed  cylinder.  But  on 
the  contrary  it  is  greater  (522) ;  accordingly  the  hypothesis  with 
which  we  set  out  is  absurd ;  therefore,  1.  the  circumference  cfthe 
hose  of  a  cyUnder  multiplied  by  its  altUude  cannot  he  the  measure  of 
the  convex  surface  if  a  less  cylinder. 

We  say  in  the  second  place,  that  this  same  product  cannot  bo 
the  measure  of  the  surface  of  a  greater  cylinder.  For,  not  to 
change  the  figure,  let  CD  be  the  radius  of  the  base  of  the  given 
cylinder,  and,  if  it  be  possible,  let  drCm  CD  xHhe  the  convex 
surface  of  a  cylinder,  which  with  the  same  altitude  has  for  its 
base  a  greater  circle,  the  circle,  for  example,  whose  radius  is 
CA.  The  same  construction  being  supposed  as  in  the  first 
hypothesis,  the  convex  surface  of  the  prism  will  always  be  equal 
to  the  perimeter  of  the  polygon  GHIPf  multiplied  by  the  altitude 
H*  But  this  perimeter  is  greater  than  drc.  CD ;  consequently 
the  surface  of  the  prism  would  be  greater  than  ctrc.  CD  x  H, 
which,  by  hypothesis,  is  the  surface  of  a  cylinder  of  tlie  same 
altitude  of  which  CA  is  the  radius  of  the  base.  Whence  the 
surface  of  the  prism  would  be  greater  than  that  of  the  cylinder. 
But  while  the  prism  is  inscribed  in  the  cylinder,  its  surface 
will  be  less  than  that  of  the  cylinder  (5SS) ;  for  a  still  stron- 
ger reason  is  it  less  when  the  prism  does  not  extend  to  the 
cylinder ;  consequently  the  second  hypothesis  cannot  be  main- 
tained ;  therefore,  2.  the  drcumfsrenee  of  the  base  of  a  cylinder 
multiplied  by  its  altitude  cannot  be  the  measure  of  the  surface  of  a 
greater  cylinder. 

We  conclude  then  that  the  convex  surface  of  a  cylinder  is  equal 
to  the  circumference  of  the  base  multiplied  by  its  altitude. 
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THEOREM. 

524.  The  solidity  of  a  cone  is  equal  to  the  produd  cf  iishm 
by  a  third  part  of  its  attitude. 
g.  359.  Demonstration.  Let  SO  {fig.  259)  be  the  altitude  of  the  gifei 
cone,  AO  the  radius  of  the  base ;  representing  by  turf.  AO  tk 
surface  of  the  base,  we  say  that  the  solidity  of  the  cone  is  equal 
to  mrf.  AOx\  SO. 

1.  Let  surf.  AO  X^SO  be  supposed  to  be  the  miidily  of  i 
greater  cone,  of  a  cone,  for  example,  whose  altitude  is  alwaji 
50,  but  of  which  BO,  greater  than  AO,  is  the  radius  of  the  base. 

About  tlic  circle,  whose  radius  is  AO3  circumscribe  a  rqpihr 
polygon  MKPT9  which  shall  not  meet  flie  circumference  of 
which  OB  is  the  radius  (285) ;  suppose  then  a  pyramid  havias 
this  polygon  for  its  base  and  the  point  5  for  its  Tutez.  Tk 
solidity  of  this  pyramid  is  equal  to  the  area  of  the  polygoi 
MKPT  multiplied  by  a  third  of  the  altitude  50  (416).  But  die 
polygon  is  greater  than  the  inscribed  circle  represented  bj 
9urJ.  AO ;  consequently,  the  pyramid  is  greater  tlian 

surf.  AO  X  i  50, 
which,  by  hypothesis,  is  the  measure  of  the  cone  of  which  S  is 
the  vertex,  and  OB  the  radius  of  the  base.  But  on  the  contnuf 
the  pyramid  is  less  than  the  cone,  since  it  is  contained  in  it; 
therefore  it  is  impossible  that  tlic  base  of  the  cone  multiplied  bj 
a  third  of  its  altitude  should  bo  the  measure  of  a  greater  cone. 

2.  We  say,  moreover,  that  tliis  same  product  cannot  be  tte 
measure  of  a  smaller  cone.  For,  not  to  change  the  figure,  M 
OB  be  the  radius  of  the  base  of  the  given  cone,  and,  if  it  be 
possible,  let  surf,  OB  x  g  SO  be  the  solidity  of  a  cone  which  his 
for  its  altitude  50,  and  for  its  base  the  circle  of  which  AO  \s  tlie 
radius.  The  same  construction  being  supposed  as  above-,  tk 
pyramid  SMXPT  will  have  for  its  measure  the  area  MJ^PT 
multiplied  by  \  SO.  But  the  ai-ca  MjYPT  is  less  than  surf.  OB: 
consequently  the  pyi*amid  will  have  a  measure  less  than 

surf.  OBx^  50, 
and  accordingly  it  would  be  less  than  the  cone,  of  which  AO  is 
the  radius  of  the  base  and  SO  the  altitude.  But  on  the  con- 
trary the  pyramid  is  greater  tlian  the  cone,  since  it  contains  it; 
tliei'efoi'c  it  is  im[iossiblc  that  the  base  of  a  cone  multiplied  by  a 
third  of  its  altitude  should  be  the  measure  of  a  less  cone. 
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We  conclode  then»  that  the  solidity  of  a  cone  is  equal  to  the 
product  of  its  base  by  a  third  of  its  altitude. 

525.  CoraUary.    A  cone  is  a  third  of  a  cylinder  of  the  same 
base  and  same  altitude ;  whence  it  follows, 

1.  That  cones  of  equal  altitudes  are  to  each  other  as  their 
bases; 

2.  That  cones  of  equal  bases  are  to  each  otlier  as  their  alti- 
tudes ; 

3.  That  similar  cones  are  as  the  cubes  of  the  diameters  of 
their  bases,  or  as  the  cubes  of  their  altitudes. 

526.  Schdiunu    Let  R  Ee  the  radius  of  the  base  of  a  cone,  H 
its  altitude ;  the  solidity  of  the  cone  will  be  ^  R^  x^H,  or 


wR^U. 


1 

THEOREM. 


527.  The  frustum  of  a  cone  ADEB  (fig.  260)  of  which  OA,  Fig.  260 
DP,  are  the  radii  of  the  bases,  and  PO  the  attitude,  has  for  its 

measure  ^  ^r  x  OP  x  (AO  +  DpV  AO  x  DP). 

Demonstration.  Let  TFGH  be  a  triangular  pyramid  of  the 
same  altitude  as  the  cone  SAB,  and  of  which  the  base  FGH  is 
equivalent  to  the  base  of  tlie  cone.  The  two  bases  may  be  sup- 
posed to  be  placed  upon  the  same  plane ;  then  the  vertices  S,  T, 
will  be  at  equal  distances  from  the  plane  of  the  bases ;  and  the 
plane  EPD  produced  will  be  in  the  pyramid  the  section  IKL. 
We  say  now,  that  this  section  IKL  is  equivalent  to  the  base  DE ; 
for  the  bases  AB,  DE,  are  to  each  other  as  the  squares  of  the 
radii  AO,  DP  (287),  or  as  the  squares  of  the  altitudes  SO,  SP ; 
the  triangles  FGH,  IKL,  are  to  each  other  as  the  squares  of 
these  same  altitudes  (407)  ^  consequently  the  circles  ABf  DEf 
arc  to  each  other  as  the  triangles  FGH,  IKL.  But,  by  hypothe- 
sis, tlie  triangle  FGH,  is  equivalent  to  the  circle  AB ;  therefore 
the  triangle  IKL  is  equivalent  to  the  circle  DE. 

Now  the  base  AB  multiplied  by  -^  SO  is  the  solidity  of  the 
cone  SAB,  and  the  base  FGH  multiplied  by  \  SO  is  that  of  the 
pyramid  TFGH;  the  bases  therefore  being  equivalent,  the 
solidity  of  the  pyramid  is  equal  to  that  of  tlie  cone.  For  a  sim- 
ilar i*eason  the  pyramid  TIKL  is  equivalent  to  the  cone  SDE ; 
thf^rcfoi'C  the  frustum  of  the  cone  ADEB  Ls  equivalent  to  the 
frustum  of  the  pyramid  FGHIKL.  But  the  base  FGH,  equiv- 
alent to  the  circle  of  wliirh  the  radius  is  AO,  liRs  for  its  measui-c 
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wx  AO ;  likewise  the  base  IKL  =a ir  x  DP9  and  the  mean  pni- 

portional  between  «-x^Oand  wxDPSswxAOx  DP;  thcre- 
foro  tbe  solidity  of  the  frustum  of  a  pyramid  or  that  of  the 
finistum  of  a  cone  has  for  its  measure 

'   |OPx(5rxiO  +  TX-DP  +  xX^OxDP)     (422), 

or  ^wxOPxiAO  +  PD  +  AOxDP.") 

TUBOREM. 

528.  The  convex  surface  of  a  cone  ts  equal  to  Hit  circumfertnct 
of  Us  base  mtdHplied  hy  half  its  altitude. 
t  ig.  259.  Demonstratijon.  Let  AO  (Jig.  259),  be  the  radius  of  the  base  of 
the  given  cone,  S  its  vertex,  and  SA  its  side ;  we  say  that  the 
surface  will  be  ctrc.  AO  X  \  SA.  For,  if  it  be  possible,  let 
drc.  AO  X  I  SA  be  the  surfoce  of  a  cone  which  has  5  for  its 
vertex,  and  for  its  base  the  circle  described  with  a  radius  OB 
greater  than  AO. 

Circumscribe  about  the  small  circle  a  regular  polygon  MJfPT, 
tlie  sides  of  whicli  shall  not  meet  the  circumference  of  which  OB 
is  the  radius ;  and  let  SMJiPT  be  a  regular  pyramid,  whicli 
lias  for  its  baso  the  polygon,  and  for  its  vertex  the  point  5.  ITio 
triangle  SJ\I^i%  one  of  those  which  compose  the  convex  surfaor 
of  the  pyramid,  has  for  its  measure  the  base  JlfJST  multiplied  bj 
half  of  the  altitude  SA,  whicli  is  at  the  same  time  the  side  of 
the  given  cone;  this  altitude  being  equal  in  all  the  triangles 
5jVP,  SPQ,  &c.,  it  follows  that  the  convex  surface  of  the  pyra- 
mid is  equal  to  the  perimeter  MNPTM  multiplied  by  {  SA, 
But  the  perimeter  MNPTM  is  greater  than  drc.  AO  5  therefore 
the  convex  surface  of  the  pyramid  is  greater  than  drc.  AO  x  \SA. 
and  consequently  greater  than  the  convex  surface  of  the  cone 
which,  with  the  same  vertex  5,  has  for  its  base  the  circle  des- 
cribed with  the  radius  OB.  But  on  the  contrary  tlie  convex 
surface  of  the  cone  is  greater  than  that  of  the  pyramid  ;  for  if 
we  apply  tlie  base  of  the  pyramid  to  the  base  of  an  equal  pyra- 
mid, and  the  base  f)f  the  cone  to  that  of  an  equal  cone ;  the 
surface  of  the  two  cones  will  enclose  on  all  sides  the  surface  of 
the  two  pyramids ;  conse4[uently  the  fu-st  surface  will  be  greater 
thiui  the  second  (514),  and  therefore  the  surface  of  the  cone  is 
civiitcr  tiuin  tliat  "f  the  pyramid,  which  is  compi-eheuded  within 
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it.    The  contrary  would  be  the  conseqaence  of  our  hypothesis ; 

^accordingly  this  hypothesis  cannot  be  maintained ;  therefore  the 

:i  circumference  of  the  base  of  a  cone  multiplied  by  the  half  of  its 

I  side  cannot  bo  the  measure  of  the  surface  of  a  greater  cone. 

2.  We  say  also,  that  this  same  product  cannot  be  the  measure 
of  the  surface  of  a  less  cone.    For  let  BO  be  the  radius  of  the 

'  base  of  the  given  cone,  and»  if  it  be  possible,  let  arc  BO  X^SB 
be  the  surface  of  a  cone  of  which  S  is  the  Tertex^  and  AO,  less 
than  OB9  the  radius  of  the  base. 

The  same  construction  being  supposed  as  above,  the  surface  of 

I  tlie  pyramid  SMNPT  will  always  be  equal  to  the  perimeter 
MNPT  multiplied  by  \  SA.    Mow  the  perimeter  M^PT  is  less 

f  than  circ  JSO,  and  SA  is  less  than  SB ;  therefore  for  this  double 

f  reason  the  convex  surface  qf  the  pyramid  is  less  than 

,  arc.  BOx^  SB, 

I  which,  by  hypothesis,  is  the  surface  of  a  cone  of  which  AO  is  the 

^  radius  of  the  base ;  consequently  the  surface  of  the  pyramid 
would  be  less  than  that  of  the  inscribed  cone.  But  on  the  con- 
trary it  is  greater;  for  by  applying  the  base  of  the  pyramid  to 
that  of  an  equal  pyramid,  and  the  base  of  the  cone  to  that  of  an 
equal  cone,  the  surface  of  .the  two  pyramids  will  enclose  that  of 
the  two  cones,  and  consequently  will  be  greater.  Therefore  it  is 
impossible  tliat  the  circumference  of  the  base  of  a  given  cone 
multiplied  by  the  half  of  its  side  should  be  the  measure  of  the 
surface  of  a  less  cone* 

We  conclude  then  that  the  convex  surface  of  a  cone  is  equal 
to  the  circumference  of  the  base  multiplied  by  half  of  its  side, 

529.  Scholium.  ,  Let  L  be  the  side  of  a  cone,  and  R  the  radius 
of  the  base,  the  circumference  of  this  base  will  be  St/Z,  and  the 
surface  of  the  cone  will  have  for  its  measure  £«-/{  x^LfOV  ^RL. 

THEOREM. 

530.  TTlf  convex  surface  qf  the  frustum  of  a  cone  ADEB 

(fig.  261)  is  equal  to  Us  side  AD  multiplied  by  the  ha^gum  cf  theTif^.  361. 
drcumferences  of  the  two  bases  AB,  DE. 

Demonstration.  In  the  plane  SABf  which  passes  through  the 
axis  SOf  draw  perpendicularly  to  SA  the  line  AF^  equal  to  the 
circumference  which  has  for  its  radius  AO ;  join  SFf  and  draw 
DH  parallel  to  AF. 

24 
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ba  tetaant  of  the  riuflir  triangles  £^<!^SpC« 
JlOtDC::S^:BD-; 
Wdt'onaccoilirtottlisiiaiiaar  truuigteBflJIVfUQllKf    vi 

Mtttee  jir  tJfl: :  jgQ :  .PC ; ;  arc.  .dQ  1  e&e^QC.,^^ 
Vi*t,hjGoimtjn(saaiarAF=tiro,AOi  conBeqwaftri'i  >  '*>' 
■"--■  ,      '  DU^circDC. 

Vt&B  beb^  praalsed^  tbe  triangle  S^P,  which  has  for  its  mo!- 
nre  ^F  x  ^  SAt  is  eqnil  to  tbc  surface  or  a  cone  S.'IB,  wbick  ia 
'tatftaneaaun  ebv.  AOx^SA.  F»r  a  similat 
trt«li|ib8Z>Hlsfl4lMdtothenurlaceftftIieconeSZ)£.  WbcKt 
<tk»  Mrhoe  of  tin  fratam  jSDEB  is  equal  to  tliat  of  tbe  tnftaai 

JbBP.    this  has  tor  tta  measure  AD  x  ("^^  "^  ^^)  (H^ 

Therefore  the  urfiux  gf  ttifc  rnistum  of  a  cone  A  DEB  a  equd 
'tbUi  siSe  jfZ>  nliiltij^fMi  b^  the  half  sum  of  the  circunifensc» 
oftbetwobaJMs. 

B31.  Gonaarjf.   Thnraj^the  point  /,  tlie  midillo  of  .^dftf 
'/JTZr  pardlel  taABfWailM  iiarallel  to  AF;  it  niay  be 
wbojeaatlM  —  drcIK.    But  the  trape^id  (179) 

ADHF  ^ADxIM=ADx  arc  IK.  >,tH 
Vbsaoi.  we  conclnde  further  tliat  the  surface  o^  Me  ,^u|Aip|Jp 
'  ame  u  e^uol  to  ^  nde  oiuitipfied  &j/  t/ie  dramftrtMce  ^Ai 
flKuIe  at  e^MoI  dutanetsfrom  tlie  two  bases. 

53i. 'Schaliiim,  If  aline  AD,  situated  cntirdf  ondwaw 
Ride  of  tbe  line  OC  and-in  the  same  plane*  make  a  revohlte 
libout  OC,  the  sarface  described  by  AD  will  have  for  Us 

AD  X  t -~ ),  or  AD  X  arc  tK ;  theEnaiO. 

DC»  IK,  being  perpendiculars  let  fall  from  the  extnmiSiuM 
from  the  middle  of  the  tine  AD  upon  the  axis  OC 

For,  if  wc  produce  AD  and  OC  till  they  meet  in  ^  it  b  ni- 
dent  that  the  surface  described  by  AD  is  that  of  tbe  fmstaiif 
cone*  of  which  OA  and  DC  aiv  the  radii  of  the  baaea*  tbe 
cone  having;  for  its  vertex  the  point  S.  Therefore  this  s 
will  have  tiie  measure  stated. 

This  measure  would  always  be  correct,  althougfa  tfis  pi 
should  fall  upon  5>  which  would  give  an  entii-e  cone*  as 
when  the  line  AD  n  parallel  to  the  axis,  which  wooM  glh'l 
cylinder.  In  the  first  case  DC  would  be  iwtbii^*'HI  tW^Ml' 
DC  would  be  equal  to  ^0  and  to  IK. 
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£BMHA« 

533.  Let  AB,  BC,  CD  (fig.  S62),  be  seoeral  successive  sides  ofYig.  862. 
a  regular  pob/ganf  O  its  centre,  and  01  the  radius  cf  the  inscribed 
drcle;  ifive  sujipose  the  portion  rf  ilie  polygon  ABCD,  situated 
entirdy  on  the  Mme  side  cfihe  diameter  FQ,  to  make  a  revolution 
abotit  this  diameter,  the  surface  described  by  ABCD  will  have  for 

its  measure  MQ  x  circ.  OL  MQ  being  the  altitude  of  this  surface, 
TT  the  part  of  the  axis  comprehended  between  the  extreme  perpen- 
diculars AM,  DQ. 

Demonstration.  The  point  /  b<ring  the  middle  of  AB,  and  IK 
being  a  perpendicular  to  the  axis  let  fall  firom  the  point  I,  the 
purfoce  described  by  JlB  will  have  for  its  measure  JlB  x  circ.  IK 
[532).  Draw  AX  parallel  to  the  axis^  the  triangles  ABX,  OIK, 
will  have  their  sides  perpendicular  each  to  each^  namely,  01  to 
,^B,  IK  to  AX,  and  OKtoBX;  consequently  these  triangles  will 
be  similar,  and  will  give  the  proportion 

ABzAX  or  JIfJV: :  0/:  IK: :  circ.  Olidrc.  IK, 
therefore  AB  x  drc  IK^MNx  dre.  OL  Whence  it  will  be 
perceived  that  the  surface  described  by  AB  is  equal  to  its  altitude 
Jlf^  multiplied  by  the  circumference  of  the  inscribed  circle. 
Likewise  the  surface  described  by  £C=  JfP  x  drc.  01,  the  sur- 
face described  by  CD  =  PQ  x  drc  OL  Accordingly  the  surface 
clescribed  by  the  portion  of  the  polygon  ABCD  has  for  its  meas- 
ure (JIf  JV+ JVP  +  PQ)  X  drc  01,  or  MQ  x  drc  01 ;  therefore 
this  surface  is  equal  to  its  altitude  multiplied  by  tlie  circumfer- 
ence of  the  inscribed  circle. 

534.  Corollary.  If  the  entire  polygon  has  an  even  number  of 
sides,  and  the  axis  FG  passes  through  two  opposite  vertices  F 
and  G,  the  entire  sur&ce  described  by  the  revolution  of  the 
semipolygon  FACG  will  be  equal  to  its  axis  FG  multiplied  by 
the  circumference  of  the  inscribed  circle.  This  axis  FG  wUl 
be  at  the  same  time  the  diameter  of  the  circumscribed  circle. 

THEOBEU. 

535.  ne  surface  of  a  sphere  is  equal  to  the  produd  of  its  dtam- 
eler  by  the  drcumferenee  of  a  great  drde. 

Ikmonstration.  1.  We  say  that  the  diameter  of  a  sphere  multi- 
plied by  the  circumference  of  a  great  circle  cannot  be  the 
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meMipc  of  the  Mirfice  of  a 'gnitter  ^iMn.    VlMvifltbv 
tig. 963. bWkit  AJ^:^dre. ^AC (Jg^ 263)  bo  the  rtrihdetk^ aqflHMtte 

AJKwt  the  circle,  whoae  ndins  is  Cf;  ai€&ritiMtee^ 
polygon  of  an  even  nonber  of  ddoif  whiclr  uKIF  riit'lMtli 
cifcomference  of  (he  cii^le  whose  nuUiyi'  iiPeS^i^liif^  Jif  M  Sb 
two  opposite  vertices  oJT  this  poljgoiil ;'  alidr^^lb^W^ 
JIfS  let  the  semipolygou  MP^  be  bade  lb  reVdM^'" 
described  by  this  pdygon  win  have  for  Us  lUiaRMr"  *''  •''  ' 

^Sx  arc  J?C  (i84)y '•'••• '^  '^^'•=^" 
bqt  ^5  is  ^«ater  than  ABi  thcrefbre  the  iittAii&trflritanillr 
the  polygon  is  greater  than  ABx  H^  ACi''iiiA''lsiinilli^ 
greater  tlian  the  surface  of  the  sphere  ti^hoiM  TaAMKlii-iGft 
On  the  contraiy  the  surfoce  of  the  i^XiM^h'^^^^titMi^tAm  iij 
surface  described  by  the  polygon,  since  ife'ttm' 
second  on  all  sides.  Therefore  the  dtimilto^ilt^ 
plied  by  the  circumference  of  a  great  drcb  Mttkill 
lire  <^the8iirface  of  a  greater  sphm.  ;/'     ''•'*-''    *'    ■'-" 

5L  We  say  also,  that  this  same  prbdnct  cnnrtitW  flnf  ^ 
of  the  surface  of  a  less  sphere,    P6i%'  if  ft  be'poiriH^  lit   ' 

be  the  surface  of  a  sphere  whose  radius  is  CA.  The  aaae  en- 
struction  being  supposed  as  in  the  first  caaey  tiie  stinAiioetftk 
solid  generated  by  the  polygon  will  always  be  egiial  to 

J&SxdrcAC. 
But  M&  is  less  than  BE^  and  circ  AC  leas  than  drc  XSDf  tbat- 
fore  for  these  two  i-easons  the  surface  of  the  solid  genenteil  1^  ttt 
polygon  would  be  less  than  DE  x  ctrc  CA  and  conaeqMllT 
less  than  the  surface  of  the  sphere  whose  radius  U  JfCX  '  JM« 
the  contrary  the  surface  described  by  the  polygm  Is 'grater 
than  the  surface  of  the  sphere  whose  radius  is  AC,  tdnce  Hd  M 
surface  encloses  the  second ;  therefoi*e  the  diaoieter  of  i  'w^ltsn 
multiplied  by  the  circumference  of  a  great  circle  canMttettD 
measure  of  the  surface  of  a  less  sphere.    ' 

We  conclude  then,  that  the  surface  of  a  sphere  is  eqml  to  te 
diameter  multiplied  by  the  circumference  of  a  great  circle. 

536.  Corollary.  The  surface  of  a  great  circle  is  mtawud  If 
multiplj'ing  its  circumference  by  half  of  the  radios  or  aMlHkrf 
the  diameter ;  therefore  the  surface  of  a  9phere  ujimr  Ami  M 
of  a  great  drde.  •.:  • 
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5S7«  SehoUum.  The  surface  of  a  sphere  being  thus  measured 
and  compared  with  plane  surfaces,  it  will  be  easy  to  obtain  the 
absolute  value  of  lunary  surfaces  and  spherical  triangles,  the 
ratio  of  which  to  the  entire  surface  of  the  sphere  has  already 
been  determined. 

In  the  first  place^  the  lunary  sarfsBU^e^  whose  angle  is  J,  is  to 
the  surface  of  the  sphere,  as  the  angle  A  is  to  four  right  angles 
(493),  or  as  the  arc  of  a  great  circle,  which  measures  the  angle  ^ 
Jlf  is  to  the  circumference  of  this  same  great  circle.  But  the 
surface  of  the  sphere  is  equal  to  this  circumference  multiplied  by 
the  diameter ;  therefore  the  lunary  surface  is  equal  to  the  arc, 
which  measures  the  angle  of  this  surface^  multiplied  by  the 
diameter. 

In  the  second  place,  every  spherical  triangle  is  equivalent  to  a 
lunary  surface  whose  angle  is  equal  to  half  of  the  excess  of  the 
sum  of  its  three  angles  over  two  right  angles  (503).  Let  P,  Q, 
R,  be  the  ai^cs  of  a  great  circle  which  measure  the  three 
angles  of  a  spherical  triangle ;  let  C  be  the  circumference  of 
a  great  circle  and  D  its  diameter ;  the  spherical  triangle  will 
be  equivalent  to  the  lunary  surface  whose  angle  has  for  Its 

measure ^^ — ""*  ,  and  consequently  its  surface  will  be 

Thus,  in  the  case  of  the  triangle  of  three  right  angles,  each  of 
the  ai'cs  P,  Q,  R,  is  equal  to  |  C,  and  their  sum  is  |  C,  the  excess 
of  this  sum  over  |  C  is  ^  C|  and  the  half  of  this  excess  is  j.  C ; 
therefore  the  surface  of  a  triangle  of  three  right  angles  =  |  C  x  A 
which  is  the  eighth  part  of  the  whole  surfhce  of  the  sphere. 

The  measure  of  spherical  polygons  follows  immediately  from 
that  of  triangles,  and  it  is  moreover  entirdy  determined  by  the 
proposition  of  art  505,  since  the  unit  of  measure,  which  is  the 
triangle  of  three  right  angles,  has  just  been  estimated  on  a 
plane  surface. 

THKOBEM. 

538.  The  surface  of  any  spherical  xone  is  equal  to  the  altitude 
(f  this  xone  multiplied  by  the  drcuntference  of  a  great  drde. 

Demonstration.    Let  EF  (Jig.  ^69)  be  any  arc,  either  less  or  Fig.  % 
greater  than  a  quadrant,  and  let  FG  be  drawn  perpendicular  to 


190  Ehmnti  ff  Owifry, 

ky  tte  MvofatiM  oftto  ttc£FakNit££;ji^^ 

ire  JSG X  arc £C.  '^:  ^• 

For  kt  V  MqnNM^  in  tlio  in*  Iilaoe,  flMl  Ite 
■leuwe^  aiid»  if  it  be  poBsQiley  let  Hub  neMam  k0  .^qpMA  Ii 
iX7  X  <if«» -^KX  latcribeiB  the  ere  £F-»|adlfci(t  Mmfc 
polygen  EMHOPF,  the  ndtteT  which  ehaH  aMteKh  Mm* 
cmfcrence  tombed  with  the  mUns  CU,  wii  M4di  egptf  SI 
the  perpeadicaUr  Gh  the  eorihce  deacribii  bgrl'thfli  p4yg« 
JEJITFt  tBTBing  about  EC^  will  have  for  ita.a«Hiyie  flGF  M  «iR:€l 
(5dd)«  This  qaaHtitj  is  greater  An  £G x  fliMU^Ii  ^■^'^  ^ 
kypothesisy  is  the  meesore  of  the  aooe  described  bgr  tbejurv  £11 
Consequently  the  surfiBM^  described  by.  di9.pq||foa: JE^tAfQIf 
would  be  greater  then  the  snrfoce  described  I7  jUi  ci^EB^^ 
arc  EF}  but  on  the  contrary  this  last  JRa«^  ia.  j|^^ 
tiie  first,  since  it  enckses  it  on  all  rides )  t^finijBMii  (jhaJpnpi 
of  any  spherical  sone  with  one  base  caniMit  he  leaa.lh>||t^iiii| 
tnde  of  this  sone  multiplied  by  (fas  dmnnNtiiprn:  of  ^Wf^ 
circle.  ^  f'.         ...    ^y-. 

We  say»  in  the  second  placet  that  thn  mrssnrn  hf  tfan  sasmiiisl 
cannot  be  greater  than  the  altitude  of  thjs  aqm  iiiaili|die4  ||y  ftp 
circumference  of  a  great  circle.  For,  let  us  auppoee  that  dt 
zone  in  question  is  tiie  one  described  liy  tlie  arc  AB  about  4Ci 
an4^  if  it.be  possible,  let  tbe  wme  AB  be  greater  than 

ADxdrcAC 
The  entire  surface  of  the  sphere  composed  of  the  two  Mast  Ift 
BHf  has  for  its  measure  AH  x  arc  AC  (535),  or 

AD  X  drc.  AC+DHx  are.  AC  j 
if  then  the  %one  AB  be  greater  than  AD  x  dre.  AC,  tte  «SM  Aff 
must  be  less  than  DH  x  circ  AC9  which  is  contrary  to  the  M 
part  already  demonstrated.  Therefore  the  measure  of  a  ifhai 
cal  zone  with  one  base  cannot  be  greater  than  the  altitiide  of  (Ui 
zone  multiplied  by  the  circumference  of  a  great  circle* 

It  follows  then  that  every  spherical  zone  with  one  base  bsi 
for  its  measure  tlie  altitude  of  this  zone  multiplied  by  the  drcnn- 
fci*ence  of  a  great  cin  le. 

Let  us  now  consider  any  zone  of  two  bases  described  kf  thi 

ig.  230.  revolution  of  tlie  arc  FH  {fig.  2£0)  about  the  diaoMter  !>£;  sal 

let  FOf  HQ,  be  di*awii  i)ci-pendicular  to  this  diameter.  The  wmm 

described  by  the  aic  FH  is  the  diflference  of  the  two. 
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described  by  the  arcs  DH  and  DF ;  these  have  for  their  meas- 
ure respectively  DQ  x  drc  CD  and  DO  x  ctrc,  CD ;  therefore 
the  zone  described  by  FH  has  for  its  measure 

{DQ—DO)  X  circ  CD,  or  OQ  X  dre.  CD. 
We  condade  then  that  every  spherical  zone  with  one -or  two 
bases  has  for  its  measure  the  altitude  oi  this  aone  multiplied  by 
the  circumference  of  a  great  circle. 

539.  Corollary.  Two  zones  are  to  each  otlier  as  their  alti« 
tudesy  and  any  zone  whatever  is  to  the  aurtace  of  the  sphere  as 
the  altitude  of  this  zone  is  to  the  diameter. 

THEOftEM. 

540.  If  Vie  tfian^  BAG  (fig.  264,  265)  and  the  reetangle  rig.  2( 
BCEF  cfthe  same  hose  and  same  aUUude  turn  simultaneously  about       ^ 
the  common  base  BC,  the  solid  gentrated  fty  the  revehUion  of  the 
triangle  will  be  a  third  of  the  ciflinder  generated  by  the  revolution 

of  the  rectangle. 

Demonstration.  Let  fall  upon  the  axis  flie  perpendicular  AD 
(fig.  264)  ;  the  cone  generated  by  the  triangle  JlBD  is  a  third  Fig.  2t 
of  the  cylinder  generated  by  the  rectangle  AFBD  (524) ;  also 
the  cone  generated  by  the  triangle  ADC  is  a  third  of  the  cylinder 
generated  by  the  rectangle  ADCE ;  therefore  the  sum  of  the  two 
cones,  or  the  solid  generated  by  ^BC,is  a  third  of  the  sum  of  the 
two  cylinders,  or  of  the  cylinder  generated  by  the  rectangle 
BCEF. 

If  the  perpendicular  AD  (Jig.  265)  fall  without  the  triangle,  Fig.  s< 
the  solid  generated  by  ABC  will  be  the  difference  of  the  cones 
generated  ABD  and  ACD ;  but,  at  the  same  time,  the  cylinder 
generated  by  BCEF  will  be  the  difference  of  the  cylinders  gen- 
erated by  AFBD,  AECD.  Therefore  the  solid  generated  by  the 
revolution  of  the  triangle  wiU  be  always  the  third  of  the  cylinder 
generated  by  the  revolution  of  the  rectangle  of  the  same  base  and 
same  altitude. 

54  U  Schdium.    The  cirde  of  which  AD  is  the  radius  has  for 

.  its  surface  ^  x  AD ;  consequently  ir  x  AD  x  BC  is  the  measure 

of  the  cylinder  generated  by  BCEF,  mA\^x  ADxBCib  the 
tneasnrc  of  the  solid  generated  by  the  triangle  ABC. 


19d  EUmenU  rf  OtomUr^. 

PROBLEM. 

;.  366.  542.  The  triangle  CAB  (fig.  266)  being  supposed  to  maJbei 
Tcoolvtwn  about  the  line  CD,  drawn  at  pleasure  wiihofut  the  trioM^ 
through  the  vertex  C9  tojind  themeasure  qfthesolid  thus  gemendBL 

Mutunu  Produce  tbe  side  AB  until  it  meet  the  axis  CD  n 
D,  and  from  the  points  A,  B,  let  faU  upon  the  axis  the  perpa- 
diculars  AM,  BJ^. 

The  solid  generated  by  the  triangle  CAD  has  for  its 


^ «-  X  AM  X  CD  (540)  ;    the  solid  generated  by  the  triangk 

CBD  has  for  its  measure  •}  ^  x  BJ^ x  CD;  therefore  the  diffid- 
ence of  these  solids,  or  tlie  solid  generated  by  ABCp  will  ha?€  fa 


its  measure  ^  »  x  {AM  —  BN)  x  CD. 

This  expression  will  admit  of  another  form*  From  thepcM 
/,  the  middle  of  AB^  draw  IK  perpendicular  to  CD9  and  timi^k 
the  point  B  draw  BO  parallel  to  CD,  we  shall  hare 

AM  +  BJ^=zZlK    (178), 
and  AM—BX-AO;  consequently  {AM+BK)x(AM—^BJ()i 

or  AM  —  BN  (184),  is  equal  to  9.IK  x  AO.  Accordingly  fte 
measuiHs  of  tlic  solid  under  consideration  will  also  be  expressed  br 
*^xIKxAOxCD.  But,  if  the  perpendicular  CP  be  let  bU 
upon  AB9  the  triangles  ABO9  DCP  will  be  similar,  and  will  give 
the  proportion  AO  :CP::  AB :  CD ;  whence 

AOxCD=^CPxAB; 
moreover  CP  x  AB  is  double  of  the  area  of  the  triangle  ABCy 
tlius  we  have  AO  x  CD^2ABC;  consequently  the  solid  gene- 
rated by  the  triangle  ABC  has  also  for  its  measure 

i^xABCxKI, 
or,  since  drc.  KHh  equal  to  Q^  x  KU  this  same  measure  will  be 
ABC  X  I  circ.  KI.  Tliei  efore,  the  solid  generated  by  the  revalutioi 
of  the  triangle  ABC  has  for  its  measure  the  area  of  this  triangU 
multiplied  by  two  thirds  of  the  drcumference  described  by  the  poiut  I 
the  middle  of  the  base. 

543.  Corollary.  If  tlie  side  AC  =  CB,  the  line  CI  will  be  per- 
pendicular to  AB9  the  area  ABC  will  be  equal  to  AB  x  ^  C/,  and 
the  solidity  4  »•  x  ABC  X  IK  will  become  ^^xABxIKxCL 
But  the  triangles  ABO9  CIKf  are  similar,  and  give  the  propor- 
tion  JB :  BO  or  MN ; :  CI ;  IK  •,  cqh^^^vm^w^^ 
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ABxIK=MJfxCI; 
therefore  the  solid  generated  by  the  isosceles  triangle  jlBC  will 

hare'ftr  its  measure  |  «-  x  Jlf^  x  CI. 

SA4m  BAoGum.  Tlie  general  solution  seems  to  suppose  that 
the  One  AB  produced  would  meet  the  axis»  but  the  results  would 
not  be  the  less  true,  if  the  line  AB  were  parallel  to  the  axis. 

indeed  the  cylinder  generated  by  AMNB  (Jig.  268)  has  for  its  t^i^.  26( 

meamre  w  x  AMx  MN^  the  cone  generated  by  ACM  is  equal  to 

\wxAMxCMy 

and  the  cone  generated  by  BCX  =  -I  x  x  AM  x  Of.  Adding 
the  two  Arst  solids  together  and  subtracting  the  third  from  the 
sum^  wo  have  for  the  solid  generated  by  ABC 

w xAM X  {MX +\CM'^\CN)i 
and,  ritoce  CN — CM^MK^  this  expression  reduces  itself  to 

••  X  AMx  I MNf  or  |  «•  x  CP  x  MN^  which  agrees  with  the 
results  already  found. 

rrBfiottBM. 

545.  tji  AB,  BC,  CD  (fig.  262)^  he  several  sutussivt  sides  ^F'lg.  26^ 
o  r^iifor  pUygoHf  O  its  ceiitref  01  the  radius  qf  the  inscribed 
drde  ^  if  v>e  suppose  the  potygonal  sector  AOD,  sitfuUed  on  the 
same  side  of  the  diameter  FG,  to  make  a  revohUion  about  this  diam* 

eUr^  the  solid  generated  will  have  for  its  measure  |  x  x  01  x  MQ, 
MQ  bang  the  portion  qf  tlte  axis  terminated  by  the  extreme  per^ 
pemliculars  AM,  DQ. 

Demonstration.  Since  tlie  polygon  is  regular,  all  the  triangles 
AOB9  BOCy  &c.f  are  equal  and  isosceles.  Now,  by  the  corollary 
of  the  preceding  proposition,  the  solid  generated  by  the  isosceles 

triangle  AOB  has  for  its  measure  4  ^  X  01  x  MJ>r,  the  solid  gen- 
erated by  the  triangle  BOG  has  for  its  measure  |  «•  x  0/  x  -ATP, 
and  the  solid  generated  by  the  triangle  COD  has  for  itd  measure 

^wX  OIx  P^ ;  therefore  the  sum  of  these  solids,  or  the  entire 
solid  generated  by  the  polygonal  sector  AOD,  has  for  its  measure 

^itx  ofx (J^LS'+JST+Pq), or i^x 01  xMq. 

55 


546.  J^wry  ipAtrieaf  $t<ior'lm$  Jar ita  measure  tlu  x<nie«ii(i 
■$tn)et  m  a  iaie  wmfftpfirity  ■  ttrnt  ^  the  redim,  and  then/in 
iflmrt  luufiritM  nuanre  tfs  mn^ux  ■mnUiplud  by  a  third  if  lit 


%•  3«.  Jlnifmilratioii.  Let  rfBC  C^.  26»)  be  the  circular  secKir, 
wbich,  by  Ita  revolution  about  <dC,  ^nei-atcs  the  spherical  «• 
'tor^lheioiie  described  b^  .tfB  being  AD  x  circ^AC*  or 

i»X^CxJD    .(5SB), 
we  say  tbat  the  -^berical  sector  will  have  for  its  measure  Hit 

sotie  muW^ied  by  ^  JC>  or  4  V  X -AC  X -d-D. 
I .  Let  OS  supposej  if  it  be  possible,  tliat  this  quantity 

Jwx  JCk  JU) 
is  ibb  meunre  at  a  greater  q^eriosJ  sector,  of  the  ^benal 
sector,  for  example,  generated  ij^  the  circular  sector  £CFsiini- 
lar  to  MB. 

lOHcribe  in  the  arc  SF  a  portion  of  a  re^gulor  ptdygsli 
EMXF  the  sides  of  which  shall  not  meet  the  arc  JlB,  then  sop- 
poee  ttie  polygonal  sector  EJVTC  to  torn  about  EC  at  the  mm 
time  with  the  circular  sector  EOF.  Let  CI  be  the  radius  of  i  I 
circle  inscribed  in  the  polygon,  and  let  FG  be  drawn  perptn- 
dicnlar  to  BC.    The  solid  generated  by  the  pol^goBal  ^ettm 

will  have  for  its  measnre  ^^^xCIxBO  (949);  nov  Cfii 
^greater  tiian  iflC,  by  constmction,  and  S6  is  greaha  rfSmm'JBf 
for,  if  we  join  M,  EF,  the  triangles  EFO,  .OB,  wHdh^tn 
similar,  give  the  proportion  £0  :  ,A0  s :  .Fff :  Jt^t  s-IV:  Wt 
therefore  £0  >JZ). 

For  this  double  reason  I  «■  X  CJx  £0  is  greater  ttaB 

^wxCAX'AB; 
the  first  expression  is  the  measure  of  the  solid  gaMPmted  bj  tte 
polygonal  sector,  tlie  second  is,  by  hypothecs,  tiiat  d 
cal  sector  generated  by  the  circular  sector  ECFi 
the  Hidid  generated  by  the  pdygonal  sector  mmM  -begseatar 
than  the  spherical  sector  generated  by  the  ci0^ar  sectoc  Bit 
on  the  contrary  the  solid  in^  question  is  less  than  the  ^bcrical 
sector,  since  it  is  contained  in  it;  accordingly  tiie  bypoCharii 
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with  which  we  set  out  cannot  be  maintained ;  therefore  tlie  zone 
or  base  of  a  spherical  sector  multiplied  by  a  third  of  the  radius 
cannot  be  the  measure  of  a.  greater  spherical  sector. 

3.  We  say  that  this  same  product  cannot  be  the  measure  of  a 
less  sj^ierical  sector.  For,  let  CBF  be  the  circular  sector  which 
by  its  rowilution  generates  the  given  sphmcal  sector,  and  let  us 


suppose,  if  it  bo  possible,  that  |  ir  x  Cfi  x  EO  is  the  measure  of  a 
less  spherical  sector,  of  that,  for  example,  generated  by  the  cir- 
cular sector  MB. 

The  preceding  construction  remaining  the  same,  the  solid 
generated  by.  the  polygonal  sector  will  always  have  for  its  meas- 
ure 4  ir  X  6/  X  BOk    But  CI  is  less  than  CB ;  consequently  tlie 

solid  is  less  than  |  «-  x  CEx  EO,  which,  by  hypothesis,  is  the 
measure  of  the  spherical  sector  generated  by  the  circular  sector 
JiCB.  Therefore  flie  solid  generated  by  the  polygonal  sector 
would  be  less  than  flie  solid  generated  by  the  spherical  sector ; 
but  on  the  contrary  it  is  greater,  since  it  contains  it  Therefore 
it  is  imposfuble  that  the  zone  of  a  spherical  sector  multiplied  by 
a  third  of  the  radius  should  be  the  measure  of  a  less  spherical 
sector. 

We  conclude  then,  that  every  spherical  sector  has  for  its 
measure  the  zone  which  answers  as  a  base  multiplied  by  a  third 
of  the  radius. 

A  circular  sector  MB  may  be  increased  till  it  becomes  equal 
to  a  semicircle ;  then  the  spherical  sector  generated  by  its  rev- 
olution is  an  entire  sphere.  Therefore  the  solidity  (^  a  gphere  is 
equal  to  its  surface  muUiplied  by  a  third  of  the  radius* 

547m  Corollary.  The  surfaces  of  spheres  being  as  the  squares 
of  their  radii,  these  surfaces  multiplied  by  the  radii  are  as  the 
cubes  of  the  radii.  Therefore  the  soUdities  cf  two  spheres  are  as 
the  cubes  rf  their  radii,  or  as  the  cubes  of  their  diameters. 

548.  /SKcAirfiiiiii.  Let  R  be  the  radius  of  a  sphere,  its  surface 
will  be  4 ir fi>,  and  its  solidity  4  wR*  x^RfOr^w its.  If  we 
call  D  the  diameter,  we  shall  have  Jt  =  ^  J9,  and  JUL  =  |  J9^ ; 
therefore  the  solidity  will  also  be  expressed  by  4  «'  X I  ^^9  or 


j>.* 


l$6  >  jyieWaf>gtiia»||fc\<» 
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emnmibed  ci/Hinitrp Hulmm  hdiig^cmfnkmilMii^m  .■  iit4i J? 

I?. ^0.     DemmuamHim.    hat  MPMH^  (Ji§.'moy btot ^MfeieMurf 
the  sphere,  «AIM70  the  ^^trnmiecrihed  aquaref  tf  te. 
rjtqf  and  the  senmqoare  PJJff^,  be  i^de  ti  fdba 'a^^^^ 
time  ahoat  the  diameter  F^,  the  emiefarclii  iH^, 
sphere,  and  the  semiaqaare  wiH  geuegaie  die  tj/tMt^\ 
SQfibed  about  the  sphere.  '  ,;.,-      i!- 

^The  altilMe  JD  of  th«  ejrlihder  is  eq[ad  te  the  <liiite»r  JB^ 
•the  hase  of  tiie  ^^linderfa'iaqoal  ia*.  a  gtaat  itKh,  wbnm  itiai 
XQr  a  diameter  JB  equal  to  .UjCY;  conaequeiitlj  tlM  oomeK  ah^ 
face  of  the  cylinder  is  equij  to^e  ciroaoiftnMe  of  a  Kraal  didi 
multiplied  bj  its  diameter  (5ti)p  "^Thb  maam  la  tte jw^ 
of  thiB  surfiMCc  of  the  spjiere  (53ii) ;  '^ea^  ft ji^|aW  tttfl . Ar 
nif/ace  of  the  spherfi  i$  emud  to  Ui0  fioma.  9(iirfim^"iSll^WmS^ 
.«crma  €y(isa€r.  .     i  , 

But  the  surface  of  the  sphere  la^qiial  tblijMir  gnmt'  iSS^y 
consequently  the  convex  surface  fjtale  circinMcritwif  cjBaifiBry 
also  equal  to  four  great  circles.  If  we  add  (he  two  haaesr  lAlck 
are  equal  to  two  great  circles,  the  whole  anrfiioe  of  the  cir- 
cumscribed cylinder  will  be  equal  to  mx  great  cirdea  |  therdbie 
tKc  surface  of  the  sphere  is  tp  the  whole  surfiure  of  the  dicuN 
scribed  cylinder  as  4  is  to  6,  or  as  2  is  to  S«  This  b  tiie  ffM 
piart  of  the  proposition  which  it  was  proposed  to  demonafrate. 

In  the  second  place,  since  the  base  jof  the  circniaaciibed  cylia- 
der  IS  jEiqual  to  a  great  circle,  and  its  altitude  eq^  to  the  dfiank 
ctor,  the  solidity  of  the  cylinder  will  he  equal  to  a  great  cirde 
multiplied  by  the  diameter  (516).  But  the  solidity  of  the  sphere 
is  equal  to  four  great  circles  multiplied  by  a  third  of  the  radn 
(p46),  which  amounts  to  a  great  circle  multiplied  bj  <|  of  tte 
radius,  or  f  of  the  diameter ;  therefore  the  sphere  is  to  the  cir- 
cumscribed cylinder  as  2  is  to  3,  and  consequently  the  aolidite 
of  these  two  bodies  are  to  each  other  as  their  surfaces. 

550.  Scholium^  If  a  polyedron  be  supposed,  all  whose  ftoes 
touch  the  sphere,  this  poiycdrun  might  be  considered  as  cooh 
)K)sed  of  pyramids  having  the  centre  of  the  sphere  for  their 
common  vei'tcx«  the  bases  being  the  several  faces  of  fhepolje* 
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dron.  Now  it  is  evident  that  all  these  pyramids  will  have  for 
their  common  altitude  the  radius  of  the  sphere,  so  that  each 
pyramid  will  be  equal  to  a  fiure  of  tiie  pcdyedron,  which  serves  as 
a  base^  multiplied  hy  a  third  of  the  radius ;  therefore  the  entire 
polyedron  will  be  equal  to  its  surfiEU^  multiplied  by  a  third  of  the 
radius  of  the  inscribed  sphere. 

It  win  be  perceived  by  this  that  the  solidities  of  pcdyedrons 
cireonscribed  about  a  sphere  are  to  each  other  as  the  snrfkces 
of  tbe0e  same  polyedrons.  Thus  the  property  which  we  have 
dcsMHifltrfliCed  for  the  circumscribed  cylinder  is  common  to  an 
infinite  number  of  other  bodies. 

We  might  have  remarked  also  that  the  surfiaces  of  polygons 
circaniscribed  about  a  circle  are  to  each  other  as  their  perimeters. 

FROBLEM. 

551.  The  circular  segment  BMD  (fig.  271)  hdng  supposed  to  Fig.  371 
receltoe  about  a  diameter  exterior  to  this  segment,  to  Jlnd  the  value 

of  the  solid  generated. 

BobUion.  Let  fall  upon  the  axis  the  perpendicplars  BB,  DF, 
and  upon  the  chord  BD  the  perpendicular  CI,  and  draw  the  radii 
CBfCB. 

The  solid  generated  hy  the  sector  BCJ  =  4  «*  x  CB  x  MS 

(546) ;  the  solid  generated  by  the  sector  DCJi  =  ^7rxCBxJiF; 
consequently  the  diflference  of  these  two  solids,  or  the  solid  gen- 
erated by  the  sector  DCB,  will  be  equal  to 

^^XCBx(J^—JiE)=ziwxCBxEF. 
But  the  solid  generated  by  the  isosceles  triangle  DCB  has  for 

its  measure  I  «•  x  Ci  x  BF  (543) ;  consequently  the  solid  gen- 
erated by  the  segment  BMD  =  iirxEFx  (cB  —  Cl).  Now 

in  the  right-angled  triangle  CB/we  have  CB—  CI=  BIz=i »  BD ; 
therefore  the  solid  generated  by  the  segment  BMD  has  for  its 

measure  |  «•  x  JBFx  i  BD,  or  i^rxBDx  EF. 

552.  Scholium,    llie  solid  generated  by  the  segment  BMD  is 

to  the  sphere  whose  diameter  is  BD,  as  ^  r  x  BD  x  EF  is  to 
i  «■  X  BD,  or  :  I  EF:  BD. 


THB0nM« 
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nBrfihnifli  Am  fir  tli  MiiMrt  lie  Aotf  mw 

qtttfwle  w  fke  dioiiMtor.  .vt^iS'-         .■>'>' 

iy. ^1.    JUMMwrtMiMw   Lot  AB; liF  (Ji^ «mr)*  itfffhi  r«M'«# ti 

be  famed  by  the  revebtien  ef  tfke  riemhi 
idkevfctheuiAFS.    TktaolMemMMbjr^Iki^ 


wffl  be  equal  to  | »  x  BH  x  i!F(59|0»  A^  flmlpii  «ra< 
genenied  by  tbe  trapeseoid  Jll^Jra  wfllbeeqioal Ib' 


>  » /.  1 


k  >.  .• 


consequenfly  the  sq^ent  of  flie  epliere  vbicb  is  tbe  flom  of  Hmr 

tin^8oIid8  =  i»xJ!Fx(si«+flAF+82UlxilF4.m      U 
by  drawing  AO  parallel  to  JSF^  we  shall  bure  AOaAF— JU; 

JDO  =  JDF  —  %B¥  X  BE  +  BE  (18S)>   asA  m— fiMll; 
So=:^BO  +  Ba^EF  +  DF^iDPxBE+BS^   TumBgHk 

value  in  the  place  of  ED  in  the  expression  for  the  a^gOMat^  aal 
seducing  it,  we  shall  have  for  the  solidity  of  the  segment 

lwxEFx(sBfi+SDF  +  EF)f 
an  e:i^res8ion  which  may  be  decomposed  into  two  psHa ;  Ac 

omiwxEFx  (^BE  +  3Df), or  EFx  f  l£*£+^2i^l 

is  the  half  sum  of  the  bases  multiplied  by  the  altitude ;  the  other 

|xx  EF  represents  the  sphere  of  which  BF  is  the  diameter 
(548)  ;  therefore  the  segment  of  the  sphere  &c. 

554.  CoroUarji.  If  one  of  the  bases  is  nothings  the  s^gmeRt  is 
question  becomes  a  spherical  segment  having  only  one  base; 
therefore  every  spherical  segment  baroing  only  one  ba$e  is  egitmi- 
lent  to  half  of  the  cylinder  of  the  same  betse  and  same  aUHudef  pba 
the  sphere  of  which  this  aUUude  is  the  diameter. 

General  Scholium. 

555.  Let  R  be  the  radius  of  the  base  of  a  cylinder,  M  its  alti- 
tude ;  the  solidity  of  the  cylinder  wi)I  he^Jl^  x  JSTf  op  ir  J|s  If. 
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Let  £  be  the  radios  of  the  base  of  a  cone,  H  its  altitude ;  the 
solidity  of  the  cone  will  he  w  R*  x  ^  B,  or  ^^  R^  IL 
I        Let  A,  Bf  be  the  radii  of  the  bases  of  the  frustam  of  a  cone^  H 
I    its  altitude^  the  solidily  of  the  frustum  will  be 

Let  R  be  the  radius  of  a  sphere ;  its  solidity  will  be  |  x-lZ^. 
Let  Jl  be  the  radius  of  a  spherical  sector,  IT  the  altitude  of  the 
xoae  which  answers  as  a  base ;  the  solidity  of  the  sector  will  be 

Let  Py  ^  be  the  two  bases  of  a  spherical  segmenty  H  its  alti- 
tude, the  solidity  of  tUs  se^ent  will  be  ^— lt3^X  H+ 1  «•  iJ^ 

If  the  qiherical  segment  have  only  one  base  P,  its  solidity 
willbe^PlT+Jirfl*. 


i 
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NOTES. 


I. 

t^m  eaiain  names  mnd  d^initUms* 

Sons  new  expressiom  and  definitioDS  haTe  been  introduced  into 
ftis  work  wUch  tend  to  give  to  the  ]angaag;e  of  geometry  more 
esaotneas  and  precision.  We  proceed  to  give  an  account  of  these 
changes,  and  to  propose  certain  others,  which  might  fulfil  more  com- 
pleteljr  the  same  purposes. 

In  the  ordinary  definition  of  a  rectangtdar  paralUhgram  and  of  a 
Bguarty  it  is  said  that  the  angles  of  these  figures  are  right  angles ;  it 
would  be  more  exact  to  say  that  their  angles  are  equal.  For,  to 
suppose  that  the  four  angles  of  a  quadrilateral  may  be  ri^t  angles, 
and  also  that  these  rig|it  angles  are  equal  to  each  other,  is  to  suppose 
propositions  which  require  to  be  demonstrated.  This  inconvenience 
and  several  others  of  the  same  kind  might  be  avoided,  if,  instead  of 
patting  the  definitions  as  is  usual,  at  the  head  of  a  section,  we  dis* 
tribute  them  throng|h  the  section  each  in  the  place  where  the  proposi- 
tion implied  is  demonstrated. 

The  word  parattelogram  according  to  its  etymology  signifies  par* 
Met  Hn$8  $  it  answers  not  better  to  a  figure  of  four  sides  than  to  one 
(Df  six,  eight,  &c.,  the  opposite  sides  of  which  are  parallel.  Likewise 
the  word  faralldopiped  signifies  parallel  planes  ;  it  does  not  designate 
a  solid  of  six  &ces  any  more  than  one  of  eight,  ten,  &c.,  of  which  the 
opposite  ones  are  parallel.  It  seems  then  tiiat  the  denominations  of 
parallelogram  and  parallelopiped,  which  have  besides  the  inconven- 
ience of  being  very  hmg,  ooght  to  be  banished  from  geometry.  We 
might  substitute  in  tiieir  place  those  of  rftom6  and  rhowJboid^  which 
are  much  more  convenient,  and  preserve  %e  name  of  loxenge  to 
denote  a  quadrilateral  the  sides  of  which  are  equal. 

The  word  inelination  ought  to  be  understood  in  the  same  sense  as 
that  of  angle ;  each  indicates  the  manner  of  being  of  two  lines,  or  of 
two  planes,  which  meet,  or  which  produced  would  meet  The  incli- 
nation of  two  lines  is  nothing,  when  the  angle  is  nothing,  that  is,  when  - 

S6 


the  lines  are  parallel  or  coincident.  The  inclination  is  greatest,  ivkn 
the  angle  is  greatest,  or  when  the  two  lines  make  with  each  other  i 
verj  obtuse  angle.  The  quality  of  leaning  is  taken  in  a  differeit 
sense ;  a  line  leans  so  much  the  more  with  respect  to  another,  nit 
departs  more  from  a  perpendicular  to  this  last. 

The  denomination  of  equal  triangles  is  given  by  Eadid  and  often 
to  tliose  triangles,  which  are  only  equal  in  surface  ;  and  that  ofifd 
soZtc/s  to  those  which  are  only  equal  in  solidity.  It  appears  to« 
more  proper  to  call  the  triangles  as  well  as  the  solids  in  this  ox 
equivalent  J  and  to  restrict  the  denomination  of  equal  triangles  mi 
equal  solids  to  those  which  would  coincide  upon  being  applied. 

It  is  moreover  necessary  to  distinguish  among  solids  and  cunei 
surfaces  two  different  kinds  of  equality.  Indeed  two  solids,  tiv 
solid  angles,  two  spherical  triangles,  or  two  spherical  polygons,  MJ 
be  equal  in  ail  their  constituent  parts  without  coinciding  when  sppE- 
ed.  It  does  not  appear  that  this  observation  has  been  made  in  ek- 
mentary  books;  and,  for  want  of  having  regard  to  it^  certain  desKii- 
strations,  founded  upon  the  coincidence  of  figures,  are  not  end 
Such  are  the  demonstrations  by  which  several  authors  pretend  to 
prove  the  equality  of  splicrical  triangles  in  the  same  cases  and  In  Ik 
same  manner  as  they  do  that  of  plane  triangles.  We  are  fnmisliri 
with  a  striking  example  of  this  by  Kobert  Simson,  who,  in  attacking  Ae 
demonstration  of  the  28tli  proposition  of  the  eleventli  book  of  Endkir 
fell  himself  into  the  error  of  founding  his  demonstration  upon  a  coinci- 
dence which  docs  nut  exist.  We  have  thought  it  proper  therefore  to 
give  a  particular  name  to  this  kind  of  equality,  which  does  not  admit  oi 
coincidence  ;  we  have  called  it  equality  by  symmetry  ;  and  the  figiuti 
which  are  thus  related  wc  call  symmetrical  figures. 

Thus  the  denominations  of  equal  figures,  symmetrical  ligorci, 
equivalent  figures,  refer  to  different  things  and  ought  not  to  be  con- 
founded. 

In  the  propositions,  which  relate  to  polygons,  solid  angles,  and 
polycdroh*s,  we  have  expressly  excluded  those  which  have  re-en- 
tering angles.  For,  in  addition  to  the  advantage  of  considenngin 
the  elements  only  the  most  simple  figures,  if  we  had  not  thus  restrict- 
ed  ourselves,  certain  propositions  would  either  not  have  been  true,or 
would  have  required  to  be  modified.  We  have  therefore  confined 
ourselves- to  the  consideration  of  lines  and  surfaces,  which  wecill 
convex,  and  which  are  such  that  they  cannot  be  cut  by  a  straight  line 
in  more  tlian  two  points. 

Wc  have  often  used  the  expression  product  of  two  or  of  a  greater 
number  of  lineSy  by  nvWc\\  vi<i  luti^Av  V^^  \ktQ^>wX.  ^*l  ^i».  ^^sninbers 
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fwhich  represent  these  lines,  they  being  estimated  according  to  a 
linear  unit  taken  at  pleasure.  The  sense  of  this  word  being  thus 
fixed,  there  is  no  difficoltj  in  making  use  of  it  The  same  is  to  be 
understood  of  the  product  of  a  surface  bj  a  line,  of  a  surface  by  a 
solid,  &c.  It  is  sufficient  to  have  established  once  for  all  that  these 
products  are  or  ought  to  be  considered  as  the  products  of  numbers, 
each  of  a  kind  that  is  adapted  to  it.  Thus  the  product  of  a  surface  by 
a  solid  is  nothing  else  than  the  product  of  a  number  of  superficial 
units  hj  a  number  of  solid  units. 

We  often  use  the  word  angle  in  common  discourse  to  designate 
the  point  situated  at  its  yertex ;  this  expression  is  faulty.  It  would 
be  more  clear  and  more  exact  to  denote  by  a  particular  name,  as  that 
of  vertices^  the  points  situated  at  the  vertices  of  the  angles  of  a  poly- 
gon or  of  a  polvedron.  In  this  sense  is  to  be  understood  the  expres- 
sion vertices  of  a  pdyedron,  which  we  have  used. 

We  have  followed  the  common  definition  of  nmilar  reeiUinealfig- 
tires;  but  we  would  observe  that  it  contains  three  superfluous  condi- 
tions. For,  in  order  to  construct  a  polygon  of  which  the  number  of  sides 
is  n,  it  is  necessary  in  the  first  place  to  know  a  side,  and  then  to  have 
the  position  of  the  vertices  of  the  angles  situated  without  this  side. 
Now  the  number  of  these  angles  is  n  —  £,  and  the  position  of  each  ver- 
tex requires  two  data;  whence  it  follows  that  the  whole  number  of  data 
necessary  to  construct  a  polygon  of  n  sides  is  1  -f  2n  —  4,  or  2n —  3. 
But  in  the  similar  polygon  there  is  one  side  to  be  taken  at  pleasure ; 
thus  tiie  number  of  conditions,  by  which  one  polygon  becomes  similar 
to  a  pven  polygon,  is  2n  —  4.  But  the  common  definition  requires, 
1.  that  the  angles  should  be  equal,  each  to  each,  which  makes  n  condi- 
tions; 2.  that  the  homologous  sides  should  be  proportional,  which 
makes  n—  1  conditions.  There  are  then  in  all  £n-—  1  conditions, 
or  three  too  many.  In  order  to  obviate  this  inconvenience  we  can 
resolve  the  definition  into  two  others^  in  this  manner, 

1.  Two  triangles  are  similar ^  when  they  liave  two  angles  equals 
each  to  each. 

Q.  Two  polygons  are  similar^  when  there  can  be  formed  in  the  one 
and  the  other  the  same  number  of  triangles  similar^  each  to  each^  and 
similarly  disposed. 

But,  in  order  that  this  last  definition  should  not  itself  contain  super- 
fluous conditions,  it  is  necessary  that  the  number  of  triangles  should 
be  equal  to  the  number  of  sides  of  the  polygon  minus  two,  which  may 
take  place  in  two  ways.  We  can  draw  from  two  hbmologous  angles 
diagonals  to  the  opposite  angles ;  then  all  the  triangles  formed  \^ 
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each  pol^n  will  have  a  common  vertex,  and  their  sum  wiUbecipil 
to  the  pol  jgon ;  or  rather  we  can  suppose  that  all  the  triAnghafarari 
in  a  polygon  have  for  a  common  base  a  ude  of  the  poljgon,  and  far 
vertices  thoie  of  the  different  angles  oppoMte  to  this  bttae.  In  mA 
case  the  number  of  triangles  formed  being  B-*flf  the  condhioii  4, 
their  similitude  will  be  equal  to  the  Domber  Sm— -4|  and  the  iA 
nition  will  contain  nothing  superfluous.  This  new  definitioB  hai[ 
adopted*  the  ancient  one  will  become  a  theomn,  wUch  majbc 
demonstrated  immediate) v. 

If  the  definition  of  similar  rectilineal  figurea  ia  imperfect  in  hsib 
of  elements,  that  of  stmt/or  solid  polyedrans  is  stiU  more  an.  h 
Euclid  this  definition  depends  upon  a  theorem  not  deneDalrilBi; 
in  other  authors  it  has  tlie  inconvenience  of  being  very 
we  have  therefore  rejected  these  definitions  of  similar 

The  definition  of  a  perpendiciUar  to  a  plane  may  be  rqganltd  m  i 
theorem ;  that  of  the  inclhuUion  of  two  planes  also  requires  ts  k 
supported  by  reasoning ;  the  same  may  be  said  of  several  odiets.  k 
is  on  this  account  that,  while  we  have  placed  the  definitiosa  acsa^ 
ing  to  ancient  usage,  we  have  taken  care  to  refer  to  fwopositiisi 
where  they  are  demonstrated}  sometimes  we  have  merdy  addaii 
brief  explanation  which  appeared  sufficient 

The  angle  formed  by  the  meeting  of  two  pUmeSf  and  tiie  aolid  sfl||i 
formed  by  the  meeting  of  several  planes  in  the  same  pointy  aie^ 
tinct  kinds  of  magnitudes,  to  which  it  would  be  well  perhapa  to  pn 
particular  names.  AV*ithout  this  it  is  difficult  to  avoid  obscurity  sad 
circumlocutions  in  speaking  uf  the  arrangement  of  planet  which  ooa* 
pose  the  surface  of  a  polled ron ;  and  as  the  theory  of  solids  has  btn 
little  cultivated  hitherto,  there  is  less  inconvenience  in  introducing 
new  expressions,  where  they  are  required  by  the  nature  of  the  sob- 
ject. 

I  should  propose  to  give  the  name  of  wedge  to  the  angle  formed  bj 
two  planes ;  the  edge  or  fmigfit  of  the  wedge  would  be  the  cummoo 
intersection  of  the  two  planes.  The  wedge  would  be  designated  bj 
four  letters,  of  which  the  two  middle  ones  would  answer  to  the 
edge*  A  right  wedge  tlien  would  be  tlie  angle  formed  by  tws 
planes  perpendicular  to  each  other.  Fuur  right  wedges  would  fill  aO 
the  solid  angular  space  about  a  given  line.  This  new  denominatios 
would  not  prevent  the  wedge  always  having  for  its  measure  the  ang^ 
formed  by  two  Hues  drawn  from  the  same  point,  the  one  in  one  of  ^ 

t  The  author  here  refers  to  a  distinct  note  on  tlie  equality  and  aimiiitiidr 
of  polyedrons  not  (i^ven  in  X\us  U.)JVi\»L\^v>Tu 
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itiior,  perpendicnltri  J  to  tho  odge  or 

n. 


The  improToments  referred  to  in  the  preceding  note,  so  far  as  they 
have  been  adopted  by  the  anthory  hare  been  cardhily  preserved  in 
the  translation.  Indeed  it  has  been  found  necessary  in  a  few 
instances  to  use  English  words  in  a  sense  somewhat  diferent  from 
their  ordinary  acceptation.  The  word  fclygom  is  generally  restricted 
to  figures  of  more  than  four  sides.  It  is  nsed  in  this  work  with  the 
latitude  of  the  original  word  polygtms  to  stand  for  rectilineal  figures 
generally ;  and  pdftdnm  is  adopted  in  a  similar  manner  for  solids. 
Quadrilateral  is  employed  as  a  general  name  for  foar-sided  figures. 
The  word  losenge  is  rendered  by  rhmnbuBf  and  trapexa  by  trapezoid, 
the  English  words,  as  they  are  commonly  usedi  corresponding  to  the 
French.  The  perpendicular  let  fall  from  the  centre  of  a  regular 
polygon  upon  one  of  its  sides  is  called  in  the  original  aipcithime.  It 
occurs  but  a  few  times,  and  as  there  is  no  English  word  answering  to 
it,  it  is  rendered  by  a  periphrasis,  or  umply  by  the  word  perpeudic« 
ukr.  The  portion  of  the  surface  of  a  sphere  comprehended  between 
the  semicircumferences  of  two  great  circles  is  denoted  in  the  original 
by  fuseau  ;  Dr.  Hutton  uses  the  word  lune  in  the  same  sense ; 
ethers  have  employed  bmary  tuffaee  f  as  lune  properly  stands  for 
the  surface  comprehended  between  two  unequal  circles,  the  latter 
denomination  was  thought  the  least  exceptiipable,  and  is  adopted  in 
the  translation. 

ni. 

On  the  demomtraHon  rf  the  proposition  efartide  58. 

The  proposition  of  art.  58  is  only  a4)articu1ar  case  of  the  celebrat- 
ed postulate  upon  which  Euclid  has  established  the  theory  of  parallel 
lines,  as  well  as  the  theorem  upon  the  sum  of  the  three  angles  of  a 
triangle.  This  postulate  has  not  yet  been  demonstrated  in*a  manner 
entirely  geometrical,  and  independent  of  the  consideration  of  infin- 
ity, which  is  undoubtedly  to  be  attributed  to  the  imperfection  of 
the  definition  of  a  straigiit  line,  which  serves  as  the  basis  of  the  ele- 
ments. But,  if  we  consider  this  subject  in  a  point  of  view  more 
abstract,  analysis  offers  a  very  simple  method  of  demonstrating  the 
proposition  rigorously. 

We  show  immediately  by  superposition,  and  without  any  prelim- 
inary proposition,  that  two  trimigles  are  equaly  tohen  a  «Uk.  atu3L 
the  two  adjacent  angUs  of  the  om  are  equal  to  a  side  wA  Sk^i  tv»^ 
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adjacent  angles  of  the  othevy  each  to  each.  Let  V8  call  p'Vdz  side  it 
question,  ^  and  B  the  two  adjacent  angles,  C  the  third  wujjt. 
The  angle  C  then  must  be  entirely  detenDinate,  when  the  angla 
Ji  and  B  are  known  with  the  side  p ;  for,  if  seTeral  angles  C  end! 
correspond  to  the  three  given  things  Aj  JI,  p,  there  would  be  » 
many  different  triangles,  which  would  have  a  side  and  the  two  adji- 
cent  angles  of  the  one  equal  to  a  side  and  the  two  adjacent  angles  rf 
the  other,  which  is  impossible ;  therefore  the  an^e  C  must  be  a  detv* 
minate  function  of  tlie  three  quantities  «A,  B^  pi  which  maj  k 
expressed  thus 

C^<pi{A,Byfi. 
Let  the  right  angle  be  equal  to  unity,  then  the  angles  Ji^  Bf  C,«il 
be  numbers  comprehended  between  0  and  2 ;  and,  since 

\vc  say  that  the  line  p  does  not  enter  into  the  fonotion  p^  .  loded 
we  have  seen  that  C  must  be  entirely  determined  by  the  data  Jf,  A, fit 
merely,  without  any  other  angle  or  line  whatever;  hat  the  line  pis  if 
a  nature  heterogeneous  to  the  numbers  ttf,  A,  C;  and  if,  having  any 
equation  whatever  among  t^,  B^  C,  p,  we  eould  deduce  the  Taloe  df 
in  Jiy  Bj  C,  it  would  follow  that  p  is  equal  to  a  number,  which  ii 
absurd ;  therefore  p  cannot  enter  into  tlie  function  ^^  and  we  hue 

pimply  C=z(p:(A,B) *. 

This  formula  proves  already  that,  if  two  angles  of  a  triangle  are 
C(jual  to  two  angles  of  another  triangle,  the  third  must  be  equal  to  die 
third  ;  and,  this  being  supposed,  it  is  easy  to  arrive  at  the  theoren 
we  have  in  view. 
274.  In  the  first  place  let  .IBC  {fig,  274)  be  a  triangle  right-angled  at  J; 
from  the  point  »4  let  fall  upon  the  hypothenuse  tlie  perpendicular  AD, 
The  angles  B  and  1)  of  the  triangle  JiBD  are  equal  to  the  angles 


•  It  has  been  objected  to  this  demonstration  that,  if  it  were  applied,  wori 
for  word,  to  spherical  tranglcs,  it  would  follow  that  two  known  angles  wonW 
be  sufficient  to  determine  the  third,  which  would  not  be  true  in  this  kind  of 
triangles.  The  answer  is,  that  in  spherical  triangles  there  is  one  element 
more  than  in  plane  triangles,  and  this  element  is  the  radius  of  the  sphere 
which  must  not  be  omitted.  Accnrdinjrly,  let  r  be  the  ndias  ;  then,  instev! 
of  having  C  —  <p  (.i,  B,  //),  wc  shill  have  C  ^  ^  {J,  B,  p,  r),  or  simply 

C  =^  ^(^1,Ji,  —  \  by  the  law  of  homogcnious  quantities.    Now,  since  the 

ratio  —  is  a  number,  as  well  as  ^,  B,  C,  there  is  nothing  to  prevent  ~  bcbij 
.•ound  in  the  fanction  ^,  and  then  wc  can  no  longer  conclude  that 
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M  and  «C  of  the  triangle  BACi  therefore,  according  to  what  has  just 
been  denooitrated,  the  third  angle  B»AD  is  equal  to  the  third  C^ 
for  the  tame  reason  the  angle  BAC  tsi  B$  consequently 

BAB  +  BJCy 
or  AfC  B  A  +  C;  but  the  angle  BJC  is  a  right  angles  therefore 
<Ae  imo  mcuU  (BmgUs  af  a  right-angled  triangle^  taken  together^  are 
m^pud  to  a  right  angle. 

Apin,  let  BJC  (Jig,  275)  be  any  triangle,  and  BC  a  side  which  is  Pig-  37 

Hot  leas  than  each  of  the  two  others ;  if  from  the  opposite  angle  Ji  the  * 

perpeBdicnfair  AD  be  let  fall  upon  BC,  this  perpendicular  will  fall 

ifithin  tiie  triangle  ABCj  and  will  divide  it  into  two  right-angled  trian- 

^ea  BJU}jDAC*  Now  in  the  right-angled  triangle  BAD  the  two  angles 

BJUDj  JiBDf  are  together  equal  to  a  right  angle ;  in  the  right-angled 

triangle  DAC  the  two  angles  BAC,  ACDi  are  also  equal  to  a  right 

angle.    Conseqaentlj  the  four  united,  or  the  three  BAC,  ABC,  ACB, 

tre  together  equal  to  two  right  angles;  therefore  in  every  triangle 

ike  fttm  of  the  three  angles  is  equal  to  two  right  angles. 

We  see  bj  this  that  the  theorem,  considered  a  priori,  does  not 
depend  upon  a  series  of  propositions,  but  is  deduced  immediately 
from  the  principle  of  homogeniety,  a  principle  which  exists  in  every 
rdation  among  quantities  of  whatever  kind.  But  we  proceed  to 
show  that  another  fundamental  theorem  of  geometry  may  be  deduced 
from  the  same  source. 

The  above  denominations  being  preserved,  and  the  side  opposite 
to  the  angle  A  being  called  m,  and  the  side  opposite  the  angle  B  being 
called  n ;  the  quantity  m  must  be  entirely  determined  by  the  quan- 

titiei  Aj  B,f\  consequently  m  is  a  function  of  A,  B,  p,  as  also  ~ 

80  that  we  can  make  —  =  4"  •  {'^9  ^9  P)^     ^^^  —  is  a  number, 

as  well  as  A  and  B ;  therefore  the  function  '^  must  not  contain  the  line 

tn 
f,  and  we  have  simply  ^  =  «^  :  (A,  B),  orm  ^  p^p  :  {A,  B).    Vi'e 

kave  also  in  a  similar  manner  n  ss  jn^ :  {A,  B). 

Let  there  be  another  triangle  formed  witli  the  same  angles  A,  B, 
CfWod  having  for  tlie  opposite  sides  m'^n'^p*,  respectively.  Since 
4  and  B  do  not  change,  we  have  in  this  new  triangle 

m'^p'^(A,B), 
and  n'  'sap''^: (B,  A),    Therefore  m:m' ::n:n' ::p :p\    There- 
fore in  eqidangtUav  triangles  the  sides  opposite  to  the  equal  angles 
^  proportional. 


808  JVUet. 

From  this  general  propoiition  we  deduce^  u  a  pftrticnhr  or, 
fhat  which  we  have  sapposed  in  the  text  for  the  demonstnitioa  of  Ike 
Fig.  35.  proposition  of  art  58.  Indeed  the  triangles  JWO^  AML  (Jig.  3j). 
have  two  angles  equal,  each  to  each,  namelj,  die  angle  j9  comnii, 
and  a  right  angle.  Consequeatlj  these  triangles  are  cqaiaagilir: 
therefore  we  have  the  proportion  JiFz  AL  1 1  JiO :  AM,  bj  BMiBi  i 
which  the  proposition  is  fally  demonstratedf. 

j-  In  the  note,  of  which  the  ahove  is  ahty  a  part,  the  antiior  ondcrtakati 
demonstrate  ixi  a  similar  raamier  other  fundamental  propositiolM  of  ge«Mtiy. 
For  remarks  upon  the  kind  of  reasoning  here  employed,  the  reader  is  idemd 
to  Leslie's  GeometTy,  third  edhioi^  page  293» 
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ADVERTISEMENT. 

Lacroix's  Algebra  has  been  in  use  in  the  French 
schools  for  a  considerable  time.  It  has  been  approv- 
ed  by  the  best  judges^  and  been  generally  preferred 
to  the  other  elementary  treatises^  which  abound  in 
France.  The  following  translation  is  from  the  elev^ 
enth  edition^  printed  at  Paris  in  1810.  No  alteration 
has  been  made  from  the  original^  except  to  substitute 
English  instead  of  French  measures  in  the  questions^ 
where  it  was  thought  necessary.  When  there  has 
been  an  occasion  to  add  a  note  of  illustration^  the  ref- 
erence is  made  by  a  letter  or  an  obelisk^  the  author's 
being  always  distinguished  by  an  asterisk. 

Cambridge,  June,  1818. 
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Prdiminary  Remarks  upon  the  Transition  from  Aithmetic  to  JBgt- 
bra^^ExplanaJtion  and  Use  of  AlgAraic  Signs. 

!•  It  must  have  been  remarked  in  the  Eltmentary  Treatise  of 
^rithmetiCf  that  there  are  many  qucstionsy  the  solution  of  which 
is  composed  of  two  parts ;  the  one  having  for  its  object  to  find 
to  which  of  the  four  fundamental  rules  the  determination  of 
the  unknown  number  by  means  of  the  numbers  given  belongs, 
and  the  other  the  application  of  these  rules.  The  first  part, 
^'independent  of  the  manner  of  writing  numbers,  or  of  the  sys- 
tem of  notation,] consist^  entirely  in  the  development  of  the 
consequences  which  result/directly  or  indirectlyjfirom  the  enun- 
ciation, or^from  the  manner  in  which  that  whicii  is  enunciated 
connects  the  numbers  given  with  the  nuinbers  required,  that  is 
to  sayJfrom  the  relations  which  it  establishes  between  these 
numbers.  If  these  relations  are  not  complicated,  we  can  for 
the  most  part  find^y  simple  reasoningifae  value  of  the  unknown 
numbers.  In  order  to  this  it  is  necessary  to  analyze  the  condi- 
tionsy  wliich  are  involved  in  the  relations  enundatedf  by  reducing 
them  to  a  course  of  equivalent  expressions,  of  which  the  last 
ought  to  be  one  of  the  following ;  the  unknown  quantity  equal  to 
the  sum9  or  the  djfferencet  or  the  product^  or  the  quotient,  of  such  and 
such  magnitudes.    This  will  be  rendered  plainer  by  an  example. 

To  divide  a  given  number  into  two  such  parts,  that  thejirst  shM 
exceed  the  second  hy  a  given  difference. 

In  order  to  this  we  would  observe  1,  that, 

T^ie  greater  part  is  equal  to  the  less  added  to  the  given  excess, 
and  that  by  consequence,  if  the  less  be  known,  by  adding  to  it 
this  excess  we  have  the  greater ;  2,  that. 
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The  greater  added  to  the  less  forms  the  number  to  be  divided. 

Substituting  in  this  last  proposition)  instead  of  tlie  words,  the 
greater  part^  the  equivalent  expression  given  above,  namely,  the 
less  part  added  to  the  given  excess,  we  And  that. 

The  less  part,  added  to  tlie  given  excess,  added  moreover  to  the 
kss  partf  forms  the  number  to  be  divided. 

But  tlie  language  may  be  abridged,  thus. 

Twice  the  less  part,  added  to  the  given  excess,  forma  the  number 
to  be  divided  ; 
whence  we  infer,  that, 

Twice  tlie  kss  part  is  equal  to  tlte  number  to  be  divided  dimoL" 
ished  by  tlie  given  excess  ; 
and  that. 

Once  the  less  part  is  equal  to  half  tlie  difference  between  tk 
number  to  be  divided  and  the  given  excess.  . 

Or,  which  is  the  same  things 

T^e  less  part  is  equal  to  lialf  the  number  to  be  divided,  dimimskei 
by  half  tlie  given  excess.    ' 

The  proposed  question  then  is  resolved,  since  to  obtain  the 
parts  sought  it  is  sufficient  to  perform  operations  purely  arith- 
metical upon  tlje  given  numbers. 

If,  for  example,  tlie  number  to  be  divided  were  9,  and  the 
excess  of  the  greater  above  the  less  5,  the  less  part  would  be 
accoi'ding  to  the  above  rule,  equal  to  |  less  4,  or  •},  or  2 ;  and 
tlie  greater,  being  composed  of  the  less  plus  the  excess  5,  woold 
be  equal  to  7. 

2.  The  reasoning,  which  is  so  simple  in  the  above  probleoif 
but  which  becomes  very  complicated  in  others,  consists  in 
general  of  a  certain  number  of  expressions,  such  as  added  tOf 
diminishi'd  hy^  is  eqiud  fo,  &r.  often  i-epeated.  These  expressions 
relate  to  the  operations  by  which  the  magnitudes,  that  enter 
into  the  enunciation  of  the  question,  are  connected  among  tliem- 
selves,  and  it  is  evident,  that  the  expressions  might  be  abridged 
by  representing  each  of  them  by  a  sign.  This  is  done  in  the 
following:  manner. 

To  denote  addition  we  use  the  sign  +,  which  signifies /rfux. 

For  subliaction  we  use  the  sign  — ,  which  signifies  minus. 
For  inultiplicalion  we  use  the  sign  x,  which  signifies  midH- 
plied  hif. 

To  denote  that  two  ci^nantities  are  to  be  divided  one  by  the 
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other,  we  place  the  second  under  the  first  with  a  straight  line 
between  them  ;  f  signifies  5  drrnded  6y  4. 

Lastly,  to  indicate  that  two  quantities  are  equal,  we  place 
between  them  the  sign  =  which  signifies  equal. 

These  abbreviations,  although  very  considerable,  are  still  not 
sufficient,  for  we  are  obliged  often  to  repeat  the  number  to  he 
dividedf  the  number  given,  the  less  part,  the  number  smight,  &c. 
by  which  the  process  is  very  much  retarded* 

With  respect  to  given  quantities,  the  expedient  which  first 
offers  itself  is,  to  take  for  representing  them  determinate  num- 
bers, as  in  arithmetic,  but  this  not  being  possible  with  respect  to 
the  unknown  quantities,  the  practice  lias  been  to  substitute  in 
their  stead  a  conventional  sign,  which  varies  as  occasion  re- 
quires. We  have  agreed  to  employ  the  letters  of  the  alphabet^ 
generally  using  the  last ;  as  in  arithmetic  we  put  x  for  the 
fourth  terra  of  a  proportion,  of  which  only  the  three  first  are 
known.  It  is  from  the  use  of  these  several  signs  that  we  derive 
the  science  of  Mgebra* 

I  now  proceed  by  means  of  them  to  consider  the  question 
stated  above  (1).  I  shall  represent  the  unknown  quantity,  or 
the  less  number,  by  the  letter  or,  for  example,  the  number  to  be  di- 
vided and  the  given  excess  by  the  two  numbers  9  and  5  ;  the 
greater  number,  which  is  sought,  will  be  expi*essed  by  a:  +  5, 
and  the  sum  of  the  greater  and  less  hj  x  +  5  +x;  we  have 
then 

X  +  5  +x=:9; 
but  by  writing  2x  for  twice  the  quantity  x  there  will  result 

2a?  +  5  =  9. 

This  expression  shows  that  5  must  be  added  to  the  number 
2x  to  make  9,  whence  we  conclude  that 

£0?  =  9  —  5, 
or  that  Zx  =  4, 

and  that  lastly  a?  =  |  =  S. 

By  comparing  now  the  import  of  these  abridged  expressions^ 
which  I  have  just  given  by  means  of  the  usual  signs,  with  the 
process  of  simple  reasoning,  by  which  we  are  lead  to  the  solu- 
tion, we  shall  see  that  the  one  is  only  a  translation  of  the  other. 

The  number  S,  the  result  oC  the  preceding  operations,  will 
answer*only  for  the  particular  example  which  is  selected,  whvV^ 
the  course  of  reasoning  considered  by  itae\£>  \>y  Vfis^Vvw^  \»v 
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that  ihe  less  part  is  equal  to  half  the  mimber  io  he  dimdedf  msks 
half  the  given  excess^  renders  it  evident^  that  the  unknown  ninii- 
ber  is  composed  of  the  numbers  given,  and  furnishes  a  rule  by 
the  aid  of  which  we  can  resolve  all  the  particular  cmses  com- 
prehended in  the  question. 

The  superiority  of  this  method  consists  in  its  having  reference 
to  no  one  number  in  particular ;  the  numbers  given  are  used 
throughout  without  any  change  in  the  language  by  which  they 
are  expressed ;  whereas*  by  considering  the  numbera  as  deter- 
minate,  we  perform  upon  them»  as  we  proceedf  all  the  cqicratkNii 
which  are  represented,  and  when  we  have  come  to  fhe  resale 
there  is  nothing  to  sliow,  how  the  number  2,  to  which  we  may 
arrive  by  any  number  of  different  operationSf  has  been  fbraed 
from  the  given  numbers  9  and  5* 

S.  These  inconveniences  are  avoided  by  using  chsractnv^ 
represent  the  number  to  be  divided  and  the  given  excessymnt 
are  independent  of  every  particular  value^  and  with  which  wb 
can  therefore  perform  any  calculation.  The  lettem  of  the 
alphabet  are  well  adapttkl  to  this  purpose,  and  the  pwywed 
question  by  means  of  them  may  be  enunciated  thust 

To  divide  a  given  number  represented  by  a  info  two  meh  parts 
that  the  greater  shall  have  with  respect  to  the  less  a  givem  exeesi 
represented  by  b. 

Denoting  always  the  less  by  a?; 

The  giT-ater  will  be  expressed  by  a:  +  6 ; 

Their  sum,  or  the  number  to  be  divided,  will  be  equal  to  x  -f 
«  -f  6,  or  !2a:  +  ft ; 

The  first  condition  of  the  question  then  will  give 

<^a?  -f  6  =  a* 

Now  it  is  manifest  that,  if  it  is  necessary  to  add  to  douUe  of 
x^  or  to  2.r,  the  quantity  h  in  order  to  make  the  quantity  a,  it 
will  follow  from  this,  that  it  is  necessary  to  diminish  a  by  ft  to 
obtain  2a*,  and  that  consequently  2a?  =  a  -— <  6. 

We  conclude  then  that  half  of  2a:  or  a:  = , 

This  last  i*esult,  being  translated  into  ordinary  language,  by 
substituting  the  words  and  phrases  denoted  by  the  letters  and 
signs  which  it  contains*  gives  the  rule  found  before,  accordinf; 
to  wliich,  in  order  to  obtain  the  less  of  two  parts  sought  we  sui- 
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tract  from  htif  of  the  nwmber  to  he  divided,  or  from  --  fto^  of  fAe 

b 
given  excess f  or--. 

Knowing  the  less  part  we  have  the  greater  by  adding  to  the 

less  the  given  excess.    This  remark  is  sufficient  for  effecting 

the  solution  of  the  question  proposed ;  but  Algebra  does  more ;  it 

furnishes  a  rale  for  calculating  the  greater  part  without  the  aid 

of  the  less  as  foUows : 

^     a        b 

B bdng  the  value  of  this,  augmenting  it  by  the  excess  b, 

we  have  for  the  greater  part  --  —  --+  6.   Now  —  ^—  — l  ft 

shows  that  after  having  subtracted  from  --  the  half  of  b,  it  is 

necessary  to  add  to  the  remainder  the  whole  of  b,  or  two  halves 
1  of  b,  which  reduces  itself  to  augmenting  --  by  the  half  of  b,  or  by 

.    — •  It  isevident  then  that +  ft  becomes  -^  -{ —  ;  and  br 

■      2  .  2  2  2^   2  ^ 

f  translating  this  expression  we  learn,  that  of  the  two  parts  sought 
the  greater  is  equal  to  half  of  the  miinber  to  be  divided  plus  half  of 

t   the  given  excess. 

»  In  the  particular  question  which  I  first  considered,  the  num- 
ber to  be  divided  was  9,  the  excess  of  one  part  above  the  other 
5 ;  in  order  to  resolve  it  by  the  rales  to  which  we  have  just 
arrived,  it  will  be  necessary  to  perform  upon  the  numbers  9  and 

i;    5,  the  operations  indicated  upon  a  and  ft. 

The  half  of  9  being  |  and  that  of  5  being  |,  we  have  for  the 
less  part, 

g  and  for  the  greater 

4.  I  have  denoted  in  the  above  the  less  of  the  two  parts  by 
a?,  and  I  have  deduced  from  it  the  greater.  If  it  were  required 
to  find  direcUy  this  last,  it  should  be  observed,  that  representing 
it  by  X9  the  other  will  be  a?  —  ft,  since  we  pass  from  the  greater 
to  the  less  by  subtracting  the  excess  of  tiie  first  above  the 
second ;  the  number  to  be  divided  wfll  then  be  expressed  by 
X  +  x  —  ft,  or  by  2xp  —  ft,  and  we  have  consequently 

Sx  — ft  ssO. 

This  result  makes  it  evident  that  So:  excee&a  the  (^^tn^tj  a 


by  tbe  qamtitj  h  and  that  consequently  Sjtfas  •  Hhi.  By tddii 
the  halfofSx  and  of  the  quantity  whidi  is  equal  to  ft;^  weohfaui 
for  the  value  of  x 

which  gives  the  same  rule  as  the  above  ^M^'#0tollidbiii§  Ik 
greater  of  the  two  parts  sought  IvriHMtalb^to  dadacellm 
it  the  exp-esslon  for  the  smaller. 

The  same  relation  between  the  numbefs  giveii  and' the 
hers  required  may  be  enunciated  in  maiqr  d>ftmi(t  -wnys.  Tkt 
which  has  led  to  the  preceding  result  is  deduoaii-  iiloo  tram  Us 
following  enunciiUion :  "  '   "   '    - 

'  SUMwing  the  9um  a  cftwo  fmmten  madAtb^^i^fiM\mmM%,Ujid 
meh  cf  those  mmben;  rinre,  in  other  wnt^ifte^ilnuaiier'  tt  l/ 
divided  is  the  sum  of  the  two  numbers  aonghty  ttiittli 
ence  is  the  excess  of  the  greater  above  tfae.kaa.  The 
the  terms  of  the  enunciation  being  Iqiplied  to  tihe, 
above^wehave 

The  less  tftwo  numbers  sou^  it  eynl  ib\haif,  ef  lis 
mtms  half  of  the  difference.  '  --t 

The  greater  is  equal  to  half  of  the  mm  jtm  keif  ff  jEAe  J^finsti 

5.  The  following  question  is  simUar  to  the  preceding^  hJti 
little  more  complicated. 

7b  (Kvide  a  given  number  into  three  such  pafi9f  that  the  excess  f 
the  mean  ahoroe  the  least  may  be  a  given  nmnberf  and  the  excess  if 
the  greatest  above  the  mean  may  be  another  given  number. 

For  the  sake  of  distinctness  I  will  first  give  deteraiBiii 
vahics  to  the  known  numbers. 

I  will  suppose  that  the  number  to  be  divided  is  230  ; 
tl;at  the  excess  of  the  middle  part  above  the  least  is  40  ;  aMi 
that  of  tlie  greatest  above  the  middle  one  is  60, 

Denoting  the  least  part  by  or, 
the  middle  one  will  be  the  least  plus  40,  or  op  -f.  40,  and  tk 
greatest  will  be  tlie  middle  one  plus  60^  or  a?  -f  40  -f-  60. 

Now  the  three  parts  taken  together  must  make  the  nunhf 
to  be  divided ;  whence, 

a;  +  .r  +  40  +  a-  +40  +  60  =  230. 

irthe  given  numbers  be  united  in  one  expression  end  tfaeei* 
know  n  ones  in  another,  x  is  found  three  times  in  the  reaultf  aai 
for  the  sake  of  concisewesa  v^c  write 
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But  since  it  is  necessary  to  add  140  to  triple  of  a;  to  ihake  SSO, 
it  follows,  that  by  taking  140  from  230  we  have  exactly  the 
triple  of  Xy  or 

Sx  :=  2S0  —  140, 
or  3x  ss  90, 

whence  it  follows  that 

X  =  y  =r  30. 

By  adding  to  30  the  excess  40  of  the  middle  part  aboire  the 
least,  we  have  70  for  the  middle  part 

By  adding  to  70  the  excess  60  of  the  greatest  above  the  mid- 
dle part,  we  have  130  for  the  greatest. 

6.  If  the  known  numbers  were  different  from  those  which  I 
have  used  in  the  enunciation,  we  should  still  resolve  the  question 
by  following  the  steps  traced  in  the  preceding  article,  but  we 
should  be  obliged  to  repeat  all  the  reasonings  and  all  the  opera^ 
tions,  by  which  we  have  arrived  at  the  number  30,  because  there 
is  nothing  to  show  how  this  number  is  composed  of  930,  40, 
and  60.  To  render  the  solution  independent  of  tlie  particular 
values  of  numbers,  and  to  show  how  the  value  of  the  unknown 
quantity  is  fixed  by  means  of  the  known  quantities,  I  will  enun« 
ciate  the  problem  thus  ; 

To  divide  a  given  number  a  into  three  8uch  partSf  that  the  excess 
qftlie  middle  one  above  the  least  shall  be  a  given  number  b,  and  the 
excess  of  the  greater  above  the  middle  one  shall  be  a  given  number  c. 

Designating  as  above  by  sc  the  unknown  quantity  and  making 
use  of  the  common  signs  and  the  symbols  a,  6,  c,  which  repre- 
sent the  known  quantities  in  the  question,  the  reasoning  already 
^ven  Mill  be  repeated. 

The  least  part    =  x, 
the  middle  part     =  a:  -f  (, 
the  greatest  =  or  -f  6  -f-  c, 

and  the  sum  of  these  three  makes  the  number  to  be  divided ; 
hence, 

x  +  x  +  b  +  x  +  b+e:=ia. 

This  expression,  which  is  so  simple,  may  be  still  further 

abridged  ;  for  since  it  appears  that  x  enters  thi-ec  times  into 

tlie  number  to  be  divided  and  b  twice,  instead  of  a?  +  a?  +  a?,  I 

shall  write  SXf  and  instead  o{+b  +  h,I  shall  write  +  ib,  and  it 

will  become 

307  -f  26  -f  c  =  a. 


From  this  last  ex[n-e8Bioii  it  is  evidenty  that  it  is  neoemaiy  to 
add  to  tri|ile  the  number  represented  by  Xf  double  the  number 
represented  by  frf  and  also  the  number  c,  in  order  to  make  the 
number  •  ;  it  follows  then,  tliat  if  from  the  number  a  we  take 
double  ttie  number  h  and  also  the  number  Cf  we  shall  have  ei- 
actly  the  triple  of  Xf  or  that 

da:  =  a  —  2ft  —  c 
Now  X  being  one  third  of  three  times  x^  we  thence  condnde 
that 

X  =  . 

A 

It  should  be  carefully  obsenred,  that  having  assigned  no  par- 
ticular value  to  the  numbers  represented  by  a*  hf  c,  the  result  to 
which  we  have  come  is  equally  indeterminate  as  to  the  value  cf 
X ;  it  shews  merely  what  operations  it  is  necessary  to  perform 
upon  these  numbers,  when  a  value  is  assigned  to  them^  in  order 
thence  to  deduce  the  value  of  the  unknown  quantity. 

In  shorty  the  expression  -^ y  to  which  x  is  equaly  may  be 

reduced  to  common  language  by  writingy  instead  of  the  letter^ 
the  numbers  which  they  represent,  and  instead  of  the  signsy  the 
kind  of  operation  which  they  indicate ;  it  will  then  becomCy  as 
follows ; 

From  the  number  to  he  divided^  subtract  dauUe  the  excesi  tf  tk 
middle  part  above  the  least,  and  aba  the  excess  of  the  greatest  sknt 
the  middle  part^  and  take  a  third  of  the  remainder. 

If  we  apply  this  ruky  we  shall  determiney  by  the  simple  o|ff^ 
aticms  of  arithmeticy  the  least  part.  The  number  to  be  dmid 
being  for  example  2d0y  one  excess  40y  and  the  other  60y  if  l* 
subtract  as  in  the  preceding  article  twice  40y  or  80y  and  GOflM 
230y  there  will  remain  90y  of  which  the  third  part  is  S0»  as  VI 
have  found  already. 

If  the  number  to  be  divided  were  520y  one  excess  50  and  Al 
other  120,  we  should  subtract  twice  50y  or  100,  and  120  from  5A 
and  there  would  remain  300y  a  third  of  which  or  100  would  to 
the  smallest  part  The  others  are  found  by  adding  50  te  lH 
which  makes  150,  and  120  more  to  this^  which  makeaSTOb^ 
that  the  parts  sought  would  be 

100,  150,  2ro, 
and  their  sum  would  be  520y  as  the  question  requires. 
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It  is  because  the  results  in  algebra  are  for  the  most  part  onlj 
an  indication  of  the  operations  to  be  performed  upon  numbers 
in  order  to  find  others,  that  they  are  called  in  genei'al  formulas. 

This  question,  although  more  complicated  than  that  of  article 
ly  may  stUl  be  resolved  by  ordinary  language,  as  may  be  seen 
in  the  following  table,  where  against  each  step  is  placed  a 
translation  of  it  into  algebraic  characters. 

FBOBISM. 

To  divide  a  number  into  three  such  parts,  that  the  excess  of 
the  middle  one  above  the  least  shall  be  a  given  number,  and  the 
excess  of  the  greatest  above  the  middle  one  shall  be  another 
given  number. 

soLimoir. 

By  common  kmguage.  By  algehraic  characters. 

Let  the  number  to  be  divid- 
ed be  denoted  by  a. 
the  excess  of  the  middle  part 
above  the  least  by  fr. 
the  excess  of  the  greatest 
above  the  middle  one  by  c 
Tlie  least  part  being              x. 

The  middle  part  will  be  the^ 

least,  plus  the  excess  of  the  v  The  middle  part  will  be  a:  -f  6. 

mean  above  the  least.  J 

The  greatest  part  will  be  the"^ 
middle  one,  plus  the  excess  of  I 

the  ffreatest  above  the  middle  t  mi.  x   j.    •»  l       .  l  . 

one.    The  th«e parts  wiU  to.  h^« ««»*«* ''•"»«*+*  +  «• 
gather  form  the  number  pro- 
posed. 

Whence  the  least  part,  plus*^ 

the  least  part,  plus  the  excess 

of  the  middle  one  above  the 

least,  plus  also  the  least  part,    xnt^u* 

plus  the  excess  of  the  middle  >  STZj^j,  ^^^k^.     ^ 

one  above  the  least,  plus  the  I    ix: +  x +  o +  x  +  o  ^c^a. 

excess  of  the  greatest  above 
the  middle  one,  will  be  equal 
to  the  number  to  be  divided.  ^ 
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=  a  —  2ft  —  a* 


J>a:  = 


a— 2ft— c 


Whence  three  times  the  least" 

party  plus  twice  the  excess  of 

the  middle   part   above    the 

leasty  plus  also  the  excess  of  ^  do:  -f  2ft  -f-  c 

the  greatest  above  the  middle  [ 

one,  \vill  be  equal  to  the  num-  I 

ber  to  be  divided.  J 

Whence  three  times  the  least' 
part  will  be  e^ual  to  the  num< 
ber  to  be  divided*  minus  twice 
the  excess  of  the  middle  part  ^  Sx 
above  the  least,    and  minus  f 
also  the  excess  of  the  greatest  I 
above  the  middle  one.  J 

Whence  in  fine,  the  least  part^ 
will  be  equal  to  a  third  of 
what  remains  after  deducting 
from  the  number  to  be  divid- 
ed twice  the  excess  of  the  mid- 
dle part  above  the  least,  and 
also  the  excess  of  the  greatest 
above  the  middle  one. 

7.  Tiie  signs  mentioned  in  article  2  are  not  the  only  onei 
used  in  algebra.  New  considerations  wUI  give  rise  to  otherSf 
as  we  proceed.  It  must  have  been  observed  in  article  2,  that 
the  multiplication  of  x  by  2,  and  in  articles  5  and  6  that  of  ar 
by  3  and  that  of  ft  by  2,  is  denoted  by  merely  writing  the  figuroB 
before  the  letters  x  and  ft  without  any  sign  between  them,  and  I 
shall  express  it  in  this  manner  hereafter ;  so  that  a  nnmber 
placed  before  a  letter  is  to  be  considered  as  multiplied  by  flie 
number  represented  by  that  letter.  5Xf  Sa,  &c.  signify  five  times 

x,  five  times  a,  &c.  |a;or  — ,  &c.  signifies  |  of  or  or  three  times 

X  divided  by  4,  &c. 

In  general,  multiplication  will  be  denoted  by  writing  the  fiu* 
tors  in  order  one  after  the  other  without  any  sign  between  thoiy 
whenever  it  can  be  done  without  confusion. 

Thus  the  expi-essions  ax^  ftc,  &c.  are  equivalent  to  a  x  ^t  ^^ 
c,  kc*  but  we  cannot  omit  the  sign  when  numbers  are  concemcdf 
for  then  3x5,  the  value  of  which  is  15,  becomes  35.  In  this 
case  we  often  substitute  a  point  in  the  place  of  the  usual  sigB) 
thus,  3  •  5. 
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Equa&ons. 

8.  If  the  solution  of  the  problems  in  articles  3  and  6  be  examin* 
«d  with  attention,  it  will  be  found  to  coasLst  of  two  parts  entirely 
distinct  from  each  other.  In  the  first  place,  we  express  by- 
means  of  algebraic  characters  the  relations  established  by  the 
nature  of  the  question  between  the  known  and  unknown  quanti- 
tiesy  from  which  we  infer  the  equality  of  two  quantities  among 
themselves ;  for  instance,  in  article  3  the  quantities  ^x-j-b  and  a, 
and  in  article  6  the  quantities  3x  +  2b  +  c  and  a. 

We  afterwards  deduce  from  this  equality  a  series  of  conse- 
quences, which  terminate  in  showing  the  unknown  quantity  x 
to  be  equal  to  a  number  of  known  quantities  connected  together 
by  operations,  that  are  familiar  to  us  5  this  is  the  second  part  of 
the  solution. 

These  two  parts  are  found  in  almost  every  problem  which  be- 
longs to  algebra.  It  is  not  easy,  however,  at  present  to  give  a 
rule  adapted  to  the  first  part,  which  has  for  its  object  to  reduce 
the  conditions  of  the  question  to  algebraic  expressions.  To  be 
able  to  do  tliis  well,  it  is  necessary  to  become  familiar  with  the 
characters  used  in  algebra,  and  to  acquire  a  habit  of  analyzing 
a  problem  in  all  its  circumstances,  whether  expressed  or  implied. 
But  when  we  have  once  formed  the  two  numbers,  which  the  ques- 
tion supposes  equal,  there  are  regular  steps  for  deducing  from 
this  expression  the  value  of  the  unknown  quantity,  which  is  the 
object  of  the  second  part  of  the  solution.  Before  treating  of 
these  I  shall  explain  the  use  of  some  terms  which  occur  in 
algebra. 

An  equation  is  an  expression  of  the  equality  of  two  quantities. 

The  quantities  which  are  on  one  side  of  the  sign  =:  taken 
together  arc  called  a  member ;  an  equation  has  two  members. 

That  which  is  on  the  left  is  called  the  Jlrst  members  and  the 
other  the  second. 

In  the  equation  2ar  +  b  =  a,£ap-f-(isthe  Jirst  memfrer,  and 
a  is  the  second  member. 

The  quantities,  which  compose  a  member,  when  they  are 
separated  by  the  sign  +  or  — ,  are  called  terms. 

Thus,  the  first  member  of  the  equation  2a;  -f-  ft  =  a  contains 
two  terms,  namely,  2x  and  +  b. 
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The  equation  |x  +  7  =  8a;  —  12  has  two  tenns  in  each  of 
its  mcmbei's,  namely^ 

^x  and  «-^  7  in  the  firsts 
8a:  —•  12  in  the  second. 

Although  I  have  taken  at  random,  and  to  serve  for  an  ezaa- 
pie  merely,  the  ofiuatioii  |x  -f-  7  =807  — 13.  it  ia  to  be  conskt 
ei*ed,  as  also  every  other  of  which  I  shall  speak  iiereaftrrf  as 
derived  from  a  prohlem,  of  which  we  can  always  find  the 
enunciation  by  translating  tlie  proposed  equation  into  comnMn 
language.    This  under  consideration  becomes, 

Tojind  a  nuviber  x  suchf  tluU  by  adding  7  to  ^x»  the  sum  Aai 
be  equal  to  8  times  x  minus  12. 

Also  the  ecjuation  ax  +bc  —  ex  ^  ae  —  bXf  in  which  thi 
lcttei*s  Of  bf  Cf  are  considered  as  representing  known  quantities 
answers  to  the  folloning  question  ; 

To  jpnd  a  number  x  suchf  that  multiplying  it  by  a  given  numbn 
a,  and  adding  the  product  qftxvo  given  numbers  b  and  c,  and  sni- 
trading  from  this  sum  the  product  of  a  given  fiumber  c  by  the  nia^ 
bcr  x,  we  shall  have  a  residt  equal  to  the  product  tf  the  numbers  a 
and  r,  diminished  by  that  oftlie  numbers  b  andx. 

It  is  by  exercising  one's  self  frequently  in  translating  questJonB 
from  ordinai*y  language  into  that  of  algebra,  and  from  algebra 
into  onlinary  language,  that  one  becomes  acquainted  with  this 
science,  the  difficulty  of  which  consists  almost  entirely  in  the 
peifect  undei*standing  of  the  signs  and  the  manner  of  us^ngtbem. 

To  deduce  from  an  e(|uation  the  value  of  the  unknown  qutn- 
tity,  or  to  obtain  tliis  unknown  quantity  by  itself  in  one  member 
and  all  the  known  quantities  in  the  other,  is  called  resoMmg  the 
equation. 

As  the  different  questions,  wiiich  ai*e  solved  by  algebra,  lesd 
to  equations  more  or  less  compounded,  it  is  usual  to  divide  them 
into  several  kinds  or  dap'ees.  I  sliall  begin  with  equations  of  tk 
first  des^ree.  Under  this  denomination  are  included  those  equa- 
tions in  whicli  tlie  unknown  quantities  arc  neither  multiplied  bj 
themselves  noi'  into  each  other. 

Of  the  resoluiion  of  equations  of  the  first  degree,  luroing  but  ou 

unkfwuni  quantity. 

9.  ^^'E  have  already  seen  that  to  i-esolvc  an  equation  is  to 
arrive  at  aji  expression,  vu  Y»Vv\d\lltfi  vd\ki\Qwnc\uantity  alone  in 
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one  member  »  equal  to  known  quantities  combined  together  by 
operations  which  are  easily  performed.  It  foUows  then,  tliat  in 
order  to  bring  an  equation  to  this  state,  it  is  necessary  to  free 
the  unknown  quantity  from  known  quantities  with  which  it  is 
connected.  Now  the  unknown  quantity  may  be  united  to  known 
quantities  in  three  ways ; 

1.  By  addition  and  subtraction,  as  in  the  equations, 

'a  +  x=:b  —  ar. 

fi.  By  addition^  subtraction^  and  multiplication,  as  in  the 
equations^ 

7a;  — 5  =  12  +  4a:, 
oar-— 6  =  ex  +  d; 

S.  Lastly,  by  addition,  subtraction^  multiplication^  and  divis- 
ion^ as  in  the  equations, 

ax  .  «      fiur  .    p 

•J  4.CX  — d=i—  +A 

0  n         q 

The  unknown  quantity  is  freed  from  additions  and  subtracr 
tions,  where  it  is  connected  with  known  quantities,  by  collecting 
together  into  one  member  all  the  terms  in  which  it  is  found ; 
and  for  this  purpose  it  is  necessary  to'  know  how  to  transpose  a 
term  from  one  member  to  the  other. 

10.  For  example,  in  the  equation 

7x —  5  =  12  -f-  4x, 
it  is  necessary  to  transpose  4x  from  the  second  member  to 
the  first,  and  the  term  —  5  from  the  first  member  to  the  second. 
In  order  to  this,  it  is  (Avious,  that  by  cancelling  -f-  4x  in  the 
second  member,  we  diminish  it  by  the  quantity  4a:,  and  we  must 
make  the  same  subtraction  from  the  first  member,  to  preserve 
the  equality  of  the  two  members ;  we  write  then  —  4x  in  the 
fint  member,  which  becomes  7x  — -  5  —  4a:  and  we  have 

7x —  5  — •4a:=  12. 

To  cancel  —  5  in  the  first  member,  is  to  omit  the  subtraction 
of  5  units,  or  in  other  words,  to  augment  this  member  by  5  units ; 
to  preserve  the  equality  then  we  must  increase  the  second  mem- 
ber by  5  units,  or  write  +  5  in  this  member,  which  will  make  it 
12  +  5;  we  haye  then 

Tor— 4a:  =  12  +  fS. 
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By  performiDg  tho  opei-ations  indicated  there  will  result  tk 
equation 

Sx  =  17. 

From  tliis  mode  of  reasonings  which  may  be  allied  to  nj 
example  whatever^  it  18  evident,  tliat  to  cancel  in  a  member  a 
term  aflfectcd  with  the  sign  -f ,  which  of  course  augments  tlik 
member,  it  is  ncM^essary  to  subtract  tlie  term  from  the  otiiff 
member,  or  to  write  it  with  tlie  sign  — ;  that  on  the  contraiy 
wlicn  the  term  to  be  effaced  lias  the  sign  muius»  as  it  diminisha 
the  member  to  which  it  belongs,  it  is  necessary  to  augment  tk 
other  member  by  the  same  term,  or  to  write  it  with  the  sign  4; 
whence  we  obtain  this  general  rule  ; 

To  transiHise  any  term  wliatcver  of  an  equatumjirom  one  memkt 
to  tlie  other n  it  is  necessary  to  efface  it  in  the  member  ichertitu 
foundf  and  to  ivrife  it  in  the  otlwr  with  the  contrary  sign^ 

To  put  tliis  rule  in  practice,  we  must  bear  in  mind  that  tk 
fij'st  term  of  each  member,  when  it  is  preened  by  no  sign,  n 
flupiM)8ed  to  have  the  sign  plus.  Tlius,  in  transposing  tlie  ten 
ex  of  tlie  literal  equation  ax  —  b  z^  ex  +  d  from  the  secoil 
member  to  the  fii'st,  we  have 

ax  —  h  —  cx=zdz 
transposing  also »—  6  from  the  fu-st  member  to  the  second,  it  b^ 
comes 

ax — cx=zd  +  b, 

11.  By  means  of  this  rule,  we  can  unite  together  in  one  of  tfai 
meniboi*s  all  the  terms  cont^iining  the  unknown  quantity,  and  in 
the  oilier  all  the  known  quantifies;  and  under  this  form  tbe 
member,  in  which  the  unknown  quantity  is  found,  may  always  be 
(leromiM)se(l  into  two  factoi*s,  (me  of  which  bhall  contain  odIt 
known  ((luuilities,  and  the  other  shall  be  the  unknown  quantitj 
bv  itself. 

Tills  ])i'0(  ess  sujicgosts  itself  imniediati^ly,  whenever  tlie  pro- 
])ose(l  equation  is  numerical  and  contains  no  fractions,  because 
then  sill  the  terms  involving  the  unknown  quantity  may  be  it- 
<lu(  evl  to  one.  It*  we  have,  for  example,  lO.r  +  Tx  —  2a:  =  ^3 
-f  7  hy  peelorniin;;:  the  operations  indicated  in  each  member,  *? 
'^Iiiill  have  in  suecessi!)ii 

ir.v  —  i2.r=  r>2, 

suid  15X1^  ros'jlvcd  \uV)  \\\o  \\\qV>y^  \'o  v^udo;;  we  have  then 
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the  unkiiown  fkctor  x  bj  diyiding  the  nuniber  3^5  which  is  equal 
to  the  product  15a:  by  the  given  factor  15^  thusy 

•*^— XT- 

This  resolution  is  effected  in  Uke  manner  in  the  literal  equa- 
tions of  the  form 

ax=:bc; 
because  the  term  ax  signifies  the  product  of  a  by  or ;  we  hence 
conclude,  that 

be 

a;=  — . 

a. 

Let  there  be  the  equation 

ax  —  bor-f  ca;=sac— •be. 
which  contains  three  terms  involving  the  unknown  quantity. 
Since  aXf  hx,  ex,  represent  the  products  respectively  of  a?  by  the 
quantities  a,  b,  and  c,  the  expression  ax  —  bx  +  cx  translated 
into  ordinary  language  is  rendered  as  follows. 

From  X  taken  first f  so  many  tmes{as  there  are  units  in  a,  sub- 
tract  so  many  times  x  as  there  are  units  in  b,  and  add  to  the  resuU 
the  same  quantity  x,  taken  so  many  times  as  there  are  units  in  c. 

It  follows  then  on  the  whole,  that  the  unknown  quantity  x  is 
taken  so  many  times  as  there  are  units  in  the  difference  of  the  num- 
bers a  and  5,  augmented  by  the  number  c,  that  is  to  say,  so 
many  times  as  is  denoted  by  the  number  a-^b  +  c;  the  two 
factors  of  the  first  member  are  therefore  a — b  +  c  and  or;  we 
have  then 

__  ac'-'^ 

From  this  reasoning,  which  may  be  applied  to  every  other  ex- 
ample, it  is  evident,  that  after  coUectii^  together  into  one  member 
the  different  terms  containing  the  unknown  quantity,  the  factor  by 
which  the  unknown  qnantity  is  muUipliedf  is  composed  rf  all  those 
quantities  by  which  it  is  separately  muUipUedf  arranged  with  their 
proper  signs  f  and  the  unknown  quantity  is  found  by  dividing  all 
the  terms  of  the  known  member  by  the  factor  which  is  thus  obtained. 

According  to  this  rule,  the  equation  ax —  Sx=:bc  gives 

_  be 

Also  the  equation  a:  4-00?  =  c  —  d  is  reduced  to 


0?= —-, 
l+« 


16  Bemeids  of  JUgebnu 

for  it  is  necessary  to  observe  that  the  letter  ap»  taken  si^;!^, 
must  be  regarded  as  multiplied  by  one.  It  is  besides  manifa 
that  in  x  +ax,  the  unknown  quantity  x  is  contained  once 
than  in  aXf  and  is  consequently  multiplied  by  1  +  o. 

12.  It  is  evident  that  if  there  be  a  factor,  which  is  com 
all  the  terms  of  an  equation,  it  may  be  dropped  without  destnrr- 
iiig  the  equality  of  the  two  expressions,  since  it  is  merdy  dhi* 
ing  by  the  same  number  all  the  parts  of  the  two  quantitift 
which  arc  by  supposition  equal  to  each  other. 

Let  there  be,  for  example,  the  equation 

6060:  —  9bcd=  \ibdx  +  ISabCp 
I  observe  in  the  first  place,  that  the  numbers  6, 9*  12  and  15  n 
divisible  by  3,  and  by  suppressing  this  factor^  I  merely  takei 
third  part  of  all  tlie  quantities  which  compose  the  eqnatioii. 
I  have  after  tliis  reduction, 

2abx — 3bcd=z4bdx  +  5abem 
I  observe,  moreover,  that  the  letter  ft,  combined  in  each  tn 
as  a  multiplier,  is  a  factor  common  to  all  the  terms  j  by  r^i^i^ 
it  tlie  equation  becomes 

2aa:  —  Scd:s4dx  +  5ac.   . 
Applying  the  rules  given  in  articles  10  and  II9  I  deduce  soC' 
rcssively 

Qax  —  4dx  =  5ac  +  Scdf 
_  5ac+3cd 

13,  I  now  proceed  to  equations,  the  terms  of  which  have  divi- 
sors. These  may  be  solved  by  the  preceding  rules  whenever  the 
unknown  quantity  does  not  enter  into  the  denominators;  butH 
is  often  more  simple  to  i*cducc  all  the  terms  to  the  same  denonu- 
iiator  which  may  then  be  cancelled. 

I^t  there  be,  for  example,  the  equation 

_+4=-+12__. 

Arithmetic  furnishes  rules  for  reducing  fractions  to  the  sunc 
denominator,  and  for  converting  whole  numbers  into  IractioM 
of  a  given  kind.  (ArWu  79,  69.)  Let  all  the  terms  of  the  pro- 
posed equation  be  transformed  by  these  rules  into  fractions  of 
the  same  denominator,  beginning  with  the  iractions^  which  ai* 

2,r    4a'    5x 
3"'  1'    7* 
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I  convert  tbem  by  the  first  of  the  rules  cited  into  the  following ; 

5X7  X2x  Sx7x4x  ^  X  5  X  5a? 

3X0X7*  3XJX7'      3X0X7* 

Since^  for  converting  the  whole  numbers  4  and  12  into  fractions, 
nothing  more  is  necessary  than  to  multiply  them  by  the  com- 
mon denominator  of  the  fractions,  namely,  3x5x7;  we  have 

3x5x7x4,         3X5X7X12. 
By  placing  all  these  terms  in  order  in  the  pi*oposed  equation^ 
it  will  become 

SX7  X^x       3X5X7X4 
3X^X7    "*"     3X^X7 

Sx7x4r    ,3X5X7X13       SX'^X'^X 
+ 


S-XJX?  3X5X7  3X^X7 

The  denominator  may  now  be  cancelled,  since  by  doing  it  we 
only  multiply  all  the  parts  ct  the  equation  by  this  denominator, 
(Arith.  54),  which  does  not  destroy  the  equality  of  the  members. 
It  will  become  then 

5X7  X^X  +  SX  5X7X4 
=  3x7x4» +  3x5x7x12  —  S  X  S  X  6x, 
or  70x  +  420  =  84a?  + 1260  —  75a:, 

an  equation  without  a  denominator  from  which  we  deduce  the 
value  of  X  by  the  preceding  rules. 

It  is  evident  from  inspection,  as  also  from  the  mere  applica- 
tion of  the  arithmetiral  rul^  referred  to,  that  in  the  above  oper- 
ation the  numerators  (f  each  fraction  must  be  m/uttiplied  by  the  pro* 
dud  tf  the  denominators  (^  all  the  others,  the  whole  numbers  by  the 
product  of  all  the  denominators  ;  then  no  account  need  be  taken  of 
the  common  denominators  of  the  fractions  thus  obtained. 

The  equation  70ar  +  420  =  84a?  +  1260  -—  75x,  becomes  suc- 
cessively 

70a:  +  75x—  Mx  =  1260  —  420^ 

61a;  =  840, 

The  same  process  is  applicable  to  literal  equations,  it  being 
observed,  that  it  is  necessary  only  to  indicate  the  multiplications^ 
which  are  actually  performed  when  numbers  are  concerned. 

Let  there  be,  for  example,  the  equation 

F     ^-7  +  F* 
we  deduce  from  it 

eh  X  ax — beh  x  c  =  bh  x  dx  -Vbe  x  js> 


AX^mAtlAlch.'ruj\h»  more  simply  expressed  by  plactog  the 
bcton  of  Mch  product  one  after  the  other  without  anj-  sign  be- 
tween tbiBin*  iCQBrdiiig  to  the  mcthoil  gWan  in  article  7  ;  and  bj 
e  kttera  ik  alphabetical  order,  they  are  more  e*stj 


iMd,it 

adix  —  bcth  =  bdlux- 
from  iritich  M  deduced 


and 


bef-  +  br^h'^- 

14.  AUboo^  nn  g9Mri3''aii3' rauit'nitf 'eiit' M  gNaa  flir 
forming  the  eqtuttion  of  moj  qmatkHl  whiiafAy  ttwe  !■  Mt 
'nithotudug,'*  pfwept  of  iiiKImIiii  iiM»  wiMraMMHfe  ftflb 
iMd'tvae'prapaMd  objkt.'  Itti  thb;  .    )  -^U  ^!4*'t»i^"t  ir- 

•ia  Rfmmtotf  atiur  hf  mmken  otbtttn,  «U  i«Mi*^4Uilifeii 
qmntUiu  npmentad  ohDoyi  ky  Mtera,  ttc  i9il*,pmiii||||t|al 
.  the  Mmte eperafyiu,vUA'ii  toadd  AgwiewtoMwry  fc^jty 
in  order  ftt  wr^  tkc  Tidw>  of  tike  iiiiliiiimJi  iwliMrnii:  ladj^y 
knAwntt)!.  ,-",.'   •  ,.  .        .  -i 

In  making  use  of  thte  precept,  it  la  Tketmitf,  ^  flii>^ 
^ace*  to  determine  with  care  what  are  flie  optfradaM  vldScli'afl 
contuned  in  the  ennnciatioo  of  the  question,  either  dU^cdy  or  kf 
implication ;  hut  ttib  is  the  veiy  thing  whkh  rnnalllnliia  Ob 
difficulty  t^puOmg  a  question  iato  an  eqiutieH. 

The  foUdwing  examples  are  intended  to  iHastrate  the  abore 
precept.  I  have  taken  the  two  first  from  amon^tha  qiMrtioM 
which  are  solved  by  arithmetic,  in  order  to  Aam  the  adnati^ 
•f  the  algebraic  method, 

1.  Let  there  be  twofiuiUtdm,  thefinA  t^wkiA  ruummgjbt  «ft 
JtUa  a  ctrttda  vessel,  and  the  seamd  JUls  the  same  vetaH  iff  i 
3|A.  -wkai  time  TviU  be  employed  bg  boOi  the  Joa 
geiher  tn  Jilting  the  vetad  ? 

If  the  time  were  given  we  should  verify  it  by  calcidatliq;  the 
quantities  of  water  disrhaiged  by  each  foantain,  and  adifiag 
them  together  we  should  be  certain,  that  ttwy  wnoU  be  eqoal  M 
the  whole  content  of  the  vessel. 

To  form  the  equation  we  denote  flie  unknown  time  hy  x,  aid 
ve  indicate  upon  x  the  operations  implied  fay  tlte  qneatioii;  hit 
in  order  to  render  the  solution  indepe&dent  of  the  givra  bbk- 
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hen,  and  at  the  same  time  to  abridge  the  expression  where  fraC'- 
tions  are  eoncemed^  we  will  represent  them  also  hy  letters^  a 
being  written  instead  of  2|h.  and  6  instead  of  S^h. 

This  bdng  supposedy  by  putting  the  capacity  of  the  Tessd 
equal  to  unity*  it  is  evident,  that. 

The  first  fountain,  which  will  fill  it  in  a  number  of  hours  de- 
noted by  a,  will  discharge  into  it  in  one  hour  a  quantity  of 

water  expressed  by  the  fraction  — ,  and  that  consequently,  in  a 

1  X 

number  x  of  hours^  it  will  furnish  the  quantity  or  x  — f  or  — • 

(^JMtiu  53). 

The  second  fountain,  which  will  fill  the  same  vessel  in  a  num- 
ber of  hours  described  by  bf  will  discbarge  into  it  in  one  hour  a 

quantity  of  water  expressed  by  the  fraction  -? ,  and  consequent- 
ly in  a  nomber  x  of  hours,  it  will  furnish  the  quantity  ^  X  -t» 

X 

The  whole  quantity  of  water  then  furnished  by  the  two  foun- 
tainSfWill  be 

X  ■     X 

and  this  quantity  roust  be  equal  to  the  content  of  the  vessel^ 
which  was  considered  as  unity ;  we  have  then  tiie  equation^ 

f  +  ^-l 

This  equation  reduced  by  the  foregoing  rules,  becomes 

ix+ax^abf 
_   ah 
^  ""  6+a 
The  last  ibrmiila  gives  this  simple  rule  for  resolving  every 
case  of  the  proposed  question. 

DMit  the  product  cf  the  numberSf  which  denote  the  times  em- 
phyediy  eachfounUan  mJUUng  the  vesid,  6y  the  sumcf  theee 
numbers;  the  quotient  expresses  the  time  requiired  bif  both  tl^ 
tains  running  together  tofU  the  vessd. 

Applying  this  rule  to  the  particular  case  under  consideration, 
we  have 
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whence  «  =  {^=:|. 

fL  Let  VL  he  a  mmber  to  be  divided  into  three  parts,  kmag 
among  themsetoe^  the  sameratios  as  the  given  mMnfers  m,  n»  amif, 

It  is  evident  that  the  verification  of  the  questiMi  would  be  as 
follows ; 
denoting  the  1st  part  by  x,  we  have 

m:n::x:  the  £d  part  =  —9  (JriUu  116.) 
m  :  p::x  :  the  3d  part  =  ^; 

I 

tf  10  three  parts  added  together  must  make  the  Dumber  to  be  di- 
vided.   We  have  then  the  equation 

mm 

By  reducing  all  the  teims  to  the  denominator  m,  it  becomes 

rnx  +  nx+px:=  am, 
and  we  deduce  from  this 

am 

X  ::=  — ^-^— 

fll+/l-j-/l' 

This  result  is  notliing  more  nor  less  than  an  algebraic  expns- 
flion  of  tl^  rule  of  FeUavship,  (Ariih.  124);  for  by  regardiif 
the  numbers  m,  n,  p^  as  denoting  tlie  storks  of  several  persons 
trading  in  company,  m  +  n  +p  is  the  whole  stocky  a  tiie  gaii 
to  be  divided,  and  the  equation 

ma 
m-\-7i+p* 
shows  that  a  share  is  obtained  by  multiplying  the  corresponding 
stock  into  the  whole  gahu  and  dividing  tlie  product  by  the  sum  ff 
ffie  stocks ;  wliich  reduced  to  a  propoiiiony  becomes 
the  whole  stock  :  a  particular  stock 
:  :  the  whole  gain  :  to  tlie  partiadar  gain. 

15.  To  form  an  equation  from  the  following  question,  re- 
quires an  attention  to  some  things,  which  have  not  yet  been 
considered. 

A  fisherman^  to  encourage  his  sow,  jiromises  Mm  5  cents  Jor  each 
ihroxv  of  the  net  in  which  he  shall  take  any  Jish,  but  the  son^  on  the 
other  handf  is  to  remit  to  the  father  3  cenls  for  each  nnsiiccessfid 
throw.  After  1 Q,  throws  the  father  and  the  son  settle  ihnr  accoutdt 
and  the  former  is  found  to  owe  the  latter  28  cents.  JFhat  ivas  the 
mtmbcr  of  successful  throws  of  the  net? 
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If  we  represent  thin  number  by  X9  the  number  of  unsuccessful 

^  4iyttes  will  be  1% — x ;  and  if  these  numbers  weregiven,  we  should 

i*^  verify  them  by  multiplying  5  cents  by  the  first,  to  obtain  what 

^  the  father  was  bound  to  pay  the  son,  and  d  cents  by  tlie  second, 

to  find  what  the  son  engaged  to  return  to  the  father.    Tlie  first 

number  ought  to  exceed  the  second  by  28  cents,  which  the  father 

owed  the  son* 

We  have  for  the  first  number  x  times  5  cents,  or  5x.  With 
respect  to  the  second,  there  Ls  some  difficulty.  How  are  we  to 
obtain  the  product  of  3  by  IS  —  xi  If  instead  of  x  we  had  a 
'  ^ven  number,  we  should  first  perform  the  subtraction  indicated, 
and  then  multiply  3  by  the  remainder ;  but  this  cannot  be  done 
at  present,  and  we  must  endeavour  to  perform  the  multiplication 
before  the  subtraction,  or  at  least,  to  give  the  expression  an 
'  entire  algebraic  form,  similar  to  that  of  equations  that  are  rea- 
dily solved. 

With  a  little  attention  we  shall  see,  that  by  taking  12  times 
the  number  three,  we  repeat  the  number  3  so  many  times  too 
much,  as  there  are  units  in  the  number  op,  by  which  we  ought 
first  to  have  diminished  the  multiplier  12,  so  that  the  true  pro- 
duct will  be  36  diminished  by  3  taken  x  times  or  Sx, 
or  more  simply  36  —  3ar« 

This  conclusion  may  be  verified  by  giving  to  a?  a  numerical 
value.  If  for  example  x  were  equal  to  8,  we  should  have  3  to 
be  taken  12  times  —  8  times,  and  if  we  neglect  —  8  times,  we 
should  make  the  result  8  times  the  number  3  too  much ;  the 
true  product  then  will  be 

3X  12  —  3x8  =  36  —  24  =  12. 
This  result  agrees  with  that  which  would  arise  firom  first  sub- 
tracting 8  from  12 ;  for  then 

12  —  8  =  4,  and  3X4  =  12. 
This  being  admitted,  since  the  money  due  fh>m  the  father  to  the 
son  is  expressed  by  5Xf  and  that  which  the  son  owes  the  father 
by  36  —  3a:,  the  second  number  must  be  subtracted  from  the  first 
in  order  to  obtain  the  remainder  28 ;  but  here  is  another  diffi- 
culty ;  how  shall  we  subtract  36  —  3a:  from  5x,  without  having 
first  subtracted  3a:  from  36  ? 

We  shall  avoid  this  difficulty  by  observing,  that  if  we  neglect 
tlic  term  —  3ar,  and  subtract  from  5x  the  entire  number  36,  we 
shall  have  taken  necessarily  3a:  too  much,  smce  v\.  \s  w\^'  \v\v^\. 
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jnmmtm  after  teviHf  fimitaMMd  S0  br^ir  Milfy^M^^iii^ 
«d  from  ff«{.  ID  ibat  fto  dUbmoto  Ifiv^  tfr-wghl^tii  te^pg- 
jRMiiad  byte  in  ofderto  fern  ibe  qiM(||jff4pi|t  thMiA  Abii 
jAnt  bfl¥iiif;  taken  frwn  509  the  moMbaiti  Ibiiiiliy  tJ^lR 
Tbia  quiuitHgr  will  flien  be 

^^        '    : .-..:  'II?  , .  ■-•! 

and  we  baye  the  eqoation 
iwbich  becoflMfl  suooeaBivdj 

Tbere  bave  beei^  tbeii  8  aacceadbl'  UuKia:.^  Oe^  Mt«i4 
mncceaaral ones.  .    t*--.  ... 

Indeed  8  throws  at  5  cents  a  tiirow  pn   40  oanla^ 
4  throws  at  S  oentB  a  tbrour  gtitt 'rltt 

f 

difltoence  S8 

as  required  by  the  conditions  of  (be  qmaBep,    • ' 

To  render  the  solution  generalf  let  a  iqiiwieat'ttie  fiai  |^ 
by  the  father  to  the  son  for  each  socoeasM  ibraw  of  fhisMii  wk 
h  the  sum  returned  by  the  son  for  each  unaaooessfbl  wm^  sale 
the  total  number  of  throwSf  and  d  the  sum  reoeirad  on  Hie  wMb 
bythesom  If  a;  be  put  equal  to  the  number  of  sjicccmIM  IbwDi^ 
c — X  will  express  the  number  of  unsuocessfid  ones  ;  «ack  IfaMr- 
of  the  former  kind  being  worth  to  the  soa  ft'MBI  Op  m  IblWi.' 
would  be  worth  a  x  ^  or  aXf  and  the  unsuooesaftilthnMf^  worit 
be  worth  to  the  father  the  sum  b  multiplied  hf^tubwrnmh^re^^ 

The  reasoning  by  which  we  have  found  the  parka  «f  the  fi^ 
duct  of  3  by  12  —  Xf  applies  equally  to  the  genenal  case.  V 
we  neglect  in  the  first  place  —  or  in  forming  tlie  pradixt  k  of  ^ 
by  tlie  whole  of  c,  the  sum  b  will  be  repeated  x  Umem  too 
and  consequently  the  true  product  will  befe*— Aa% 

In  order  to  subtract  this  product  from  the  sum  aac,  ft  ia  j 
sary  to  obsorve*  as  in  the  numerical  example*  that  if  iv«  aJhtiiif 
the  whole  of  the  quantity  he  we  take  the  quantity  -^  too  WkA' 
by  which  the  former  ougiit  to  have  been  first  dinfaririiedf  wd  ^ 
that  coTisequently  tlie  true  remtunder  is  not  mnrely  aar**le^  W 
ex — bc+bx. 
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As  ibis  sum  is  equal  to  J^  we  have  the  equatioo 

vhich  gives 

ax  +  hx  =  d  +  bc, 

As  this  general  formula  indicates  what  operations  are  to  be 
lerformed  upcm  the  nuuibcrs  OfbfC^df  in  order  to  obtain  the 
inknown  quatitity  X9  we  may  reduce  it  to  a  i-ule  or  carefully 
^rite  instead  of  the  letters  a,  b,  c,  d,  the  numbers  given.  This 
Ast  process  is  called  substihUing  the  values  of  the  given  quanti- 
fies, or  putting  the  formula  inio  numbers.  Applying  here  those  of 
die  foi'egoing  example,  we  have 

^     C8  +  8XI2, 

"^^       5  +  3       ' 

ly  performing  the  operations  indicated,  it  becomes 

38  +  36     64     ^ 
8  8 

tkthods/or  peif arming f  as  far  as  is  possiblep  the  operaiions  indicatei 
upon  quantities  that  are  represented  bif  Utters* 

16.  Fbom  the  preceding  question  it  is  evident,  that  in  certain 
sases  a  multiplication  indicated  upon  the  sum  or  difference  of 
.leveral  quantities  cannot  be  separated  into  parts ;  and  in  art, 
,11,  we  have  exactly  the  reversOf  by  resolving  the  quantity  ax  — 
\x  +  eXf  which  represents  the  result  of  several  multiplications, 
Wlowed  by  additions  and  subtractions,  into  the  two  factors  a  — 
>  +  c  and  X,  which  indicate  only  a  single  multiplication  preced- 
ed by  addition  and  subtraction.  The  reasoning  pursued  in  these 
TWO  circumstances,  will  suggest  rules  for  performing,  upon  quan- 
mes  represented  by  letters^  operations  which  are'caDedoI^r^atc 
nuUipUaUUm  and  division^  from  the  analogy  which  they  have 
irith  the  corresponding  operations  of  arithmetic. 

We  have  also  by  the  same  analogy  two  algebraic  operations, 
irhich  bear  the  names  of  addition  and  suUradiaii,  in  which  the 
^Aject  is  ui  unite  several  algebraic  expressions  in  one,  or  to  take 
W  expression  from  another.  But  these*  operations,  like  the 
'^receding,  differ  from  those  of  arithmetic  in  this,  that  their 
"Sesults  are,  for  the  most  part,  only  indications  of  the  operations 
"^  be  performed ;  they  present  only  a  transformatvoTi  Q»t  Wv^ 


24  tUmtnU  of  MgAnu 

operations  originallj  indicated  into  otherSy  which  prodoGe  the 
same  effect  All  that  is  done,  is  either  to  simplify  the  expres- 
sionS)  or  to  give  them  a  proper  form  for  exhibituig  the  condi- 
tions that  are  to  be  fulfilled. 

In  order  to  explain  these  operations,  we  give  the  name  of 
simple  quafifitie$  to  those  which  consist  only  of  one  term,  as 
-f  3a,  —  Sabf  &c.  bbiomials  to  those  which  consist  of  two,  as 
a  +  bfa^^b,  5a  —  So:,  &c.  trinomials  to  those  which  consist  of 
three  terms,  quadrinomials  to  those  which  consist  of  four  terns, 
and  polynomials  to  those  which  consist  of  more  than  four  terms. 
It  may  be  observed  also,  that  we  call  polynomials  compfmni 
quantitUs. 

Of  ilie  addition  of  algebraic  quantiHes* 

17.  Tub  addition  of  simple  quantities  is  performed  by  writing 
them  one  after  the  other,  with  the  sign-f-  between  them ;  thus,  a 
added  to  6  is  expressed  by  a  -f-  6.  But  when  it  is  proposed  to 
add  together  several  algebraic  exprei^sions,  we  aim  at  tlie  same 
time  to  simplify  the  result  by  reducing  it  to  as  small  a  number 
of  terms  as  possible  by  uniting  several  of  the  terms  in  one. 
This  is  done  in  articles  2  and  5,  by  reducing  the  quantity  x+x 
to  QXf  and  the  quantity  a? + or  4- a:  to  3a?.  It  can  take  place  onlj 
with  iTspcct  to  quantities  expressed  by  the  same  letters,  and 
wliich  are  for  tliis  i*cason  called  similar  quantities.  A  literal 
quantity  that  is  repeated  any  number  of  times  is  regarded  as  a 
unit,  it  is  thus,  that  the  quantities  2a  and  3a  considered  as  two 
and  three  units  of  a  particular  kind,  form  when  added  5a,  or  5 
units  of  the  same  kind.    Also  4ab  and  Sab  make  9ab. 

In  this  case,  the  addition  is  performed  with  respect  to  the 
figui*es  which  precede  the  literal  quantity,  and  which  show  how 
many  times  it  is  repeated.  These  figures  are  called  co^SdiaKti> 
The  coefficient  then  is  the  multiplier  of  the  quantity  before  which 
it  is  placed,  and  it  must  be  recollected,  that  when  there  is  none 
expressed,  unity  is  understood ;  for  la  is  the  same  as  n. 

1 8.  >Vhen  it  is  proposed  to  unite  any  quantities  whatever,  it- 

4a  +  5b  and  2c  -f  3(/, 
the  sum  total  ought  evidently  to  be  conqxiscd  of  all  the  parii" 
Joined  together ;  we  must  write  then 

4a  +  5b  +  2c  +  3d. 
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If  we  have  on  the  contrary 

4a  +  5fr     and     Sc  —  3d. 
The  sign  —  must  be  retained  in  the  sum^  to  mark  as  sab* 
tractive  the  quantity  Sd,  which,  as  it  is  to  be  taken  from  Sic, 
must  necessarily  diminish  by  so  much  the  sum  formed  by  unit- 
ing Stc  with  the  first  of  the  quantities  proposed ;  we  have  then, 

4a-f-56  +  2c  —  Sd. 

From  these  two  examples  it  is  evident*  that  in  algebra  ihe  addu 
tian  of  pobfiunttUds  is  perfarmei  by  writing  in  ardtr,  one  after  the 
othtTf  the  quantities  to  beaddedwtlh  their  proper  signst  it  being  ob- 
served that  the  terms  whidi  have.no  s^^ns  btfore  them  are  considered 
as  having  the  sign  -f. 

The  above  operation  is,  properly  speaking,  only  an  indication 
by  which  the  union  of  two  compound  quantities  is  made  to  con- 
sist in  the  addition  and  subtraction  of  a  certain  number  of 
simple  quantities  |  but  if  the  quantities  to  be  added  contained 
similar  terms,  these  terms  might  be  united  by  performing  the 
•peration  upon  their  coefficients. 

Let  there  be,  for  example,  the  quantities 

4  a +  96  —  2  c, 
2  a —  3  c  +  4  d, 
7b  +  c—  e; 
the  sum  indicated  would  be,  according  to  the  rule  just  given^ 
4a  +  9b  —  2c  +  2a — 3c-f-4d  +  r6  +  c — e. 

But  the  terms  4a,  -f  2a,  being  formed  of  similar  quantities, 
nay  be  united  in  one  sum  equal  to  6a. 

Also  the  terms  +9bf  +7b  give  + 16 fr» 

The  terms  —  2c  and  — « 3c,  being  both  subtractive,  produce  on 
the  whole,  the  same  effect  as  the  subtraction  of  a  quantity  equal 
to  their  sum,  that  is  to  say,  as  the  subtraction  of  5e;  and  as  by 
virtue  of  the  term  -f  c,  we  have  another  part  c  to  be  added,  there 
will  remain  therefore  to  be  subtracted  only  4c 

The  sum  of  the  expressions  proposed  then,  will  be  reduced  to 

6a +  16  6  —  4e  +  4d — e. 

The  last  operation  exhibited  abote,  by  which  all  similar 
terms  are  united  in  one,  whatever  signs  they  have,  is  called 
redudion.  It  is  petfarmed  by  taking  the  sum  of  similar  quantities 
having  the  sign  +,  that  of  similar  quantities  having  the  sign  — , 
and  subtracting  the  less  of  the  two  9ums  from  the  greater,  andgiv^ 
ing  to  the  remainder  the  sign  of  the  greater. 
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It  is  to  be  remarked,  that  reduction  is  applicable  to  all  alge- 
braic operations. 

The  following  examples  of  addition,  with  fhdr  answers,  are 
intended  as  an  exercise  for  the  learner. 
1.  To  add  the  quantities 

rm  +  3n — Up  +17r 
Sa  -f-9n  — 11  m-f-   2r 
5jp— «4m-f-    8n 
lln  —  26—  m — r+« 


Answer,  rm  -f-  3n  —  14p  +  I7r  +30+991— llfiH-£r-f5p—4iiH^ 

+  11  n  —  2  6  —  m — r+«. 
By  making  the  reduction,  this  quantity  becomes 

—  9m  +  31n— -Qp+lSr  +  Sa —  2b +8, 
or  Sin — 9m —  dp  +  lSr  +  Sa-^flb  +  s, 

by  beginning  with  a  term  having  the  sign  +» 
2.  To  add  the  quantities 
llbc  +  4ad  —  Sac  +5cd 
8ac+  7  be — 2  ad +  4  m  91 
2cd  —  Sab  +  Sac  +  an 
9  an — 2&C— >2ad  +  5  cd 

llbc  +  4ad  —  8ac+  5cd  +  Qac  +  7bc  —  2ad+4mn 
Qcd — Sab+  5ac+  an+9an — 26c — 2ad-j'5cd. 
By  reducing  this  quantity  it  becomes 

16  6c  +  5  ac+  12cd  +  4mn  —  3a6+  10a9i. 

Of  the  Subtraction  of  Jilgtbraic  Quantities, 

20.  The  subtraction  of  single  quantities,  according  to  estab- 
lished usage,  is  represented  by  placing  the  sign  —  betw^een  the 
quantity  to  be  subtracted,  and  that  from  which  it  is  to  be  taken ; 
6  subtracted  fi'om  a  is  written  a  —  6. 

When  tlic  quantities  are  similar,  the  subtraction  is  performed 
directly  by  means  of  the  coefficients. 

If  3fl  be  subtracted  from  5«,  we  have  for  a  remainder  2a. 

'With  ivgard  to  the  subtraction  of  [lolynomials,  it  Ls  iiecessar; 
to  dlstinpjuisli  two  cases. 

1.  If  the  terms  of  the  quantity  to  be  subtracted  have  each  the 
sign  +,  wc  must  clearly  give  to  each  the  sign  — ,  since  it  is 
required  to  deduct  successively  all  the  parts  of  the  quantity  l«' 
be  SFiblratted. 
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If  for  ezaiii[de,  from  5  a  —  9(+2c¥iewouldtake2d-|.Se-|. 
4/,  we  must  write 

Sa — 9i  +  2c — 2d  —  se-^4j. 

2.  If  any  of  the  terms  of  the  quantity  to  be  subtracted  haye 
the  sign  — ,  we  must  give  them  the  sign  plus.  Indeed,  if  from 
the  quantity  a  we  would  take  6  —  c  and  should  first  write  a  —  b, 
we  should  thus  diminish  a  by  the  whole  quantity  b ;  but  the  sub- 
traction ought  to  have  been  performed  after  having  first  dimin- 
ished b  by  the  quantity  c;  we  have  taken  therefore  this  last 
quantity  too  much^  and  it  is  necessary  to  restore  it  with  the  sign 
+f  which  gives  for  the  true  result  a  —  i  +  c 

This  reasoning,  which  may  be  applied  to  all  similar  cases, 
shows  that  the  sign  — •  of  e  must  be  changed  into  the  sign  -|- ;  and 
by  connecting  this  result  with  the  preceding,  we  conclude,  that 
the  subtraction  of  algebraic  quantUies  isperfbrmed  by  Tvriting  them 
in  order  after  the  quawtitieSf from  which  they  aretobe  taketif  having 
Jirst  changed  the  signs  +  into  —  and  the  signs  —  into  -f-. 

After  this  rule  has  been  applied,  the  quantities  are  to  be  re- 
duced when  they  mil  admit  of  it,  according  to  the  precept  given 
in  article  19,  as  may  be  seen  in  the  following  examples ; 

1.  To  subtract  from         17a  +  2m —  9b  —  4c-f-23d 
the  quantity  51a  —  27  5  +  11  C—  4  d. 

Result,  17a-f-2m  —  9  b  —  4c  +  23({ 

—  51a  +  27  6  — lic+4d. 

^hen  reduced  it  becomes 

—  34a  +  2w  +  18  6  —  15c  +  27d, 

or  rather  2m  —  34a+18&  —  I5c  +  27d* 

2.  To  subtract  from  5ac— •8a6  +  9bc — 4  am 
the  quantity                             8am  —  2a6+llac— «7cd. 


Result  Sac —  8afr  +  9frc— 4am 

—  8am+2ai — 11  a  c-|-7cd. 
Reduced  it  becomes 

—  6ac — 6ab  +  9bc^^l2am  +  7cd 

or  96c — 6ac — Gab— 12am+7cd. 

Of  tlie  mvltiplication  of  algdraic  quantities. 

21.  So  far  as  letters  are  considered  as  expressing  the  numer- 
ical values  of  the  quantities  for  which  they  stand,  multiplication 
in  algebra  is  to  be  regarded  like  multipUcaUon  \tv  «x\\)cv\sl^c* 
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(Jhiih.  21^  66.)  Thus  to  mulHply  a  6y  b  u  to  epmpamd  wiih  (he 
quantity  represented  by  a  another  qwintity,  in  the  9ame  nutnner  oi 
the  quantity  represented  byhi^  with  unity. 

We  have  already  expiiuned,  in  articles  S  and  7$  the  si^s  used 
to  indicate  multiplication ;  and  the  product  of  a  by  ft  is  ezpresB- 
ed  by  a  X  hf  or  by  a  .bf  or  lastly^  by  a  6. 

We  have  often  occasion  to  express  several  saccessive  multipli- 
cations, as  that  of  a  by  b,  and  that  of  the  product  a  ft  by  c  abi 
that  of  this  last  product  by  d«  and  so  on.  In  this  case,  it  is  eTident, 
that  the  last  result  is  a  number  having  for /actors  the  mnnben 
a,  6,  c,  df  ^JSrith.  22)  ;  and  to  give  a  general  expression  of  tbis 
method,  we  indicate  the  product  by  writing  thejaeiars  eompanag 
it  in  order,  one  after  the  other,  withmU  any  sign  between  them;  vt 
have  accordingly  the  expression  abed. 

Re<;iprocaIly  every  expression,  such  as  abed  fomied  of  seven! 
letters  written  in  order  one  after  the  other,  designates  alwiji 
the  product  of  the  numbers  represented  by  these  letters. 

I  have  already  availed  myself  of  this  method^  in  which  tk 
numerical  coefficients  are  also  included,  since  they  are  evidentlj 
factors  of  the  quantity  proposed.  Indeed  ISabed^  designntiiig 
the  quantity  abed  taken  1 5  times,  expresses  likewise  the  prodvf 
of  the  five  factors  15,  a,  6,  c,  c/. 

It  follows  from  this,  that  in  order  to  indicate  the  multiplia- 
tion  of  several  simple  quantities,  such  as  4  a  b  c,  5  d  e/^  3  m  n,  it  b 
necessary  to  \^Titc  tlic  quantities  in  order,  one  after  the  othcTf 
without  any  sign  between  them,  and  it  becomes 

4ahc  5  defSmn; 
but  since,  as  is  shown  in  arithmetic,  (art.  82)  the  order  of  the 
factors  of  a  product  may  be  changed  at  pleasure  without  alter- 
ing the  value  of  this  product,  we  may  avail  ourselves  of  this 
principle,  to  bring  together  the  numerical  factors,  the  multipli- 
cation of  which  is  performed  by  the  rules  of  arithmetic ;  to 
express  then  this  product,  as  indicated  in  the  order  4.5.3 
abed ejm n,  we  multiply  together  tlie  numbei"s  4,  5,  3,  which 

give  simply 

60 ah  cd efm  n.  * 

*  As  the  use  of  alg:ebraic  symbols  abri(lj:e8  ver\  much  the  demonstri' 
tion  of  this  proposition.  I  have  thought  it  proper  to  suggest  here  i 
method  by  these  symbols. 

If  we  write  t\\e  product  a  b  c  d  c  J  ^^  l^^^ivi^ij  a b  t  Y.<I  €  x  /,  •s' 
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23.  The  eaqpression  of  the  product  may  be  much  abridged 
when  it  contains  equal  factors.  Instead  of  writing  several  times 
in  order^  the  letter  which  represents  one  of  the  factors*  it  need 
be  written  only  once  with  a  number  annexed,  showing  how 
many  times  it  ought  to  have  been  written  as  a  factor ;  but  as 
this  number  indicates  successive  multiplications,  it  ougfit  to  be 
carefully  distinguished  from  a  coefficient,  which  indicates  only 
additions.  For  this  reason,  it  is  placed  on  the  right  of  the  let- 
ter and  a  little  higher  up,  while  a  coefficient  is  always  placed 
on  the  left  and  on  the  same  line. 

Agreeably  to  this  method,  the  product  of  a  by  a,  which  would 
be  indicated  according  to  article  21,  by  a  a  becomes  a'.  The 
S  raised,  denotes  that  the  number,  designated  by  the  letter  a,  is 
twice  a  factor  in  the  expression,  to  which  it  belongs.  It  ought 
not  to  be  confounded  with  2a  which  is  only  an  abbre\iation  of 
a  +a.  To  render  evident  the  error,  which  would  arise  from 
mistaking  one  for  the  other,  it  is  sufficient  to  substitute  num- 
bers instead  of  the  letters.  If  we  have,  for  example,  azi^S^Za 
would  become  2.5  =  10,  and  a^  z:zaxa-=i5  .5^25. 

Extending  this  method  we  should  denote  a  product  in  which 
a  is  three  times  a  factor  by  writing  a'  instead  of  aaa;  also  a' 
represents  a  product  in  which  a  is  five  times  a  factor,  and  is 
equivalent  to  a  a  aa  a. 

24.  The  products  formed  in  this  manner  by  the  successive 
multiplications  of  a  quantity,  are  called  in  general  powers  of 
that  quantity. 

The  quantity  itself,  as  a,  is  called  the  first  power. 

The  quantity  multiplied  by  itself,  as  oo,  or  a',  is  the  second 
power.    It  is  called  also  the  square. 

The  quantity  multiplied  by  itself  twice  in  succession,  as  aaa^ 
or  a',  is  the  third  power,  and  is  called  also  the  ciifte.* 

change  the  order  of  the  factors  of  the  product  to  de  instead  of  e  J, 
{Jirith.  27.)  it  becomes  ah c  x  ed  xff  or  abode  f.  It  is  evident 
that  we  may.  by  analyzing  the  product  differentlyt  produce  any 
change  which  we  wish  in  the  order  of  the  factors  of  the  product  in 
question. 

*  The  denominations  square  and  cube  refer  to  geometrical  con- 
siderations. They  interrupt  the  uniformity  in  the  nomenclature  of 
products  formed  by  equal  factors,  and  are  very  improper  in  algebci* 
But  they  are  frequently  used  for  the  sake  of  Gonoseue^^ 


In  gemnlf  my  pmnr  wkdsver  is  dniiiglMliJ^  Ihi  ■■< 
rf  equal  fiicton  fimm  which  it  is  formed  |  a*  or  aaaaaui 
^A  povtrof  a. 

I  telw  tl>B  imwlrnr  S  to  iUuitme  thnag  jfiMlfMM^yHt  WW 

have  ...,  t^j_-'  ^ 

laL power  3    .^i,  1,;,^,   . 

Si.  t.3.3»  V^^ST* 

4th.  S.S.$.3s9]i^:.3^«l 

5th,  S.3.3.3.3s%|.^i*:«4l 

*«• 

The  namber  which  denotea  the  power  vtjvtf.^ifumtity  is  call- 
ed the  expoMHt  of  this  quentity.  .     ..;:... 

When  the  exponent  is  equal  to  itnitijr  U  ia  MMnMa^it 
uthe  wiaeaii  a'.  .S-.obif%,'  H 

It  is  evident  then,  that  to  jlwf  tte  power  if  ang  foArt^;  ftl 
neceuory  (o  miUqifir  tMa  mmiber  b}/  Usdf  as  mani)  lima  Um  n 
a$  there  are  unite  ta  the  eocponeat  ^  tlie  power. 

S5.  As  the  exponent  denotes  the  numbrr  of  equal  facton 
which  form  the  expression  ofwhicU  it  k  »  piirt,  artd  as  Uk  prw 
duct  of  two  qaantities  most  have  each  of  these  quantitiffi  a 
factors;  it  fiillowa  that  the  expreasion  a*  in  which  a  is  hi 
times  a  factor,  multiplied  by  a*,  in  wliicli  a  is  three  tjnaee  after' 
tor,  ought  to  gire  a  product  in  which  a  is  e^ht  times  a  fadn 
and  conaeqiientlf  expi-essed  bf  a*,  and  that  in  general  the  fit- 
duct  of  two  powers  of  the  same  mttR^er  ought  to  have  ^fiir  tm  saf^, 
nent  the  sum  of  those  o^  the  mvitiplicand  and  miUt^lier. 

S.Q.  It  folliiws  from  this,  that  when  two  simple  qiiantiius  Am 
commtm  Utters,  we  may  drndge  the  expression  o^  the  produt  4 
the$e  quantUies  hy  addiag  tocher  Uie  exp<mtatM  of  guchidtm^. 
the  mtdtijAicand  aad  mutH^itr. 

For  example,  the  expression  of  the  product  of  the  quaatitia 
o*  6*  c  and  a*  b'  c"  d,  which  would  be  a*  A>  c  a*  b'  c*  rf.  bj  fli 
foregoing  rule,  art.  31,  is  abridged  by  collecting  together  Hi 
factors  designated  by  the  same  letter,  and 

a'  a*  6*  6*  cc'  d,  ■ 

becomes  a*  b'  c*  d, 

by  writing  a*  instead  of  a'  n* 

b'  instead  of  6'  6' 
0*  instead  of  c  c*  or  of  c*  e'. 
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27.  As  we  distingaish  powers  by  the  number  of  equal  factors 
from  which  they  are  formedy  so  also  we  denote  any  products  by 
the  number  of  simple  factors  or  Jirsts  which  produce  them ;  and 
I  shall  give  to  these  expressions  the  name  of  degrees.  The  pro- 
duct a*  6'  Cf  for  example,  will  be  of  the  sixth  degree,  because  it 
contains  six  simple  factors,  viz ;  £  factors  a,  3  factors  b,  and  1 
factor  €•  It  is  evident  that  the  factors  a,  b,  and  c,  here  regard- 
ed as  firsts,  are  not  so,  except  with  respect  to  algebra,  which 
does  not  permit  us  to  decompose  them ;  they  may,  notwithstand- 
ing, represent  compound  numbers,  but  we  here  speak  of  them 
only  with  respect  to  their  general  import.* 

As  the  coefficients  expressed  in  letters  are  considered  only  in 
estimating  the  degree  of  algebraic  quantities,  we  have  regard 
only  to  the  letters. 

It  is  evident,  (21,  25)  that  when  we  multiply  two  simple 
quantities  the  one  by  the  other,  the  number  which  marks  the 
degree  of  the  product  is  the  sum  of  those  which  mark  the  degree 
of  each  of  the  simple  quantities. 

28.  The  multiplication  of  compound  quantities  consists  in  that 
of  simple  quantities,  each  term  of  the  multiplicand  and  multi- 
plier being  considered  by  itself;  as  in  arithmetic  we  perform 
the  operation  upon  each  figure  of  the  numbers  which  we  propose 
to  multiply.  (jfntiL  33.)  The  particular  products  added  to- 
gether make  up  the  whole  product  But  algebra  presents  a 
circumstance  which  is  not  found  in  numbers.  These  have  no 
negative  terms  or  parts  to  be  subtracted,  the  units,  tens,  hun- 
dreds, &c.  of  which  they  consist,  are  always  considered  as  added 
together,  and  it  is  very  evident,  that  the  whole  product  must  be 
composed  of  the  sum  of  the  products  of  each  part  of  the  multi- 
plicand by  each  part  of  the  multiplier. 

*  We  apply  the  term  dimensions^  generally  to  what  I  have  liere 
called  degrees,  in  conformity  to  the  analogy  already  pointed  oaf  in 
the  note  to  page  29.  This  example  sufficiently  proves  the  ahsu  rdi ty 
of  the  ancient  nomenclature,  borrowed  from  the  circumstance,  that 
the  products  of  3  and  3  factors,  measure  respectively  the  areas  of  the 
surfaces  and  the  bulks  of  bodies,  the  former  of  which  have  two  and 
the  latter  three  dimensions ;  but  beyond  this  limit  the  correspondence 
between  the  algebraic  expressions  and  geometrical  figures  fails,  as 
extension  can  have  onlv  three  dimensions. 
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The  aame  is  true  of  literal  expreeaioiiB  when  all  the  terais 

are  connected  ti«ethcp  by  the  sign  4j 
The  product  of                        a+b 
multiplted  b/  o 

and  is  obtained  by  multiplying  each  part  of  the  mnltiplic.and  by 
the  multiplier,  and  adding  together  the  two  particular  prodociB 
mc  and  ic  The  operation  is  the  same  when  the  multiplicand 
contains  more  than  two  parts. 

If  die  multiplier  is  composed  of  several  terms,  it  is  manifint 
that  the  product  is  made  up  of  the  sum  of  the  products  of  tht 
multiplicand  by  each  term  of  the  multiplier. 

The  product  of  a+b 

multiplied  by  c+d 


"{ 


ac  +  bc 
+ad  +  bd; 

for  by  multiplying  first  a  -f  i  by  c,  we  obtain  ac+bCf  thenbj 

multiplying  a  +  6  by  the  second  term  d  of  the  multiplier^  we  ha?e 

ad  +  6  d,  and  the  sum  of  the  two  results  gives  a  c  4-6  c+ad-f  ft  d 

for  the  whole. 

29.  When  the  multiplicand  contains  parts  to  be  subtracted, 

the  products  of  these  parts  by  the  multiplier  must  be  taken  from 

the  others,  or  in  other  words,  have  the  sign  —  prefixed  to  them. 

For  example, 

the  product  of  a  —  b 

multiplied  by  c 

is  ac  —  6c; 

for  each  time  that  we  take  the  entire  quantity  a,  which  was  to 
have  been  diminished  by  b  before  the  multiplication,  we  take  flie 
quantity  6  too  much ;  the  product  a  c  therefore,  in  which  the 
whole  of  a  is  taken  as  many  times  as  is  denoted  by  the  number 
c,  exceeds  the  product  sought  by  the  quantity  6,  taken  as  many 
times  as  is  denoted  by  the  number  c,  that  is  by  the  product  (e; 
we  ought  then  to  subtract  b  c  from  a  c,  which  gives,  as  above^ 

ac  —  6c. 
The  same  reasoning  will  apply  to  each  of  the  parts  of  the  mul« 
tiplicand,  that  are  to  be  subtracted,  whatever  may  be  the  number, 
and  whatever  may  be  that  of  the  terms  of  the  multiplier^  pro* 
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tided  they  aD  ha%'e  the  sign  -f.  BecoHecting  that  the  terms  whiqh 
have  no  sign  are  considered  as  having  the  sign  -f,  we  see  by 
the  examples^  that  the  terms  of  the  multiplicand .  affected  by  the 
sign  +  ^ve  a  product  affected  by  the  sign  +»  while  those  which 
have  the  sign  —  give  one  having  the  sign  — •  It  follows  from 
this,  that  toftfn  iht  muttiplier  has  the  rign  -h  the  product  has  the 
same  %n  as  the  corresponding  part  (f  the  multiplicand, 

30.  The  contrary  takes  place  when  the  multiplier  contains 
parts  to  be  subtracted ;  the  products  arising  from  these  parts 
must  be  put  down  with  a  sign,  contrary  to  that  which  they 
would  have  had  by  the  above  rule.  This  may  be  shown  by  the 
following  example. 

Let  the  multiplicand  be  a*^b 

and  the  multiplier  c^^d 

the  product  win  be  {  ..JJ^Jd, 

for  the  product  of  the  multiplicandf  by  the  first  term  of  the  mul- 
tiplier,  will  be  by  the  last  example  ac  —  be;  but  by  taking  the 
whole  of  c  for  the  multiplier  instead  of  c  diminished  by  df  we  take 
the  quantity  a — b  so  many  times  too  much  as  is  denoted  by  the 
number  d ;  so  that  the  product  aC'^bc  exceeds  that  sought  by 
the  product  ofa^-b  by  d.  Now  this  last  is«  by  what  has  been 
said,  ad-^bdf  and  in  order  to  subtract  it  from  the  first  it  is 
necessary  to  change  the  signs  (20).    We  have  then 

ac  —  be  —  ad +  bd  (or  the  result  required* 

31.  Agreeably  to  tlie  above  examples^  we  conclude^  Chat  the 
nndtiplicationqf  polynomials  is  performed  by  multiplyifig  successively f 
according  to  the  rules  given  for  simple  qtiantities  (21 — 26)9  aU  the 
terms  of  the  multiplicand  by  each  term  of  the  m/uUiplierf  and  by 
^serving  that  eadi  particular  product  must  have  the  same  sign^  as 
the  con'espanding  part  of  tJie  multiplicandf  when  the  mnltiplier  has 
the  sign  +f  and  the  contrary  sign  when  the  indhridual  mulHplier 
has  the  sign  — . 

If  we  develop  the  different  cases  of  this  last  rule»  we  shall  find, 

1.  That  a  term  having  the  sign  +f  multiplied  by  a  term  having 
the  sign  +,  gives  a  product  having  the  sign  + ; 

2.  That  a  term  having  t)ie  sign  —9  multiplied  by  a  term  hav* 
ing  the  sign  -f ,  gives  a  product  which  has  the  sign  —  j 

S.  That  a  term  having  the  sign  +,  multiplied  by  a\ftYm\vKsv^^ 
the  sign  —,  gives  a  product  which  has  the  sign  —  ; 

5 
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:  4.  T1iaftatemlMTi4|r«lMft8lgii-^iiid«i|M 
flie  ogn  — >  i^vw  a  pradoct  wliich  bag  fhe  iiipi^^    .. 

It  is  efUmAboA  tliutiikle»  tkatiH^,^ 
mnlHplkr  ham  ihe  uamt  mgn,  the  proiiut  km  thnwlgm  rH 
whm  theg  kavi  d^erent  9ign$9ihepniMdkmlk$:$igm 

To  fiMJiitttto  Oe  pracike  of  the  luidt^^ 
I  bavo  rabjoiiied  a  racapitiilAtion  otHbt  ndei 

1.  2b  ddermine  the  9ig%  cf  eoA  parUadarpmimtt  MMrriiif  * 
tte  nik  JM^  jr»M  ;  this  is  tbe  rak  fiMT  tlM'oignk 

SL  n  fiKrm  ike  GO^ffUk^ 
mmhiflieand  md  mM/Ker  (Sd) ;  this  fa  tbe  nde.  Jbr^hoMik 
cienAs*  .  .^.c   ..  ■  , 

S.  lb  tmie  in  mbr,  ONS  after  Jhe  oAetfUm  ifi^mul  fi^isi  m 
tainedineaA  mnUJfUpgmdmd  muHipKer {U^fJkim  ia^tta:nb 
fixr  the  letters* 

4.  lb  give  to  the  ktter$f  eommmto  tke  wnU^/lktmijmi 
pUtTf  an  exponent  efiud  to  the  enm  ofUie  txfmimU.^  tifaas 
ta  fhemMUfUaud  mi  mmUifHtr  (afQ » t>>^ 'i» '^te^«hiiv^ 

sa.  The  example  below  will  UlustralB  aD  ttMO^nlBft*  < 

Moltiplicaiid        Ba^-^^a^b  +  Aa^b* 
Multiplier  a*— 4a*t  +  2(* 

proauctB.  (^  ^  10  a*  ft»  -4  a»  6*  +  8  c*  h'. 

Result  reduced      5a^  — 22a*  6+ 12a' 6* — 6a^fr*— 4a*i^«)-a«4'. 

The  first  line  of  the  several  products  containa  thuee  of  aU  ifa 
terms  of  the  multiplicand  by  the  first  term  a'  of  the  maltipBBrff 
this  term  being  considered  as  having  the  sign  +»  the  proda^ 
which  it  gives  have  the  same  signs  as  the  correspoBdini;  tens 
of  the  multiplicand  (31). 

The  first  term  5  a^  of  the  multiplicand  having  the  sign  pIVr 
we  do  not  write  that  of  the  first  term  of  the  product,  which  wonli 
be  +;  the  coefficient  5  of  a^  being  multiplied  by  the  codBdei 
1  of  a^  ogives  5  for  the  coefficient  of  this  product;  the  sumtf 
the  two  exponents  of  the  letter  a  is  4  +  3,  or  7»  the  first  temrf 
the  product  then  is  5  a''. 

Tlie  second  term  —  2  a'  6  of  the  multiplicand  having  the  fl^i 
— ,  the  product  lias  the  sign  minus;  the  coefficient  2  of  a*  )  wiir 


■ 

:  tfpUedb7liieooeflk\ent  1  ofa'^giveBSforthecoeflkientorihe 
pniduct ;  the  exponent  of  the  letter  Of  common  to  the  two  terms 

I    which  we  aultiplyf  is  3  <[•  S^  or  6,  and  we  write  after  it  the  letter 

I  hf  which  is  fiittnd  only  in  the  nnlt^cand.  The  second  term 
of  the  product  then  is  —  2  a'  6. 

I        The  diird  term  -f  4a*  b*  gives  a  product  affected  with  the 

^    «ign  -f-y  and  by  the  roles  applied  to  the  two  preceding  terms,  we 

p    findittobe-f 4a«ft\ 

The  second  line  contains  the  products  of  all  the  terms  of  the 

I    mnltiplicand  by  the  second  term  —-  4  a*  6  of  the  multiplier.  This 

[1  last  having  the  sign  — y  aO  the  products  which  it  gives  must 
have  the  signs  contrary  to  those  of  the  corresponding  terms  of 

ii  flie  multiplicand  ;  the  coefficients,  the  letters,  and  the  expo* 

ft  toents  are  determined  as  in  tiie  preceding  line. 

The  third  line  contains  tbe  products  of  all  the  terms  of  the 

ii   multiplicand  by  the  third  term  -f  2  6*  of  the  multiplier.    This 

i   terra  having  the  sign  -f,  all  the  products  which  it  gives  have 

I   the  same  sign  as  the  corresponding  terms  of  the  multiplicand. 
After  having  formed  all  the  several  products  which  compose 

I  the  whole  product,  we  examine  carefidly  this  last,  to  see  whether 
it  does  not  contain  similar  terms  ;  if  it  does,  we  reduce  them 
according  to  the  rule  (19),  observing  that  two  terms  are  similar, 
which  consist  of  the  same  letters  under  the  same  exponents.  In 
4iiis  example  there  are  three  reductions,  viz ; 

—    2  a*  6   and  — -  20  a*  6,    wjiich  give    —-  22  a*  6 ; 
+   4  a*  6*  and  +  8  a*  6*,    which  give     +  12  a*  6*  ; 

^         — 16a^6*and +10a^6«,    which  give     —  6  c*  6*. 

1  These  reductions  being  made,  we  have  for  the  result  the  last  line 
of  the  example. 

See  another  example  to  exercise  the  learner,  which  is  easily 
performed  after  ^vksA  has  been 


« 


,^if^i  Jtemtati  ef  Mgdm, 


?!-;  + 

3i  -  a  1 

2tlS 


J-"?,  X-c: 


i+t 


•>,l"g 

t^% 

3ia 

7  IS 

*    — 

J?t 

nf 

=  -"i 

III 

III 

5«3 
lit 


.-Si 
i:7  s 


=+1 


II      l|       ?1 

'33  i:^  is 

SS  <£!.         II 


J^MiifUcatmm^fJKgdMnu  sr 


SS.  Fron  flie  manner  oC  proceeding  in  multiplicationy  it  is 
evident^  that  if  all  the  terms  of  the  multiplicand  are  of  the  same 
degree  (27)9  and  those  of  the  multiplifia'  are  also  of  the  same 
degree^  aU  the  terms  of  the  praduct  will  be  of  a  degree  denoted 
by  the  sum  of  the  numbers^  which  mark  the  degree  of  the  terms 
of  each  of  the  factors* 

In  the  irst  examploy  the  multiplicand  is  of  the  fourth  d^reef 
the  multiplier  of  the  third ;  and  the  product  is  of  the  seventh. 

In  the  second  example,  the  multijdicand  is  of  the  sixth  degree^ 
the  multi|dier  of  the  third ;  and  the  product  is  of  the  ninth. 

Expressions  of  the  kind  just  referred  to»  the  terms  of  which 
are  aU  of  the  same  dqpree,  are  called  homogeneous  expressions. 
The  above  remark,  with  respect  to  their  products,  may  serve  to 
prevent  occasional  errors,  which  one  may  commit  by  forgetting 
some  of  the  factors  in  the  several  parts  of  the  multiplication. 

34.  Algebraic  opevatioBs  perfumed  upon  literal  quantities,  as 
they  permit  us  to  see  how  the  several  parts  of  the  quantities 
concur  to  form  the  resoKsy  often  ^  make  known  some  general 
properties  of  numbers  independent  of  every  system  of  notation. 
The  multiplications  that  follow,  lead  to  oonclusions  of  the  greatest 
importance,  and  of  Crequent  use  in  the  subsequent  parts  of  this 
work. 

a  +  h  a  +  b 

a — b  a  +  b 


a« 
-aft- 

+  ab 
-6* 

+ 

+  al 

+  ab 

«• 

—  *» 

a^+2ab+b^ 
a+b 

a^  +fta^b+ab^ 
o»ft  +  2a6»+6« 

+^ab  +  b^ 

r 

fl»  +  Sa«6  +  3a6»+6». 

It  appears  from  the  first  of  these  products,  that  the  quantity 
a  +  b,  multiplied  by  a  —  t,  gives  a*  -*  ('  ;  whence  it  is  evident 
that,  if  we  multiply  the  sum  of  two  numbers  by  ihnr  differencep 
the  product  will  be  the  d^erenee  cf  the  squares  oj  these  numbers. 

If  we  take,  for  example,  the  sum  11  of  the  numbeva  7  «]Qil^v 
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and  multiply  it  by  the  diflTorence  S  of  these  mnberVf  flie  fnfat 
9  X  ll»  or  SS,  will  be  equal  to  the  difliBmoe  between  49^  Ai 
square  of  7»  and  16,  the  square  of  4. 

By  the  second  example,  in  which  a  -f-  k  is  twice  a  fiustsr,  w 
learn ;  that  the  second  poweVf  or  the  square  of  a  fmamHhf  eamftd 
ef  hvo  parts  a  and  b  contains  the  square  qffke  JhrMi  parif  yh 
double  the  product  of  the  first  part  hy  the  seeemdf  pbu  the  sysif  j 
ihe  second. 

The  third  example,  in  which  we  have  multiplied  the 
power  of  a  +  6  by  the  first,  shows ;  that*  ffte  third  power  or  oh 
tf  a  qfiuniity  composed  cf  two  parts  cmdaiMM  tte  cute  of  ihe  Jei 
plus  three  times  ihe  square  of  the  first  multiplied  fty  the  eeamdfjhs 
three  times  the  first  muUi^ied  by  the  square  of  the  eecamdf  jrinlb 
eul/e  of  the  second. 

35.  As  we  have  often  occasion  to  decompose  a  quantity  he 
its  factors,  and  as  the  algebraic  operations  are  dispensed  wH^ 
when  it  can  be  done,  in  order  to  exhibit  the  formation  of  tti 
quantities  to  be  considered,  as  distinctly  as  possible^  it  is  Mcn- 
sary  to  fix  upon  some  signs  proper  to  indicate  multiplicafin 
between  complex  quantities. 

We  use  indeed  the  marks  of  a  parenthesis  to  compreiieai  tta 
factors  of  a  product    The  expression 

(5a*  — 3 a*  &>+6*)  (4a6*— ac»+ii»)(6*  — c»), 
(br  exam{)Ie,  indicates  the  product  of  the  compound  quantities 
5a*  — 3a»  6* +6*,    4a6*— ac*+d*    and  ft»  — c«. 
Bars  were  used  formerly  by  some  authors  placed  over  tiie 
factors  thus, 

5a* — 5a^b^  +b^   X  4a6«  —ac*  +d«  x  6* — c*; 
but  as  these  may  happen  to  be  too  long  or  too  shorty  they  are 
liable  to  more  uncertainty  than  the  marks  of  a  parenthesis, 
which  can  never  admit  of  any  doubt  with  respect  to  the  quantitj 
belonging  to  each  factor.  They  have  accordingly  been  preferred. 

Of  the  division  of  algebraic  quantities. 

36.  AxGEBRAic  division,  like  division  in  arithmetic,  is  to  be 
regarded  as  an  operation  disigncd  to  discover  one  of  the  fac- 
tors of  a  given  product,  wlien  tlie  other  is  known*  According 
to  tliis  definition,  the  quotient  multiplied  by  the  divisor  must 
produce  anew  the  dividend. 


By  cppfyiaip  what  is  here  md  to  mmide  quantities  we  abaU  see 
liy  art.  21,  tkat  the  dividend  is  fwined  from  the  factors  of  the 
divisor  and  those  of  the  quotient ;  whence,  by  suppresging  in  the 
Hmdmi  «tf  thefaOan  which  C(mpo8e  the  dmsor,  the  reeuU  will  be 
the  qiutient  iomf^ 

Let  there  be,  for  examj^  the  simple  quuitity  72  a*  6*  c'  d  to 
be  diYided  by  the  simjrie  quantity  9a^bc^  ;  according  to  the  rule 
above  given,  we  must  suppress  in  the  first  of  these  quantities  the 
fiu^tors  of  the  second,  which  are  respectively 

9,  a*,  bf  and  c*. 
It  is  necessary  then,  in  order  that  the  division  may  be  perform- 
ed, that  these  fiM^rs  should  be  in  the  dividend.  Taking  them  in 
order,  we  see  in  the  first  place  that  the  coefficient  9  of  the  di\  i« 
8or»  ought  to  be  a  factor  of  the  coefficient  72  of  the  dividend,  or 
that  9  ou^t  to  divide  T2  without  a  remainder.  This  is  in  fact 
the  case,  since  72  =  9  x  B.  By  su[qiressing  then  the  factor  9, 
there  will  remain  the  factor  8  for  the  coeflkient  of  the  quotient. 

It  follows  moreover,  firom  the  rules  of  multiplication  (25),  that 
the  exponent  5  of  the  letter  a  in  tiie  dividend,  is  the  sum  of  the 
exponents  belonging  to  the  divisors  and  quotient ;  tikis  last  ex- 
ponent therefore  will  be  tiie  difference  between  the  two  others, 
or  5  — -  3  =  2.  Thus  the  letter  a  has  in  the  quotient  the  expo- 
nent 2.  For  the  same  reason,  the  letter  6  has  in  the  quotient  an 
exponent  equal  to  3  —  1,  or  2.  The  factor  c*  being  common  to 
the  dividend  and  divisor  is  to  be  supja*essed,  and  we  have 

Sa'  b*  d 
for  the  quotient  required. 

Tlie  same  will  apply  to  every  other  case ;  we  conclude  then, 

_  * 

that,  in  order  to  (ffed  the  division  of  simple  qwmtilieSf  the  course 
to  be  pursued  is. 

To  divide  the  co^ffident  of  the  ^roidend  by  that  tf  the  diroisor; 

Tosuppress  in  the  dividend  the  letters  widch  are  common  to  it  and 
ihe  divisor,  when  they  have  the  same  exponent;  and  when  the 
exponent  isnottlie  same,  to  subtract  the  eocponent  qf  the  divisor  from 
that  qf  the  dividend,  the  remainder  bring  the  exponent  to  be  affixed 
to  the  letter  in  the  quotient ; 

To  write  in  the  quotient  the  letters  of  the  dividend  which  are  not 
in  the  divisor, 

37.  If  we  apply  the  rule  now  given  for  obtoining  the  expo- 
nent of  the  letters  ef  the  quotient,  to  a  letter  whi^lv  Vi^a  \.Vi^  ^AaoMt. 
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exponent  in  the  dividend  and  divisorf  we  shall  find  aeio  ti  h 
the  exponent  which  it  ought  to  have  in  the  quotient ;  a*  diTiU 
by  a',  for  example,  gives  a*.  To  understand  what  is  thei»| 
port  of  such  an  expression,  it  is  necessary  to  go  back  ti 
origin  and  to  consider,  that  if  we  represent  the  quotient 
from  the  division  of  a  quantity  by  itself,  it  ought  to  answcrfel 
unity,  which  expresses  how  many  times  any  quantity  is  ODntiii> 
ed  in  itself.  It  follows  fi*om  this,  tliat  the  expreamon  a*  i*  a  'P 
hd  equivalent  to  unity f  and  may  consequently  be  reprtaenied  if  L 
"^'e  may  then  omit  writing  tiie  letters  which  have  zero  for  dM 
exponent,  since  each  of  them  signifies  nothing  but  unity.  11b| 
a*  be'  divided  by  a'  ft  c',  gives  a^  h^  c®,  which  becomes  a,  ssi! 
very  evident  by  suppressing  the  common  factors  of  the  dividBii 
and  divisor. 

We  see  by  this,  that  the  proposition,  every  qmanKhf  wUA  is  i 
icero  for  its  e^jcponent,  is  equal  to  1,  is  nothing,  properly  spnk- 
ing,  but  the  explanation  of  a  conclusion  to  which  we  m 
brought  by  tliC  common  manner  of  writing  the  powers  of  qu^ 
ties  by  exponents. 

In  order  that  the  division  may  be  perfonned»  it  is  neceaniji 
1.  that  the  divisor  should  have  no  letter  which  is  not  found  ii 
tlie  dividciid  ;  2.  thai  the  exponent  of  any  letter  in  the  divisor 
sliould  not  exceed  that  of  the  same  letter  in  the  di\nLdend ;  3. 
that  the  coeRlcient  of  the  divisor  should  exactly  divide  thatef 
the  dividend. 

S8.  When  these  conditions  do  not  exist,  the  divi^tion  canonlf 
be  indicated  in  the  manner  iH)inted  out  in  the  2d  ai*tic!e.  Still 
we  shouhl  endeavour  to  simplify  the  fraction  by  suppressiBg 
such  factors,  as  are  common  to  the  dividend  and  divisor,  if  there 
are  any  such  ;  for  (Arith.  57)  it  is  manifest,  that  the  tlic  »n'  of 
arithmetical  fractions  rests  upon  principles  which  are  indepen- 
dent of  every  particular  value  of  their  terms,  and  which  wooM 
apply  to  fractions  repivscnted  by  lettere,  as  well  as  to  thost 
which  are  repiTsontcd  by  numbei*s. 

Accordini^  to  these  principles,  we  in  the  first  place  suppress  tht 
numerical  factors  common  to  the  divide^id  and  divisor,  and  thf* 
the  letters  vhich  arc  common  to  the  dividend  and  divisor f  and  ichiii 
have  the  same  exponent  in  each,  When  the  exponent  is  not  the 
same  in  cach^  ice  subtract  the  less  from  the  greater^  and  affix  tk 
remainder^  as  tht  exiumcnt  to  (he  letter^  which  is  written  only  i> 
///«/  /enn  of  thefni'd'am  \ciucli  Una  lUclus^vt*^  «x\Kmen\, 


^he  fidlowing  example  will  illustrate  this  rule. 
Let  48a*  6'  c^  dhe divided  bjMa^b^c^e;  the  quatient  can 
only  be  indicated  in  the  form  of  a  fraction 

4%a*h*e*d 

But  Die  coefficients  48  and  64  being  diyisible  by  16,  by  suppress 
ing  this  common  factor,  the  coefficient  of  the  numerator  be- 
comes  3,  and  that  of  the  denominator  4.  The  letter  a  having  tho 
same  exponent  3  in  flie  two  terms  of  the  fraction,  it  follows  that 
a*  is  a  factor  common  to  the  dividend  and  divisor^  and  may  con- 
sequently be  suppressed. 

To  find  the  nomber  of  factors  5  common  to  the  two  terms  of  the 
fraction,  we  must  divide  the  higher  h*  by  the  lower  6',  accord* 
ing  to  the  rule  above  given,  and  the  quotient  b*  shows,  that 
b'  =h^  xb*.  Suppressing  then  the  common  factor  6',  there  will 
remain  in  the  numerator  the  factor  ft*. 

With  respect  to  the  letter  c,  the  higher  factor  being  c^  of  the 
denominator,  if  we  divide  it  by  c*  we  shaU  decompose  it  into 
c*  X  c* ;  and  by  suppressing  the  foctor  c*  common  to  the  two 
terms,  this  letter  disappears  from  the  numerator,  but  win  remain 
in  the  denominator  with  the  exponent  2. 

Finally,  the  letters  d  and  e,  will  remain  in  their  respective  pla- 
ces, since  in  the  state  in  which  they  are^  they  indicate  no  factor 
common  to  both. 

By  these  several  operations  the  proposed  fraction  is  reduced  to 

4c«e'* 
mnd  it  is  the  most  simple  expression  of  the  quotient,  except  we 
give  numerical  values  to  the  letters,  in  which  case  it  might  be 
further  reduced  by  cancelling  the  common  factors  as  before. 

39.  It  ought  to  be  remarked,  that  if  all  the  factors  <if  the  div* 
idend  enter  into  the  divisor,  which  besides  contains  others  peru^ 
liar  to  it,  it  is  necessary  after  suppressing  the  former  to  put  unity 
in  the  place  of  the  dividend  as  the  numerator  of  the  fraction*  In 
this  case  indeed  we  may  suppress  all  the  terms  of  the  numera- 
tor, or  in  other  words,  divide  the  two  terms  of  the  fraction  by  the 
numerator ;  but  this  being  divided  by  itself  must  give  unity  for 
the  quotient,  which  becomes  the  new  numerator. 

fiupposo  for  example  the  fraction 

4  n*  h  e 

6 
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the  factoid  1:2,  a' »  6'  and  c  may  be  divided  rMpectively  by  tk 
Actors  4,  a',  6  and  c,  or  we  may  divide  the  two  terms  of  the  ftl^ 
tion  by  the  numerator  A  a*  he.  Now  the  quantity  Aa^hcteA 
ded  by  itself  gives  1  for  the  quotient,  and  the  quantity  12  o*  Md 
divided  by  the  first,  gives  by  the  above  rules  Sb*  d;  the«f 
fraction  then  is 

1 
Sh*  d' 

40.  It  follows  from  the  nilcs  of  multiplicationf  that  wlien  a  cos- 
pound  quantity  is  multiplied  by  a  simple  quantity,  thiA  last  be- 
comes a  factor  common  to  all  the  teims  of  the  former.  1IV>  out 
make  use  of  tliLs  observation  to  simplify  fractions  of  which  the  n- 
me]*ator  and  denominator  are  jmlynomLals  having  factors  that  m 
common  to  all  their  terms. 

Let  their  be  the  expression 

\)a*  6—  I5a*c  +  24fl»  ' 
by  examining  the  quantity  6a^  —  3a^6c-fl2a*c*,weBeetfal 
the  factor  a*  is  common  to  all  the  tei*ms,  since  a^  =  a*  x  a*tdd 
thaty  besides,  G,  3  and  12  are  all  divisible  by  3  ;  so  that^ 
6a*  —  3a«6c  +  12a*  c2  =  2a«  x3a*  — bcx  Sa*  +4c*  xSo'. 
Also  the  denominator  has  for  a  common  factor  3  «*  ;  for  the  fac- 
toi-s  a^  and  3  enter  into  all  the  terms,  and  we  have 
9r/2  b — 15  «'  c+24fl5  =  36x  Sri^  —  5c  x  3  ii«  +  8a  X  Sfl^ 
Siii)pressin2;  thei-efore  the  3  a^  as  often  in  the  numerator  as  in  tbe 
denominator,  theproiMised  fraction  will  become 

cjfli  _^c  +  4c« 
3b  —  DC  +ba 

41.  I  pass  now  to  the  case  ^^hel•c  the  numerator  and  denommi- 
tor  are  botli  coinpouruU  and  in  whicli  one  cannot  i>erceive  at  first 
whetlii'r  the  divisor  is  or  is  not  a  factor  of  the  dividend. 

As  the  divisor  multiplied  by  tlie  quotient  must  produce  the  div- 
idend, it  is  necessary  that  this  lust  should  contain  all  the  sevci-al 
prodiuis  of  each  term  of  tlie  divisor  by  each  term  of  t!ie  quotient: 
and  ii*  we  could  find  the  ])n)du('ts  arising;  from  each  particular 
term  of  tlie  divisor;  by  dividing  them  by  this  term,  wliich  is 
knoNViu  we  should  obtain  those  of  the  quotient^  after  the  same 
manner  as  in  ariilimetic  we  disrovor  all  the  figni-es  of  the  quotient 
by  <H .  iclini;;  successively  Uy  the  divisor  tlie  numbers,  which  we  re- 
;;.irvl  .is  i!k'  ^evenvl  \nHH\v\c\s  vA  V\\\s  vV\n \sw  Vix  VVw^.  dVSev^nt  fig- 


ures  of  the  quotient  But  in  numbers  the  several  products  pre- 
sent themselves  iu  order,  beginning  with  tlie  units  at  the  last 
place  on  the  left,  on  account  of  the  subordination  established  be- 
tween the  units  of  each  figure  of  the  dividend  according  to  the 
rank  which  tliey  hold.  But  as  tiiis  is  not  tlie  case  in  algebra,  we 
supply  the  want  of  such  an  arrangement  by  disposing  all  the  terms 
of  the  dividend  and  divisor  in  the  order  of  the  exponents  of  the 
power  of  the  same  letter,  beginning  with  the  highest  and  proceed- 
ing from  left  to  riglit,  as  may  be  seen  with  reference  to  tlie  letter 
a  in  the  quantities 

5  a''  — 22  a*  6+12a»  6*  —  6a*6»  —  4  a'  6* +  8  a*  6', 

5a^ — 2a«6  +  4a»6*, 
of  which  one  is  the  product  and  the  other  the  multiplicand  in  the 
example  of  art  32.    This  is  called  arranging  the  proposed  quan- 
tities. 

When  they  are  thus  disposed,  it  is  evident,  that  whatever  be 
the  factor  by  wliicb  it  is  necessary  to  multiply  the  second  to  ob- 
tain the  first,  the  term  5  a^,  with  which  this  begins,  results  from 
the  multiplication  of  5  a^,  with  which  the  otiier  begins,  by  the 
term  in  the  factor  sought,  in  which  a  has  the  highest  exponent, 
and  which  takes  the  first  place  in  this  factor  when  the  terms  of  it 
are  arranged  with  reference  to  the  letter  a.  By  dividing  then 
the  simple  quantity  5  a''  by  the  simple  quantity  5  a* 9  the  quotient 
a'  will  be  the  first  term  of  the  factor  sought  Now  as  the  entire 
product  ought  by  the  rules  of  multiplication  to  contain  the  several 
particular  products  ansing  from  the  multiplication  of  the  whole 
multiplicand  by  each  term  of  the  multiplier,  it  follows  that  the 
quantity  here  taken  for  the  dividend,  ought  to  contain  the  pro- 
ducts of  all  the  terms  of  the  divisor,  5  a*  —  2a'  6  +  4  a*  6',  by 
the  first  term  of  the  quotient  a^  ;  and  consequentiy,  if  we  subtract 
from  tlie  dividend  these  products,  which  are  5  a''  —  2  a*  6  -(-4  a'  6' , 
the  remainder  —  20  a«  6  +  8  a*  6*  —  6a^b^  —  4  a*  6*  +  8  a*  6* 
will  contain  only  those,  which  result  from  the  multiplication  of  the 
divisor  by  the  second,  third,  &c.  terms  of  the  quotient 

The  remainder  then  may  be  c^msidered  as  a  part  of  the  divi- 
dend, and  its  first  term,  in  which'  a  has  tiie  highest  exponent,  can- 
not be  obtained,  otherwise  than  by  tiie  multiplication  of  the  first 
term  of  the  divisor  by  the  second  term  of  the  quotient    But  the 

first  term  of  this  part  of  the  dividend  having  the  sign ,  it  is 

necessary  to  assign  that  which  is  to  be  preftiLeA  \ft  XJcifc  c.wv«9»- 
poniing  term  of  the  quotient.    This  is  easWy  Aotvc;  \i^  \\\^  ^v*»V 
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rale  art  31,  for  fhe  qaantiiy  —  20  a*  6,  being  regarded  astpirt 
of  the  product,  having  a  sign  contrary  to  that  rf  the  mnltiiiiiciil  I 
5  a^9  it  follows  that  the  roidtiplier  must  have  fhe  sign  — ^  Dili-  ff 
don  then  being  performed  upon  the  simple  quantitiesy  —  20  a*  1 1 
and  5  a^9  gives  —  4  a'  6  for  the  second  term  of  the  quotiait 
If  now  we  multiply  this  by  all  the  terms  in  flie  divimr,  and  sik- 
tract  the  product  from  tlie  partial  dividend^  the  remunier 
.^  10  a«  6'  — 4  a>  6^  +  8  a'  6'  will  contun  only  the  ^toimk 
of  the  third  ^cc.  terms  of  the  quotient. 

Regarding  tliis  remainder  as  a  new  dividend*  its  first  tn 
10  a^  h^  must  be  the  product  of  the  first  term  of  the  diTisor  \f 
the  third  of  the  quotient,  and  cx>nsequently  tliis  last  is  obtained  bf 
dividing  the  simple  quantities,  10  a^  6^  and  5  a^  the  one  by  tti 
other.  The  quotient  2  6*  being  multiplied  by  the  whole  of  ill 
divisor  furnishes  products,  the  subtraction  of  which  exhaindq 
the  remaining  dividend^  proves  that  the  quotient  has  only  thm 
terms. 

If  the  question  had  been  such  as  to  require  a  greater  nomlNf  I 
of  terms,  they  might  evidently  have  been  found  like  the  |n«cedii^  I 
and  if,  as  we  have  supposed,  the  dividend  has  the   divisor  for  i 
factor,  the  subtraction  of  tlie  product  of  this  divisor  by  the  lifll 
term  of  the  quotient  ought  always  to  exhaust  the  corresponding 
dividend. 

42.  To  facilitate  the  practice  of  the  above  rules  j 

1.  We  dispose  the  dividend  and  divisor,  as  for  the  division  ^ 
numbers^  hy  arrangingjhein  with  reference  to  some  letter,  thai  isn  ij 
"writing  the  terms  in  the  order  of  the  eocponents  of  this  tetter,  begiMf 
ning  with  the  highest ; 

2.  Tf'e  divide  the  first  tenn  of  the  dividend  by  the  first  term  €f  (k 
divisor,  and  write  the  result  in  the  place  of  the  quotient; 

3.  W>  multiplij  the  whole  divisor  by  the  term  qf  the  quotient  jwl 
found,  subtract  it  from  the  dix^idend,  ami  reduce  similar  terms. 

4.  JVe  regard  this  remainder  as  a  new  dividend,  tlie  first  term  tf 
which  wc  divide  by  tlie  first  term  of  the  divisor^  and  %vrite  the  result 
as  the  second  term  of  the  quotient ^  and  continue  tlie  operation  till  all 
tlie  terms  qfthe  dividend  are  exlumsted. 

Recollecting  that  a  pi-orlucl  has  the  same  sign  as  the  multipli- 
cand when  the  multiplier  has  the  si.£;n  -f,  and  that  it  has  in  the 
contrary  case  the  sign  —  (31)*  we  infer  that,  when  the  term  (jf 
the  dixudend.  and  Hiejirst  term  of  tlie  dva^w  hoxje  t&e  same  sign,  tk 
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\  quotient  aught  to  have  the  sign  -f-^  and  if  they  htroe  ambranf  rigns, 
ifAe  quotient  ought  to  have  therign  — ;  this  is  the  rule  for  fhe  signs. 
The  individual  parts  of  the  operation  are  performed  by  the 
.  rule  for  the  division  of  simple  quantities. 

¥Fe  divide  the  coefficient  of  the  dividend  fry  that  of  the  divisor; 
I  this  is  the  rule  for  the  coefficients. 

I       JFe  write  in  the  quotient  the  letters  common  to  the  dividend  and 
dioieor  with  an  exponent  equal  to  the  difference  of  the  eocponents  of 
these  letters  in  the  two  terms,  and  the  letters  which  belong  only  to 
the  dividend  ;  these  are  the  rules  for  the  letters  and  e^qionents* 
43.  To  apply  these  rules  to  the  quantities^ 

Sa"*  —  22  a«  6  +  12  o*  6»  —  6  a*  fc»  —  4  a»  6*  +  8  a*  b', 

5  c*— 2o»6+4a»  6«, 
which  have  been  employed  as  an  example  above*  we  place  them 
as  we  place  the  dividend  and  divisor  in  a«'ithmetic. 


DiroidemL 
5a'' — 22a«ft+12a*/i*— 6a*ft» — 4a«6*+8a>6' 
—5a''+  2a«6— 4a'6* 


Divisor* 
5^*-.2fl«644a*ft* 


Quotient. 
a»— 4o«ft+2i« 


Rem.— 20</«6-f8a«6» — 6a*6* — 4a»6*+8a«6^ 
+  20a«fr— 8a«6*+l6a*6« 


rem.  +I0a*6* — 4o»6*-f.8a»^« 

— 10a*6»+4a«&*— 8a«6« 


0. 

The  sign  of  the  first  term  5  a^  of  the  dividend  being  the  same 
as  that  of  5  a^f  the  first  term  of  the  divisor,  the  sign  of  the  quo- 
tient must  be  +» hut  as  it  is  the  first  term,  the  sign  is  omitted. 

By  dividing  Sa"*  by  5  a^p  we  have  for  tlie  quotient  a*»  which 
we  write  under  the  divisor. 

Multiplying  successively  the  three  terms  of  the  divisor  by  the 
first  term  a'  of  the  quotient,  and  writing  the  products  under  the 
corresponding  terms  of  the  dividend,  the  signs  being  changed  to 
denote  their  subtraction  (20),  we  have  the  quantity 

—  5  a''  +2a«  6— 4  a*  6S 

which  with  the  dividend  being  reduced,  we  obtain  for  a  remaind^ 

—  20  a*  6  +  8  a'  6*  —  6  a*  6*  —  4  a»  6*  +  8  a«  6^ 

By  continuing  the  division  with  this  remainder,  the  first  term 
••—  20  a*  bf  divided  by  5  a^,  will  give  for  a  quotient  4  a'  6,  this  quo- 
tient having  the  sign  — ,  as  the  dividend  and  ^visoc  Iian^  4Sfi^- 
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ent  aigiuu    Multiplying  it  by  all  the  teims  of  the  diviaor  and 
changing  the  signs,  we  obtain  flie  quantity 

which  taken  with  the  dividend  and  reduced,  givesfor  arenuunder 

Dividing  the  first  terra  of  this  new  dividend,  10  a*  6' »  by  the 
first  term,  5  a^,  of  the  divisor,  and  multiplying  the  whole  divi- 
sor by  the  result  +  2  6*,  writing  the  products  under  the  dividend, 
the  signs  being  changed  and  making  the  reduction,  we  find  that 
nothing  remains,  which  shows  that  +  2  i'  is  the  l^t  term  of  tho 
quotient  sought.    The  quotient  therefore  has  for  its  expreanon 

44.  It  is  proper  to  remark  here,  that  in  division,  the  multi- 
plication of  the  diflerent  terms  of  the  quotient  by  the  divisor 
often  produces  terms  that  are  not  to  be  found  in  the  dividend, 
and  which  it  is  necessary  to  divide  by  the  first  term  of  the  divi- 
sor. These  terms  are  such  as  destroy  themselves,  since  the  divi- 
dend has  been  formed  by  the  multiplication  of  the  two  fiacton 
tlie  quotient  and  the  divisor.  See  a  remarkable  example  of  these 
reductions ; 

Let  a^  —  b^  be  divided  by  a  •—  6. 
Division. 


a»  — 6» 
—  a^-ha^  b 


a  —  b 


a^4.ab  +  b* 


—  a^b+ab^ 


+  ab^—b^ 
—  ab^  +6* 


Mdtiplication. 


a 


a*  — a*  b 
+  a*b  —  ab^ 


Result  a*  — 6«. 


0  0 

The  first  term  a*  of  the  dividend,  divided  by  the  first  term  a 
of  the  divisor,  gives  for  the  quotient  a*  ;  multiplying  this  quotient 
by  the  divisor,  and  changing  tlie  signs  of  the  products,  we  have 
—  a*  +a*  b;  the  first  term  — a^  desti-oys  the  first  term  of  the 
dividend,  but  there  remains  the  term  a*  6,  which  is  not  found  at 
first  in  the  dividend.  As  it  contains  tire  letter  a,  we  can  divide 
it  by  the  first  term  of  the  divi^r,  and  obtain  +  a  6.  Multiplying 
tliis  quotient  by  the  divisor,  and  changing  tlie  signs  of  the  pro- 
ducts we  have — a*  b  +  ab*  ;  the  term  —  a*  6  cancels  the  one 
above  it.  but  there  remains  the  term  +  a6S  which  is  not  in  the 
dividend.  This  being  divided  by  a  gives  for  the  quotient  +  **  j 
multiplyiug  tliis  quotient  by  the  diviaor  and  changing  the  signs, 
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Vte  have  —  ah^  +  b^  ;  the  trst  teMi -^ab*  destroys  tte  first 
term  of  the  dividend^  and  the  second  +  b^  destrojrs  the  other 

The  mechanical  part  of  flie  operation  will  be  better  under- 
-•I  stood,  if  we  look  for  a  moment  at  the  multiplication  of  the  quo- 
^tient  a>  -f  oft  -f  ('  by  the  divisor  a  -—  ft.  We  see  that  ail  the 
i;tc!rms  repredaced  in  the  process  of  dividing  are  those  which 
B  destroy  each  other  in  the  result  of  the  multifdication. 
^  45,  It  sometimes  hapt»ens  that  the  quantity  with  reference  to 
^which  the  arrangement  is  made,  has  the  same  power  in  several 
terms  both  of  tlie  dividend  and  divisor.  In  this  case,  the  terms 
^should  be  written  in  the  same  column,  one  under  the  other,  the 
'  remaining  ones  being  disposed  with  reference  to  another  letter. 

Let  there  be 
' — o*  b*  +6«c*  — a*  c^  —  a«  +2a*c«+6«  +26*c«  +a*  6*, 
to  be  divided  by  a*  —6*  — c*. 

Arranging  the  first  of  these  quantities  with  reference  to  the 
letter  a,  we  place  in  the  same  column  the  terms  —  a^  b*  and 
+  2  a*  c*,  in  another,  the  terms  +  a*  6*  and  —  a^  c^  ;  and  in  tbe 
last  column  the  three  terms  +  6',  +  2  6*  c*,  +  6*  c*,  disposing 
tliem  with  reference  to  the  letter  6,  as  may  be  seen  in  the  next 
page. 

The  first  term  a*  of  the  dividend  being  divided  by  the  first 
term  a'  of  the  divisor,  gives  for  the  first  term  of  the  quotient 
—  a*  ;  forming  the  products  of  this  quotient  by  all  the  terms  of 
the  divisor,  changing  the  signs  of  the  products  in  order  to  sub- 
tract them  from  the  dividend,  and  placing  in  the  same  column 
the  terms  containing  the  same  power  of  a,  we  have,  after  the 
reduction  of  similar  terms,  the  first  remainder,  which  we  take 
for  the  second  dividend. 

The  first  term  —  2  a*  6*  of  this  new  divider.d,  being  divided 
by  0*  >  pves  for  the  second  term  of  the  quotient  -;-  2  a*  6*  ;  form- 
ing the  products  of  this  quotient  by  all  the  terms  of  the  divisor, 
changing  the  signs  of  the  products  to  indicate  their  subtraction 
from  the  dividend,  and  placing  in  the  same  column  the  terms 
containing  the  same  power  of  a,  we  have  after  the  reduction, 
of  similar  terms,  the  second  remainder,  which  we  take  for  the 
third  dividend. 

The  operation  being  continued  in  the  same  tnaxvnc^r  ^\W\^» 
second  remainder  and  the  following  ones,  we  s\v^\\  \w«^  ^t^» 
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terms  In  tbe  quotif  nt   The  last  being  multipKed  by  all  the  terms 

of  the  divisor*  furnibbes  products  which  being  subtracted  from 

the  fourth  remainder  exhaust  it  entirely.  As  the  division  admits 

of  being  exactly  performed^  it  foUows,  that  the  divisor  is  a 

factor  of  the  dividend 

_fl«_   a*  h*  +a«6*+6* 

+  2  a  *  c>  —  a*  c*  +  2  6*  f  > 

+   6«c* 


«*c« 


o»  — fc»— c* 


Utrem,~2a*^>+a*6*+6* 

+    a* «;«  —  c*  c*  +  2  J*  c* 

—  2a«ft«  c* 


2d.  rem.  h-    a*  c« —   a«6*      +6« 

—  2a*6»c«  +  26*c« 

—  a*  c*     +  6»  c* 


3  /*« 


a»c 


4th.  rem* 


3d.  rem.  — a*  6*       +ft* 

—  a«  6«c*  +2  6*c* 

—  6«c» 

—  a*6*c«  +(>*  c' 

+  a»Mc*  — 6*c» 
—  6«c* 

0  0 

46.  The  form  under  which  a  quantity  appears^  will  some- 
times immediately  suggest  the  factors  into  which  it  may  be 
decomposed.    If  we  have,  for  example, 

8a«— 4a«6*  +4a»+ 2a»  — 6* +1, 
to  be  divided  by  2  a'  —  6^  +  I ;  as  the  divisor  forms  the  three  last 
terms  of  the  dividend,  it  is  only  necessary  to  see  if  it  Is  a  factor 
of  the  three  first ;  but  these  have  obviouslyfor  a  common  fiidor 
4aSfor8n«— 4a»6»  +4a«  =4a»  (2a»  — 6»  +  l). 
The  dividend  then  may  be  represented  by 
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4o«(«a»— 6«  +  l)  +  2a»— >«+!, 
OP  (2a»  — ft«  +l)(4a»  +  l). 

The  division  in  perfonned  at  once  by  suppressing  the  fiictor 
S  a*  —  b*  +  If  equal  to  tibte  divisor^  and  the  quotient  will  be 
4a»+l. 

After  a  little  practice^  methods  of  this  kind  will  readily  occur^ 
by  which  algebraic  operations  are  abridged. 

By  frequent  exercise  in  examples  of  this  kind,  the  resolution  of 
a  quantity  into  its  factors  is  at  length  easily  performed ;  and  it  is 
often  rendered  very  conspicuous^  when,  instead  of  performing  the 
operations  represented,  they  are  only  indicated. 

Of  algebrme  fractions. 

47.  When  we  apply  the  rules  of  algebraic  division  to  quan« 
tities,  of  which  the  one  is  not  a  factor  of  the  other,  we  perceive 
the  impossibility  of  performing  it,  since  in  the  course  of  the 
operation  we  arrive  at  a  remainder,  the  first  term  of  which  is 
not  divisible  by  that  of  the  divisor.  '  See  an  example ; 


a»  +a*b  +  ih* 


a»  +6» 


a  +b 


1st.  rem.       a*  b — o6*+26» 


2d.  rem.  -— a  il  -f  6* 
The  first  term  —  ab^  of  the  second  remainder  cannot  be  di- 
vided by  a*,  the  first  term  of  the  divisor,  so  that  the  process  is 
arrested  at  this  point   We  can  however,  as  in  arithmetic,  annex 

— -afr^  +  b^ 
to  the  quotient  a  +  b  the  ft*action  — ^     T, — »  having  the  re- 
mainder for  the  numerator,  and  the  divisor  for  the  denominator ; 
and  the  quotient  will  be 

It  is  evident,  that  the  division  must  cease,  when  we  come  to 
a  remainder,  the  first  term  cf  which  does  mat  contain  the  Utter  with 
reference  to  which  the  terms  are  arranged,  or  to  a  power  inferior  to 
that  of  the  same  letter  in  the  first  term  offhe  divisor. 

48.  When  the  algebraic  division  of  the  two  quantities  cannot 
be  performed,  the  expression  of  the  quotient  remains  indicated 
under  the  form  of  a  fraction,  having  the  dividend  for  the  nume- 
rator, and  the  divisor  for  the  denominator ;  «a\4L\A  ^i:v^^\^«& 
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iDQcli  M  poiribkb  WB.ifMMdd  me  if  the  dividend  and  divisor  Im 
Bot  couioii  fiurtoTB,  vbicb  may  be  cancelled  (3S).  But  «te 
4betBraMoftiie.fractiM.ua  polynomials,  the  common  TkctPn 
■re  not  ao  tamif  fiiud  as  when  they  are  simple  quantities.  JJ]||( 
•re  in  general  to  be  aoii|^  by  a  method  analogous  to  t  ttati^  ~ 
iv  giTcv  ta  arithmetic  fiir  floding  the  greatest  annttum  dailfii4 
two  nnmhers. 

We  cannot  aaai^tlie  relative  magnitudes  of  al^'bndtP 
prcfl^ns,  as  we  do  not  pre  values  to  the  letters  whidy||l| 
contain)  the  denomination  of  greateU  comiwm  dtxrisor  tbenAn' 
qipiied  to  these  exprmionB,  oi.giit  not  to  be  taltcii  altugrthtr  a 
the  same  sense  aa  io  arithmeti-. 

In  algebra  we  are  to  anderHtand  by  the  greatest  common  Ha- 
jsrof  two  ei^eeaianSf  that  which  contains  the  most  rartonii 
•n  H»  terms,  or  whidi  la  of  tiie  highest  degree  (37).  Its  ddo" 
Bresfs«asinarWiBetir,  iiponthisprutri|ile  :  Evvryam 
tiaor  to  two  gmmft'hCT  mast  divide  the  remainder  afltr  Ha 


The  demonstration  gtren  in  arithmotic  (art.  6l)  in  mdm< 
dearer  by  emj^oying  algebraic  symbols.  If  «re  represent  lit 
common  divisor  by  D,  the  tuo  quantities  proposed  miglit  k 
expressed  by  the  products  J  It  and  B  D,  Tormed  from  the  ctm- 
mon  divisor  and  the  factor  by  which  it  is  mnltiplied  in  ttAi 
the  quantities.  This  being  sopposed,  if  ^  stands  fur  tlte  calin 
qnotimt,  and  R  for  the  remainder  resulting  fKtin  tiie  divittoi  i. 
J  Dhj  B  D,  -mhAre  J  D  =  E  D  X  ^  +  fl  C-*riCA,  61)  ; 
dividing  now  the  two  members  of  tlie  equation  by  B^  «e 

^  =  11'!  +  ^. 
and  since  the  first  member,  which  in  this  case  most  be 
of  the  same  tenuB,  as  the  second,  is  entire,  it  mast  fdloWi 
J.  is  reduced  to  an  expression  ^>  itiiout  a  divisor,  that  is  to  aft 
that  R  is  divisible  by  B. 

According  to  this  principle,  we  begin,  as  in  arithmA^  If 
iwiuiring  whether  one  of  the  quaiUUies  is  wtt  itaOf  ike  dnimi 
the  other;  if  the  division  cannnt  be  exactly  per/in^tudt  ice  A# 
Uie  Jirst  divisor  by  the  remainder,  and  so  on ;  and  that 
whicli  wHl  exactly  divide  the  preceding,  wiU  he  the  greatest 
dixisor  of  the  two  qaantites  proposed.    But  it  will  be 


the  divisions  indicated,  to  have  regard  to  what  belongs  to  the 
iiatui*e  of  algebraic  quantities. 

l¥e  are  not,  in  the  first  jdace,  to  seek  a  common  divisor  of 
two  algebraic  quantities,  except  when  they  have  common  letters ; 
and  we  must  select  from  them  a  letter,  with  reference  to  which  the 
proposed  expressions  are  to  be  arranged,  and  that  is  to  be  taken 
for  the  dividend  in  which  this  letter  has  the  highest  exponent^ 
the  other  being  the  divisiNr. 

Let  there  be  the  two  quantities 

4  a*  b  — 5  ah*  +6», 
"which  are  already  arranged  with  reference  to  the  letter  a ;  we 
take  the  first  for  the  dividend  and  the  second  for  the  divisor. 
A  difficulty  immediately  presents  itself,  which  we  do  not  meet 
X¥ith  in  numbers,  and  this  is,  that  the  first  term  of  the  divisor 
will  not  exactly  divide  the  first  term  of  the  dividend,  on  account 
of  the  factors  4  and  h  in  the  one,  which  are  not  in  the  other. 
But  the  letter  b  being  common  to  all  the  terms  of  the  divisor  and 
not  to  those  of  the  dividend,  it  follows  (40)  that  6  is  a  factor  of 
the  divisor,  and  that  it  is  not  of  the  dividend.  Now  every  divi- 
sor common  to  two  quantities  can  consist  only  of  fiictors  which 
are  common  to  the  one  and  to  the  other ;  if  then  there  be  such  a 
divisor  with  respect  to  the  tvi^  quantities  proposed,  it  is  to  be  look- 
ed for  among  the  factors  of  the  quantity  4  a*  —  5  a  ( -f  6*,  which 
remaias  of  the  quantity  4  a*  (  —  5  a(*  -f  (',  after  suppressing 
b ;  so  that  the  question  reduces  itself  to  finding  the  greatest  com- 
mon divisor  of  the  two  quantities 

3  a*  — 3a*ft  +  a6*— 6«, 

4  a*  —  5ab  +  b*. 

For  the  same  reason  that  we  may  cancel  in  one  of  the  pro- 
^KMScd  quantities  the  factor  b  which  is  not  in  the  other,  we  may 
likewise  introduce  into  this  a  new  factor,  provided  it  is  not  a 
factor  of  the  first  By  this  step,  the  greatest  common  divisor^ 
which  can  consist  only  of  terms  common  to  both,  will  not  be 
afibcted.  Availing  myself  of  this  principle,  I  multiply  the  quantity 
Sa» — Sa*b  +  ab*  — b*  by  4,  which  is  not  a  C&ctor  of  the 
quantity  4  a*  -—  5  a  b  -f  (*,  in  order  to  render  the  first  term  of 
the  one  divisible  by  the  first  term  of  the  other. 

I  shall  thus  have  for  the  dividend  the  quantity 

12a*  —  12a'  (-f.4a6*— 4b*» 
for  ibe  divisor  iJte  quAntity 


-  •   ■  -;.. 
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and  fhe  quotient  will  be  do.  ^  ifi:  ^^h^-i  v 

Miiltifl3rbiB4he.4nter  by  Ikb  qutiMb  ' 
pradMt finn  tbn  dmdndf  I  Jme fiir  »aiMiliMi  *^^ 

ipBttpaii|eiit  of  thift  article,  PHpet  ba?e  ynWM^Hm^htmk^^t^^lk 
■ame  greatest  commoii  divisor  as  tbe  imd^yrj'.f'X.i  ^ 

Proftting  by  the  remarks  made  Bbav%.IjiiVpNW4lia  tetari 
common  to  all  the  t^rma  of  this  renaiMlBiMpi-  iliHii^j  it  b74 
in  order  to  render  the  irst  term  diviflibli  bgr  Oat  of  tte  dIfiMr; 
Ihave  than  fiir  a  dividend Hw  quastitf  .       ::  wj  .. 

andfixradivisjNrthe.qiuaatily  ,  ,     .i.:^;... 

and  the  quotient  thence  arifriqg , in  1»  .        ;^i    'i  . 
Mi^tiidyiBg  the  divisor  by.lha  qwrtknit  W|l 
product  frtun  the  divideadt  we  odtMn 

19  aft— 191V 

and  the  question  is  reduced  to  flndiii^  tihe  grqplMt  cmmmbM* 
sor  to  this  quantity,  and 

4a* — 5aft  +  i*. 
But  the  letter  a,  with  reference  to  wiiich  the  diviaimi  is  madftjWt 
being  in  the  remainder,  except  of  the  first  degree^  while  it  is  i( 
the  second  degree  in  the  divisor,  it  is  this  whicli  must  be  tahn 
for  the  dividend,  and  the  remainder  must  be  made  the  divisor. 

Before  beginning  this  new  division  I  expunge  from  the  diri- 
sor  19  a  &  — 19  h*9  the  factor  19  b  common  to  both  the  terms,  and 
which  is  not  a  factor  of  tbe  dividend ;  I  have  then  far  a  di\> 
dend  the  quantity 

4a«  — 5aft  +  6S 
and  for  a  divisor 

fl  — 6. 
The  division  leaves  no  remainder ;  so  that  a  —  ft  is  the  greatest 
common  divisor  required. 

By  reti*acing  these  steps,  we  may  prove  d  posieriori,  that  tte 
quantity  a  —  (  must  exactly  divide  tlie  two  quantities  proposed^ 
and  that  it  is  the  most  compounded  of  those  which  will  do  it*  li 
dividing  by  a  —  b  the  two  quantities  proposed 
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\ye  resolTe  them  as  follows ; 

(Sa*+^*)(fl  — *)f  (4ai— &«)(«  — 6). 
49.  When  the  qaantity»  which  we  take  for  a  divisor,  contains 
several  terms  having  the  letter,  with  reference  to  which  tlie 
arrangement  is  made,  of  the  same  degree,  there  are  precautions 
to  be  used,  without  which  the  operation  would  not  terminate. 
See  an  example  of  this. 
Let  there  be  the  quantities 

o*  b-f  ac* — d^f    ab — ac  +  d^  ; 
if  we  make  the  preparation  as  for  common  division 

ab  —  ac  +  d* 


a*  b+ac^  —  d* 
^--^a*b  +  a^  c  —  ad* 

Rem.  a^c+ac*  —  ad* — d', 
by  dividing  first  a*  bbj  a  b,  we  have  for  the  quotient  a ;  multi- 
plying the  divisor  by  this  quotient,  and  subtracting  the  products 
from  the  dividend,  the  remainder  will  contain  a  new  term,  in 
which  a  will  be  of  the  second  degree,  namely,  a*  c,  arising  from 
the  product  of  —  a  c  by  a.    Thus  no  progress  has  been  made ; 

for  by  taking  the  remainder 

a»  c  +  ac*  — ad* — d* 

for  a  dividend,  and  multipling  by  b  to  render  tlie  division  possi- 
ble by  abf  we  have 


a*bc  +  abc*  — abd*  — bd* 
—  c*  bc  +  a*  c*  — acd* 


ab — oc-f  d' 


ac 


rem.  a*  c*  +abc* — acd* — abd^^^bd*, 

and  the  term  — a  c produces  still  a  term  a*  c',  in  which  a  is  of 

the  second  degree.        , 

To  avoid  this  inconvenience,  it  must  be  observed,  that  the 
divisor  ab  —  ac  +  d*  =a(b  —  c)  +d*,  by  uniting  the  terms 
ab  —  a c in  one ;  and  for  the  sake  of  shortening  the  operation, 
making  b  —  c^zm,  we  have  for  a  divisor  am  +d*  ;  but  then 
the  whole  dividend  must  be  multiplied  by  the  factor  m,  to  make 
a  new  dividend,  the  first  term  of  which  may  be  divided  by  antf 
the  first  term  of  the  divisor ;  the  operation  then  becomes 


a*  bm  +ac*  m-'-'d^m 
a*  bm  —  abd* 


am  +  d* 
ab  +c* 


1st  rem.  — abd*  +ac*m — d^m 
—  or*  m^^c*  d* 


»> 


id.  rem.   — abd*  — c*  d* — d*  wi 


1 


Theienu  involriiig  a*  nam  imupfmttliAi'^  iMimd,ui 
ttere  remain  mdy'the  terms  which  have  tbe  first  power  oto. 
TsmAstbeMdbilVpeir  we  first  divide  the  tmn  ac*  mby  am, 
mAHglTOfcr  ft  qoodtnt  c^  ;  multiplying  ttie  diriaor  hj  lUs 
tftaHtaA,  ud  labtncting  the  produrb  from  the  divitlpnd,  ve 
oMidBttB  naosnd  Wiindcr.  Taking  tiiis  sccnod  remundrr 
fer  ft  sew  dividBiidf  and  suppressing  the  Sactord*,  which  is  Mt 
ftfltctoriif  tbediviior,  we  have 

—  ab  —  c'  — dm, 
wbidi  being  mnlt^pUel  anew  by  ni,  becomes 

—  Akm — c^  m  —  dm*  I    am  +  d' 
+  abm  +bd'  I    — A 

Bern.        +bd*—e'im—dm' 
Tbe  leoainder  »  d* — e>iii--.d«*' of  «i»lMl*«ipMg«  iri 
-  iovdlTing  a,  it  fcOoni  flat  If  tfaa  pN|«n#i4|iiildllMr-^anc 
comniMi  diTimr,  tt  b  Independent  oriltftalW*a*r    n-  *'^i^  ' 

Harin;  arriTed  at  thb  point,  we  itolwrtlilW  Itik  anlllW 
leng«r  with  reSennce  to  the  lett^  »;>!<«  W  Bil  mmtmi, 
that  if  tiien  be  a  common  diviwr,  Mq^MMt' af  «,-  ti  «■ 
quantities  h  il*  ~  e*  m  —  d  m>  and  a ai  4.j|*»  IkHHtdMk 
Hparately  tbe  two  parts  am  and  d*  oilSab  A^aor;  fyr  if  ■ 
quantity  is  arranged  with  reference  to  the-  powen  of  tiw  letls 
Of  every  divisor  of  this  quantity,  independent  of  a,  muat  difiii 
eqiarately  the  quantities  multiplied  by  the  diKnait  powvirf 
this  letter. 

To  be  convinced  of  this  we  need  only  ohnerfp,  that  in  Ail 
uise,  each  of  the  quantities  pn^maed  mnit  be  the  pmdnct  rf  i 
quantity  depending  on  a,  and  of  the  common  dBviaar  which  dan 
not  depend  upon  it  Now  if  we  have,  fM-exampte,  On  iiipiiwim 

Jflt-hfla*  +Ca*+Da  +  S,    - 
in  which  the  letters  -tl,  B,  C,  D,  E,  desi^ate  anj   qoantiliB 
whatever,  independent  of  a,  aiid  it  be  multiplied  by  a  qnaali^ 
also  independent  of  a,  the  product 

M^a*+MBa*  +MCa*  +MBa  +  JfB, 
arranged  with  reference  to  a,  win  contain  still  tbe  aame  powoi 
of  a  as  before ;  but  the  coefficient  of  each  of  these  powen  v9 
be  a  multiplier  of  .Ml 

This  being  8up|>oaed,  if  we  restore  Uie  quanti^  (t  —  e)  iitb 
place  of  m,  we  hav«  the  quantitien 


a(i  — c)+d«; 
and  it  is  eTident^  that  ft— ^c  and  d*  have  no  common  factor; 
the  two  quantities  then  under  consideration  itare  not  a  common 
divisor. 

If  it  were  not  evident  by  mere  inspection^  that  there  is  no 
common  divisor  between  b — c  and  d*,  it  would  be  necessary  to 
seek  their  greatest  common  divisor  by  arranging  them  with 
reference  to  the  same  letter,  and  then  to  see  if  it  would  not  also 
divide  the  quantity 

bd*^c^{b  —  c)^d(b  —  cy. 
50.  Instead  of  putting  off  to  the  end  of  the  operation,  the 
investigation  of  the  greatest  common  divisor  independent  of 
the  letter  with  reference  to  which  the  quantities  are  arranged, 
it  is  less  trouble  to  seek  it  at  first,  because,  for  the  most  part, 
the  operation  becomes  more  complicated  at  each  step  as  we  ad- 
vance, and  the  process  is  rendered  more  diflELcult. 
Let  there  be,  for  example,  the  quantities 

a*  6*  +  a*  6».+  b^  c*  ^a^c^—a^be*^  b*  c*, 
a*  b+ab*  +b^  —  a*  c-^abc  —  6«c; 
having  arranged  them  with  reference  to  tiie  letter  a  we  have 
(6»  — c«)  a*  +(6«  —  5c»)  a^+b^  c«  —  6*  cS 
(6_c)  o» +(ft«  — 6c)  a  +  6»  — fr«c, 
I  observe  in  the  first  place,  tiiat  if  they  have  a  common  divisor 
which  is  independent  of  a,  it  must  divide  each  of  tiie  quantities 
multiplied  by  the  different  powers  of  a  (49),  as  well  as  the  quan- 
tities h^  c»  — 6*  c*  and  6*  —  6*  c,  which  do  not  contain  this  letter. 
The  question  is  reduced  then  to  finding  the  common  divisors 
of  the  two  quantities  6^  — -  c*  and  ft  -^  c,  and  determining  whether 
among  these  divisors  there  is  to  be  found  one  which  will  divide 
at  the  same  time 

6s  —  be*  and  6>  —  ftc,  6*c»  — 6«c*  and  b^  —  b*c. 
Dividing  b*  —  c*  by  b — c^  we  find  an  exact  quotient  b  +  c; 
b  —  c  then  is  a  common  divisor  of  the  quantities  6*  —  c*  and 
6  — -  c,  which  evidentiy  admit  of  no  other,  since  the  quantity  b^^e 
is  divisible  only  by  itself  and  by  unity.  We  must  now  see 
whether  fr-«c  will  divide  the  other  quantities  referred  to  above^ 
or  whether  it  will  divide  the  two  quantities  proposed ;  it  is  found 
that  it  wiU,  and  it  gives 

(b  +  c)  a*  +  (6«  +6 c)  o»  +6«  c«  +  b*  c» » 

a^  +  ba  +  h^^ 
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To  bring  these  last  expressions  to  the  greatest  degree  of  sim* 
plicity y  we  should  see  if  the  first  is  not  divisible  by  t  +  c ;  it 
appears  upon  trial  that  it  is,  and  we  have  only  to  find  a  com- 
mon divisor  to  the  quantities 

a«  +ba   +6«. 

By  proceeding  with  these  as  the  rule  prescribes,  we  come 
after  the  second  division  to  a  remainder  containing  the  letter  a 
of  the  first  power  only  ;  and  as  this  remainder  is  not  the  com- 
mon divisor,  we  conclude  that  the  letter  a  does  not  make  a  part 
of  the  common  divisor  sought,  which  therefore  can  consist  only 
of  the  factor  h  —  c. 

If  beside  tliis  common  divisor,  another  had  been  found  involv- 
ing the  quantity  a,  it  would  have  been  necessary  to  multi^y 
these  two  divisors  together  to  obtain  the  common  divisor  sought 

These  remarks  will  enable  the  learner,  after  a  little  practice 
in  analysis,  to  find  in  every  case  the  greatest  common  divisor. 
He  will  determine  without  difficulty  that  the  quantities 

6a«  +  15a*ft  — 4a3  c«  — 10o«ftc», 
9a3  ^_ 27^2  ^c  — 6  a6c*  +  186 c», 

have  for  tlieir  greatest  common  divisor  the  quantity  ^'^  —  2  c^ 
51.  The  iowv  fiindavMntal  operaiionsp  addition,  subtraction, 
multiplication  and  division,  we  perform  in  algebra  as  in  arith- 
metic, observing  merely  to  proceed,  in  the  operations  prescribed 
by  the  rules  of  arithmetic,  according  to  the  methods  given  for 
algebraic  quantities.  I  shall,  thei*efore,  merely  suggest  these 
methods,  giving  an  example  of  the  application  of  each.  I  shall 
begin  as  1  did  in  arithmetic,  with  the  multiplication  and  divisioa 
of  fractions,  as  they  require  no  preparatory  transformatiwis. 
U  For  multiplication,  we  have 

2;  For  division, 

~  divided  by  c,  gives  —  or  -r  X  —  {Arith.  54,  70) 

—  divided  by  -5,  cives  -r  X  —  =  r-  (^ritk.  73). 
9  "    a  ^         b       c      b  c  ^  ^ 


3,  The  fractions  4»  4»  being  reduced  to  tlie  same  denomina- 

0     a 

tor,  become  respectively 

The  fractions^ 

a      e     €     g 

T  If  T   T 

by  the  same  reduction  become  respectireljr 

adfh    cbfh     ebdh    ffhdf 

bdfh'   bdfh'   bdfh'   bdfK 

52.  I  have  giTen  in  art.  79  of  arithmetic^  a  process  for  ob« 
taining  in  certain  cases  a  denominator  more  simple^  than  that 
which  results  from  the  general  rule ;  it  may  be  much  simplified 
by  means  of  algebraic  symbols^  as  we  ediall  see. 

If^  for  example,  we  have  the  two  finctions  ,— ,  nf  it  is  easy  ta 

see  that  the  two  denominators  would  be  the  same^  if/ were  a  fac- 
tor of  the  firstf  and  c  a  factor  of  the  second ;  we  multiply  then  the 
two  terms  of  the  first  fraction  by  /»  and  the  two  terms  of  th^ 

second  by  c,  wbich  gives  ^^taxi  ^—%»  more  simple  than  ^,  \ 

be J         bcj  bbcj 

and  i  i     A9  obtained  by  multiplying  by  the  original  denominators. 
bbcj 

In  general^  to  form  the  anamm  denominator,  we  collect  into  one 

product  all  the  differefUfactors  raised  to  the  highest  power  found  in 

the  denominators  of  the  proposed  fractions,  and  it  remains  only  to 

mvUiply  the  numerator  of  each  fraction  by  thefadtors  qfthisproduct^ 

ftvhich  are  wanting  in  the  denominator  cf  ihefiwHon. 

Having,  for  example,  the  fractions  rr— ,  r^  and    — ,  I  form 

o»  c    bj^        eg 

the  product  b*  cfg ;  I  multiply  the  numerator  of  the  first  frac- 
tion by  fg,  that  of  the  second  beg,  that  of  the  third  by  b*f,  and 

I  obtain 

fl/g  ^cdff  b*  ff 

M  cfg*  b^  cfg'  »•  cfe 

53.  The  sum  of  the  fractions 

a  b  e 

■y      T      i* 

which  have  (he  same  denominator,  or 


/I    •  ■* 


llie  diffiMiiM  of  the  frftctioiiB 
irMch  have  the  amie  dtaiQmiiuth>r»  of 

The  whok  of  a  edded  to  4he  ttmsOm  4^«P4ib 

.ft       AC  ,    V       ecH*P/ AjA -'te«v 
Ahp the cnrpfffiwiim  :- ,<-!,- '^uj^A^/'ist/iM.    .><t  .-i 

WCiproCftUJ         .J      ^  ^     . .  J  .  I .  i  J  ./!  i|a  a'hU  t  uiS  .  v?  n^  iliun^p 

the  eqiresuoii      •  'g  '  '^*^  *  ijr^*rfr jJ^Hi  iti  .'^t'tuilmu-i  f»J 

nc— ft     me      ft'    '     V'il'M*''**'?  -' ''«*»r/lf»^  it-i 

TheteriMofthepreccdfaig  frtfctthir^  rt WMtJlfc' 


terms  iif  lililfli  itlfM  ]|i<j  iiie^h  ai 
ehoald  have  to  perfonn»  bj  the  ndeo  giitofiir  coaqdes  <|M«li- 
tiesy  the  operattons  indicated  open  dmple  qaanttties  ;  itisthB 

that  we  have 
a*  +lf*      a—b  _(fl*+fe*)  (fl— ft) _«•+<» ft* — ^^d«ft—|< 

The  quotient  of  the  fraction 

— -f-p  diYided  by j, 

ffa  .f  6>      c  — J  _(A«  +fr')  (c— rf)_g>c  +  ft^e~>4i»d->W 

c  +  d    ^a  — 6        (c+rf)    (a^ft)~~   a«  +  arf~ftc**i^' 
and  80  of  other  operations. 

54.  Understanding  what  precedes,  we  can  leeolte  an  eqwrtioi 
of  the  first  degree,  however  complicated. 
If  we  have,  for  example,  the  equation 

(«  +  6)(.»--c)        ^^g^_j^ 

a  —  6  ^  Sa  +  ft 

we  begin  by  making  the  denominatora  to  diaappeary  indicatiiV 
only  tlie  operations ;  it  becomes  then 

(a+h)  (^-r)  (Sa+6)-h4&(a-&)(3a+6)=2ap(a-*)(?a+ft>-«(a-»)5 
]>erformiifg  the  mult' plications  we  have 

S«^^  +  4a^x-f  6*x— 5a«c— 4a6c— 6«c+12a»ft— Soft*  —  4l** 
6a*  X — 4 aba — St.V  x — a*  c^ate  ; 
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■ 

transpoBing  to  one  member  all  the  terms  inyolving  x,  it  be- 
comes 

from  which  we  deduce 

flu*  c  +  5abe  +  fc»  c  — 12fl»  6  +  8a6«  +  :&• 


Xsz 


-^oa^  +Sab  +  3b* 


Of  fueriuM  barring  two  unknown  quantUieB,  and  of  nega&ve 

quantiMes. 

55.  The  questionsy  which  we  hare  hitherto  considered,  involve 
only  one  unknown  quantity^  by  means  of  which,  with  the  known 
quantities,  are  expressed  all  the  conditions  of  the  question.  It  is 
often  more  convenient,  in  some  questions^  to  employ  two  unknown 
quantities,  hut  then  there  must  be,  either  expressed  or  implied, 
two  conditions,  in  order  to  form  two  equations,  without  which  the 
two  unknown  quantities  cannot  be  determined  at  the  same  time. 

The  question  in  art.  3,  especially  as  it  is  enunciated  in  art.  4, 
jpresents  itself  naturally  with  two  unknown  quantities,  that  is,  with 
both  the  numbers  sought    Indeed  if  we  denote 

the  least  by  x, 
the  greatest  by  y, 
their  sum  by  a, 
their  diflference  by  (, 
we  have  by  the  enunciation  of  the  question, 

x  +  y:=za 
y—x^b. 
Each  of  these  two  quantities  being  considered  by  itself,  we  can 
determine  one  of  the  unknown  quantities.    If  we  take  the  second, 
ibr  example,  we  deduce  the  value  of  y,  which  is 

y  =  b  +  x, 
a  value  which  seems  at  first  to  teach  us  nothing  with  regard  to 
what  we  are  seeking,  since  it  contains  the  quantity  or,  which  is 
not  given ;  but  if  instead  of  the  unknown  quantity  y  in  the  first 
equation,  we  put  this,  its  equivalent ;  the  equation,  containing  now 
only  one  unknown  quantity  x,  will  give  the  value  of  a;  by  the 
process  already  taught 

We  have  in  fact  by  this  substitution 

x  +  b+x=:a, 
or  flx  +  b^a, 

or  lastiy  ap=    ""  ; 


^ 


•  *    ■■p    0^t 


'4%H 


we  tia?e  fhen  for  the  two  anknown  niiiiilMnC^U|Hpl 
agin  arts. 

It  iB  ea^y  to  seein^tee^lliattiie  abofea^^  difir 

casentially  from  fliat  of  art  3 ;  oidyl 
ed  Hm  aeomid  equatm  y— •«3s#^ 
with  enunciatiiig  in  comnioa  langnjgein  &e article  died;  aad 
from  itldeduced^  without  ajgehraie (»^|ii|wibj>||tft»yiifcr 
number  was  x  +  lu  ...   ..-:•*  v4  Ul/r  |;<JmOuu  In/ j^t  : 

ff  6. 1  take  another  question*  .        x;U^>v.:'Vv 
Ji  labmarer  having  woricidj^  a  perim  T^.titlii'ji^ 
Kdv  dHriMiff  the  7fiirA  dagu,  hi$  V^fifd.m^  f/K/MLTj^JtmH 

fc  yoorixd  qf^nvard  with  %  wf^mmf^^lmmm^Afim  ^ 

ef^MA,  hehuiwUhhimhiiwifk  fdW  jPp4  jg  fff#!IWt#l» 

,  let  ar  be  the  daily  wa^  of  %WW^  ,,.,,t *;  vi'idt«-fl . brt.n 
ythatofhiBwifeandaoni  ^„   ,.^.,  f,..  {,:..  .,  .,,j  ,,  , 
Id  days^  work  of  tlie man  will  amoontto  iftXm 

7  days'  work  of  his  wife  and  mm  ...        THi 
we  have  then  by  the  first  statement  of  the  questioiip 

12a?  +  7y  =  74j 

8  days*  work  of  the  man  will  give  8  x, 
and  5  days'  work  of  his  wife  and  son  5  y ; 
we  have  then  by  the  second  statement 

Proceeding  as  in  the  preceding  question^  we  take  fhe  TataB  4 
y  in  the  first  equation,  which  is 

74—120? 

and  substitute  this  value  in  the  second,  multiplying  it  by  5,  tk 

coeflSicient,  and  it  becomes 

370  — 60,r      ,^ 
8  a:  ^ =  50, 

7 

an  equation,  which  contains  only  the  unknown  qaaatily  x.    Bt 
l^ucing  it  we  have 

56  or  +  370  —  60  ar  =  350, 
370—  4ar=350; 


Equations  wUh  two  mwlkmum  ^wmtities.  61 

transpooing  -«4x  to  tiw  aiBCoiid  aieiiibery  and  SdO  t» tke  ifal^ 

wc  obtain 

370  —  350  =  4  0? 

80=40? 

V=«   a: 

5=    X« 

Knowing  Xf  which  we  have  just  found  equal  to  5f  if  we  place 

this  value  in  the  formula 

74— .ISJT 
3f=— y— . 

the  second  member  win  be  determined^  for  we  have 

_74»— iax5_74~60_l4_^ 
J J f  y-2; 

thus  3f  =  ^ 

The  man  then  earned  5  francs  per  day,  while  his  wife  and 
son  earned  only  2. 

57.  The  reader  has  perliaps  observed,  that  in  resolving  the 
above  equation  370  —  4  x  =s  350,  I  have  transposed  4  a;  to  the 
second  member.  I  have  proceeded  thus  to  avoid  a  slight  diffi- 
culty, that  would  othtfwise  have  occured,  and»  which  I  will  now 
•xplain. 

By  leaving  4  o;  in  the  first  member,  and  transposing  370  to 
the  second,  we  have 

—4  OP  =  350  — 370  J 

and  reducing  the  second  according  to  the  rule  in  art.  19,  thou 
will  result  from  it 

— 4ap  =  —  20. 

But  as  we  have  avoided,  in  the  preceding  article,  the  sign  — , 
which  affects  the  quantity  4  or,  by  transposing  tliis  quantity  to 
the  other  member ;  and  as  in  like  manner  the  quantity  350  —  370 
becomes  by  transposition  370  —  350 ;  and  since  a  quantity,  by 
being  thus  transferred  from  one  member  to  tiie  other  changes  the 
sign  (10),  it  is  evident  that  we  may  come  to  the  same  result  by 
simply  changing  the  sign  of  each  of  the  quantities  —  4  a?, 
+  350 —  370,  which  gives 

4  X  =  —  3504.370, 
or  4o:=      370 — 350 

M'hich  is  the  same  as 

370  —  350  =  4x. 
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We  might  also  change  flie  ugns  after  redoctfoB,  and  the 
equation 

—  4a:  =  — 20 
becomes^  as  abovOf 

4  a?  =  20. 

It  foIlowB  from  this,  that  roe  may  transpose  txidifferenUji  to  one 
member  or  to  the  other,  all  the  terms  involving  the  mnhumm 
quantity  f  observing  merdy  to  change  the  signs  of  the  two  membert 
in  the  resuUf  when  the  unknown  quantity  has  the  sign — ^ 

58.  Having  undertakenf  hj  means  of  letters,  a  general  solu- 
tion of  the  problem  of  art  56, 1  will  now  examine  a  particular 
ease.  I  supiNise  that  the  first  sum  received  by  the  labourer  to 
be  46  francs,  and  the  second  30,  the  other  circumstances  remain- 
ing as  before ;  the  equations  of  the  question  will  then  be 

12  or  +  7  y  =  46, 
8  or  -f-  5  y  =  SO. 
The  first  gives 

46—13  07 

V r-> 

multiplying  this  value  bj  5,  in  order  to  substitute  it  in  the  j^aoe 
of  5  y,  in  the  second,  we  have 

8a;+ =30: 

the  denominator  being  made  to  disappear,  it  becomes 

56  a? +  230  —  60  a;  =  210, 
or  56  X —  60  a:  =  210  —  230 

or  — 4ap  =  —  20 

and  the  signs  being  changed  agreeably  to  what  has  just  been 
remarked, 

4  X  =  20, 

If  we  substitute  this  value  instead  of  x  in  the  expression  for  yi 
it  will  become 

46  —  60 

—  14 
or  y=__. 

Now  how  are  we  to  interpret  the  sign  — ,  which  affects  the  ia- 
solated  quantity  14  ?  We  undei-stand  its  import,  when  there  are 
two  quantities  separated  from  each  other  by  the  sign ^  and 
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when  the  quantity  to  be  subtracted  is  less  than  that  (torn  which 
it  is  to  be  taken ;  but  how  can  we  subtract  a  quantity  when  it  is 
not  connected  with  another  in  the  member  where  it  is  found  ? 
To  clear  up  this  difficulty  it  is  best  to  go  back  to  the  equations, 
which  express  the  conditions  of  the  question;  for  tlie  nearer  wa 
approach  to  the  enunciation^  the  closer  shall  we  bring  together 
the  circumstances  which  have  given  rise  to  the  present  uncer- 
tainty. 

I  resume  the  equation 

12a:-f  7y  =  46, 
I  put  in  the  place  of  x  its  value  5,  and  it  becomes 

60  +  7y  =  46. 
This  equation  by  mere  inspection  presents  an  absurdity.    It  is 
impossible  to  make  the  number  46  by  adding  any  thing  to  the 
number  60,  which  exceeds  it  already. 

I  take  also  the  second  equation 

Sx  +  SyszSO, 
and  putting  5  in  the  place  of  x,  I  find 

40-f  5y=:S0; 
the  same  absurdity  as  before,  unce  the  number  30  is  to  be  form- 
ed by  adding  something  to  the  number  40. 

Now  the  quantities  12  a;  or  60  in  the  first  equation,  8  op  or  40 
in  the  second,  represent  what  the  labourer  earned  by  his  own 
work;  the  quantities  7y  and  5  y  stand  for  the  earnings  of  his 
wife  and  son,  while  the  numbers  46  and  30  express  the  sum  given 
as'  the  common  wages  of  the  three ;  we  must  see  then  at  once  in 
what  consists  the  absurdity. 

According  to  the  question,  the  labourer  earned  more  by  him- 
self than  he  did  by  the  assistance  of  his  wife  and  son ;  it  is 
impossible  then  to  consider  what  is  allowed  to  the  woman  and 
son,  as  augmenting  the  pay  of  the  labourer. 

But  if,  instead  of  counting  the  allowance  made  to  the  two  latter 
persons  as  positive,  we  regard  it  as  a  charge  placed  to  the  ac- 
count of  the  labourer,  then  it  would  be  necessary  to  deduct  it 
from  his  wages ;  and  the  equations  would  no  longer  involve  a 
contradiction,  as  they  would  become 

60  — ry  =  46, 
40  — 5y  =  30; 
wo  deduce  from  the  one  as  well  as  from  the  other 
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and  we  conclude  trom  it,  that  if  the  labourer  earned  5  fhu» 
per  day,  his  ¥dfe  and  son  were  the  occasion  of  an  expense  off 
francsy  which  may  otherwise  be  proved  thus. 

For  12  days'  labour  he  received 

5  X  12  or  60  francs ; 
the  expense  of  his  wife  and  son  for  T  days  is 

2  X  7  or  14  fhmcs  ; 
there  remain  then  46  francs. 

For  8  days'  labour  he  receives 

5  X  8  or  40  francs ; 
the  expense  of  his  vrife  and  son  for  5  days  is 

2  X  5  or  10  francs, 
there  remain  SO  francs. 

It  is  very  clear  then,  that  in  order  to  render  the  proposed 
problem  with  the  first  conditions  possible,  instead  of  the  enun- 
ciation in  aiiicle  56,  we  must  substitute  this ; 

j9  labourer  worked  for  a  person  12  days^  having  had  wUh  him 
the  7  first  days,  his  wife  and  son  at  a  certain  expense^  and  he  rt- 
eeived  46  francs ;  he  worked  afterguards  8  days,  during  5  qfwMchf 
he  had  with  him  Ids  wife  and  son  at  expense  as  before,  and  he 
received  SO  francs.  It  is  required  to  find  how  much  he  earned  per 
day,  fmd  what  was  the  sum  charged  him  per  day  on  account  rf  his 
wife  and  son. 

Calling  X  the  daily  wages  of  the  laboui-er,  and  y  the  daily 
expense  of  his  wife  and  son^  tlic  equations  of  the  problem  w9 
evidently  be 

12a:  —  7y  =  46, 
8a:  — 5y=S0; 
and  being  resolved  after  the  manner  of  those  in  art.  56,  thejr 
will  give 

x=5  francs,    y  =  2  francs. 

59.  In  every  case,  where  wc  find  for  the  value  of  the  unknown 
quantity,  a  number  affected  with  the  sign  — ,  we  can  rectify  the 
enunciation  in  a  manner  analogous  to  the  preceding,  by  exam- 
ining with  care  what  that  quantity  is  among  those,  which  are 
additive  in  the  first  equation,  which  ouglit  to  be  subtracttve  is 
the  second ;  but  algebra  supercedes  the  use  of  every  inquiry  of 
this  kind,  when  wc  have  learnt  to  make  a  proper  use  of  expres- 
sions affected  with  the  sign  --« ;  for  these  expressions  beiug 
flcihiceA  from  the  equations  of  the  pniblem  must  satisfy  those 
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equations ;  that  is  to  say,  by  subjecting  them  to  the  opcfratioiis 
indicated  in  the  equatioUf  we  ought  to  find  for  the  first  member 

a  value  equal  to  that  of  the  second.    Thus  the  expression  "^^ 

drawn  from  the  equations 

12x  +  7ff^46, 

8  or  +  5  y  =  30, 

musty  consistently  with  the  value  of  a;  =5,  as  deduced  from 

these  same  equations,  verify  them  both* 

The  substitution  of  the  value  of  x  gives  in  the  first  place 

60  +  ry  =  46, 

40  +  5  jf  =  30. 

— •  14 
It  remains  to  make  the  substitution  of — ^ —  in  the  place  of  |f  j 

and  for  this  purpose  we  must  multiply  by  7  and  by  5,  having  re- 
gard to  the  sign  — ,  with  which  the  numerator  of  the  fraction  is 
aflTected. 

If  we  apply  the  rule  relative  to  the  signs  given  in  art  42  for 
division,  we  have 

besides,  by  the  rule  for  the  signs  in  multiplication  we  find 

7X— 2  =  — 14, 
5x  — 2  =  — 10. 
Hence  the  equations 

60  +  rys46    and    40-f5y=:30, 
become  respectively 

60—14=46  and  40  — 10  =  30, 
and  are  verified*  not  by  adding  the  two  parts  of  the  first  meraber# 
but  in  reality  by  subtracting  the  second  from  the  first,  as  was 
done  above,  after  considering  the  proper  import  of  the  equations* 
60.  The  problem  in  art*  58  does  not  admit  of  a  solution  in 
the  sense  in  which  it  is  first  enunciated;  that  is  to  say,  by 
addition,  or  regarding  as  an  accession  the  sum  considered  with 
reference  to  the  wife  and  son  of  tim  labourer ;  neither  does  the 
second  enunciation  consist  with  the  data  of  the  problem  in  art* 
66. 

If  we  were  to  consider  in  this  case  if,  as  expressing  a  deddc* 
tioD,  the  equations  thus  obtained 

9 
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Would  give 


ir  =  5    and    y=---^ — 


and  fhe  substitution  of  the  value  of  x  would  immediate  change 
the  equations  to 

60— .rj(  =  74, 
40  — *.  5  y  =  50. 

The  absurdity  of  these  r^ults  is  precisely  contrary  to  that  of 
the  results  in  art  58,  since  it  relates  to  remainders  greater 
than  the  numbers  60  and  40,  from  which  the  quantities  7  y  and 
5  ]f  are  to  be  subtracted. 

The  sign  minus  which  belongs  to  the  expression  of  jf,  impliM 
an  absurdity ;  but  this  is  not  all,  it  does  it  away  also ;  for  ac- 
cording to  the  rule  for  the  signs, 

and  —7x^2  =  +  U 

—  5x  — 2=+10. 
Thus  the  equations 

60  — 7y  =  74,        40  — 5y=50, 
become 

60  + 14  =  74,  40  +  10  =  50, 
and  are  verified  by  addition  ;  consequently  the  quantities  —  7} 
and  —  5  iff  transformed  into  -f-  14,  +10,  instead  of  expressing 
expenses  incurred  by  tlie  labourer,  are  regarded  as  a  real  gain. 
TVe  are  brought  back  then  in  this  case  also  to  the  true  enuncia- 
tion of  the  question. 

61.  We  perceire  by  the  preceding  examples,  that  there  nuuf  k 
in  the  enunciations  of  a  problem  (f  ihefrst  degree^  certain  contfOr 
dicftoi»,  which  algebra  not  only  makes  known,  hut  points  out  obfh 
how  they  may  be  reconciled,  by  rendering  subtradive  certain  qwm- 
iUies  which  had  been  regarded  as  additive,  or  additive  certidn  quan- 
tiiies  which  had  been  regarded  as  subtradivef  or  by  giving  to  Ik 
unknown  quantities  values  affected  with  the  sign  — . 

See  then  what  is  to  be  understood,  when  we  speak  of  values 
affected  by  the  sign  — ,  and  of  what  are  called  negative  sehdiim 
resolving,  in  a  sense  opposite  to  the  enunciation,  the  questioD 
in  which  they  occur. 
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It  follows  from  this,  that  we  maj  regard,  as  bat  one  single 
question,  those,  the  enunciations  of  which  are  connected  together 
in  such  a  manner,  that  the  solutions,  which  satisfy  one  of  the 
enunciations^  will,  by  a  mere  change  of  sign,  satisfy  the  other 
also, 

69.  Since  negative  quantities  resolve  in  a  certain  sense  the 
problems,  which  give  rise  to  them,  it  is  proper  to  inquire  a  little 
more  particularly  into  the  use  of  these  quantities,  and  to  settle 
once  for  all  the  mannw  of  performing  operations  in  which  they 
are  concerned. 

We  have  already  made  use  of  the  rule  for  the  signs,  which  bad 
been  previously  determined  for  each  of  the  ftandamental  opera* 
tions ;  but  the  rules  have  not  been  demonstrated  with  reference 
^'  to  insolatcd  quantities.  In  the  case  of  subtraction,  for  example, 
'  we  supposed  that  there  was  to  be  taken  from  a  the  expression 
h  —  c,  in  which  the  negative  quantity  c  was  preceded  by  a  posi- 
tive quantity  6.  Strictiy  spealcing,  the  reasoning  does  not  de- 
pend upon  the  value  of  ft ;  it  would  still  apply  when  b  =  0,  which 
Induces  the  expression  b  —  c  to  —  c  But  the  theory  of  nega- 
tive quantities  being  at  tlie  same  time  one  of  the  most  important 
and  most  difficult  in  algebra,  it  should  be  established  upon  a  sure 
basis.  To  effect  this^  it  is  necessary  to  go  back  to  the  origin  of 
negative  quantities. 

The  greatest  subtraction,  that  can  be  made  from  a  quantity,  is 
to  take  away  the  quantity  itself,  and  in  this  case  we  have  zero 
for  a  remainder ;  thus  a  —  a  =  0.  But  when  the  quantity  to  be 
subtracted  exceeds  that  from  which  it  is  to  be  taken,  we  cannot 
subtract  it  entirely ;  we  can  only  make  a  reduction  of  the  quan- 
tity to  be  subtracted  equal  to  the  quantity  from  which  it  was  to 
be  taken.  When,  for  example,  it  is  required  to  subtract  5  from 
S,  or  when  we  have  the  quantity  3  —  5 ;  to  take  in  the  first  place 
3  from  5,  we  decompose  5  into  two  parts  3  and  S,  the  successive 
subtraction  of  which  will  amount  to  that  of  5,  and  thus,  instep 
of  3  —  5,  we  have  the  equivalent  expression  3  —  3  —  2,  which 
is  reduced  to  —  2.  The  sign  — ,  which  precedes  2,  shows  what 
is  nece&sary  to  complete  the  subtraction ;  so  that,  if  we  had  add- 
ed 2  to  the  first  of  the  quantities,  we  should  have  had  3-4-2  —  5, 
or  zero.  We  express  then  with  the  help  of  algebraic  signs,  the 
idea  that  is  to  be  attached  to  a  negative  quantity  — a,  by  (brm- 
ing  the  equation  a  —  a  =  0,  or  by  regatdVw^  M\^  ^'^isiiv^ 
a — a,b-^b,&jc.ta  equivalent  to  zero. 
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Tliix  heiiis;  supposed,  it  will  be  understood,  that  if  we  nAA  ta 
any  quantity  wliatcvcr  tlie  Hymbol  b  —  b,  wliirh  in  ivaltt>  * 
only  tcerot  \vc  do  not  change  the  vidiie  of  thu<  qiiantitr.  aitd  ital 
coii8ef|iieiitly  the  exiiression  a  +  6  —  b  \s  nothing  ^Xfw  liiit  a  Af- 
ferent manner  of  writing  the  quantity  o  which  w  also  evidcv 
from  the  ronsirteration,  tiiat  +  6  and  —  b  destroy  rarh  eAher. 

But  having  by  this  rhange  of  form  introclured  +  b  and  ~-k 
into  tiie  same  expressirni  with  a.  we  see  that  in  nrder  to  niriitrvt 
any  one  of  tliese  quantities,  it  is  sulHcient  to  efface  iU  If  it  wm 
-f  b  that  we  would  subtract,  we  efface  it,  and  thetv  renkiM 
o  —  h,  which  accords  with  the  rule  laid  down  in  art.  3:  if  na 
the  o! her  hand  it  were — b,  we  efface  iVAn  quantity  and  tlMft 
would  remain  a  -ffr,  as  might  he  inferred  from  art.  20. 

With  respect  to  multiplication  it  will  be  obserrpd,  llist  (He 
product  ofo. —  a  by  +  6  must  he  aft  —  ah,  becaimothe  multif>Ii- 
cand  being  equal  to  zero,  the  [nwluct  must  Ite  zcra  ;  and  the  fiN 
temi  being  a&,  the  second  must  necessarily  be  —  ab  todtstrai 
the  first. 

We  infer  from  this,  that  — a,  multiplied  by  .f-  a,  murt  gin 
—  aft. 

By  multiplying  a  by  6  —  6,  we  have  still  a  ft  —  ab,  beraon 
tJic  multiplier  being  Cjual  to  zero,  tlie  product  will  ats(,  be  etpnl 
to  zero ;  it  is  therefore  necessary  that  the  second  term  sltoukl  bt 
~  a6  to  destroy  the  first  +  u  b. 

Whence  +  a  multiplied  by  —  b  must  give  —  06. 

Lastly*  if  we  multiply  —  a  by  ft  —  ft,  the  first  term  of  the  pn* 
duct  being,  according  to  what  has  just  been  proved,  — aft,itil 
necessary  that  the  second  term  should  be  +ab,  as  the  prodoci 
must  be  nothing  when  the  multiplier  is  nothing. 

Whence  —  a,  multiplied  by  — ft  gives  +  ab. 

By  collecting  these  results  together  we  may  deduce  fi'om  then 
the  same  rules  as  those  in  art.  31  (A). 
^  As  the  sign  uf  the  quotient^  combined  with  that  nf  the  dirisnr 

according  to  the  ndea  proper  for  mtdtiplicalion,  must   produce 
the  sign  of  the  dividend,  wc  infer  from  what  has  Just  been  said, 
i  that  the  rule  for  the  signs  given  in  art.  43,  curresjionds  with  that 

which  it  is  necessary  to  observe  in  fact,  and  that  consequentJr. 
simple  quanlilies,  rvlien  thet/  are  itnolattil,  arc  combined  JtUh  rttpei 
to  Umr  signs,  in  ike  same  manner,  04  "when  tliei/  make  a  part  ^ 
polytutmiuls. 
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63.  According  to  these  remarks  we  may  always,  when  we 
meet  with  ne^tive  values,  go  back  to  the  true  enunciation  of  the 
question  resolved,  by  seeking  in  what  manner  these  values  will 
satisfy  the  equations  of  the  proposed  problem ;  this  will  be  con- 
firmed by  the  following  example,  which  relates  to  numbers  of  a 
different  kind  from  those  of  the  question  in  art.  56. 

64.  Tiro  couriers  set  out  to  meet  each  other  at  the  same  time  from 
two  cities,  the  distance  of  which  is  gvcen;  we  know  how  many 
mHes(a)  each  trarods  per  Iiowr,  and  we  inquire  at  what  point  of  the 
route  between  the  two  cities  they  will  meet. 

To  render  the  circumstances  of  the  question  more  evident,  I 
have  subjoined  a  figure  in  which  the  points  A  and  B  represent 
the  places  of  departure  of  tlie  couriers. 

A  R  B 

I  denote  the  things  given,  and  those  required  in  the  usual  way, 

by  small  letters. 

a  the  distance  in  miles  of  the  points  of  departure  ^  and  0, 

b  the  number  of  miles  per  hour,  which  the  courier  from  A 

travels, 

c  the  number  of  miles  per  hour  which  the  courier  from  B 

travels. 

The  letter  R  being  placed  at  the  point  of  meeting  of  the  two 

couriers,  I  shall  call  x  the  distance  A  R  passed  over  by  the  firsts 

y  the  distance  B  R  passed  over  by  the  second, 

and  as 

AR  +  BR  =  JiB9 
I  have  the  equation 

x  +  ysia. 

Considering  that  the  distances  x  and  y  are  passed  over  in  the 
same  time,  we  remark  that  the  first  courier,  who  travels  a  num- 
ber (  of  miles  in  an  hour,  will  employ,  in  passing  over  the  dis- 

tance  x,  a  time  denoted  by  <-.. 

0 

Also  the  second  courier,  who  travels  c  miles  in  an  hour,  will 

employ,  in  passing  over  the  distance'^y,  a  time  denoted  by  -^ ;  w«^ 

have  then 

X  _  y 

(a)  lu  the  original  the  distance  is  given  in  (ciComelTtH.  \\.\%V^t€ 
•xpregsed  b^'  miles  to  avoid  perplexing  tbe  learu^t. 
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..'/•fl':./^      » 


«+»  =  • 
Making  the  denogiiBatar  t  rf  the  aecoaii  to  diitHWTf  ^W6  Iwe 


ty 

«=-:l. 


c 
patdng  HkiB  Ttlue  in  the  place  of  x  in  tlie  Iral  eqnatioBf  itki- 


•, 


^9  . 

and  we  deduce  from  it 

fty  +  ejp=ae»       whence  .     fssji-.^. 

Substituting  this  value  of  y  in  the  eq^naaioii  fur  Um  Yibttrf 
X,  we  obtain 

erlasfly 


d?= 


c» 


(d8:r. 


6  4-e 

As  the  sign  ^—  does  not  enter  into  the  values  of  se  nod  f»  it  ii 
evident  that  wliatever  numbers  are  put  for  the  kttera  a*  ft»  ^  we 
shall  always  find  x  and  y  with  the  sign  +9  and  therefore  the 
question  proposed  will  be  resolved  in  the  precise  senae  of  the 
enunciation.  Indeed  it  is  readily  perceived*  tliat  in  every  case 
where  two  persons  set  off  from  different  points  and  travel  tovraid 
each  other  they  must  necessarily  meet. 

65.  I  will  now  suppose,  that  the  two  couriers  pnx^eed  in  the 
same  direction,  and  that  the  one,  who  sets  out  from  Ji,  is  pursubig 
>  the  one  who  sets  out  from  1?,  and  who  is  traveDing  toward  flie 
same  point  C,  placed  beyond  J9,  with  respect  to  Ji. 

A  B  E  c 

It  is  evident  that  in  this  case,  the  courier,  who  starts  from  the 
point  Jf  cannot  come  up  with  the  courier  who  sets  off*  from  the 
point  Bf  except  he  travels  faster  than  this  last,  and  the  point  of 
comin£^  togetlier  R  cannot  be  between  •i  and  B,  but  most  be 
beyond  B9  with  i»cspect  to  Jl. 

Having  tlio  same  things  given  as  before,  and  observing  that 

when 

AR  —  BR-AB^ 


we  hare 

The  second  equation 

fp  _  jf 
be 
expressing  only  tlie  equality  of  the  times  employed  by  the  cou- 
riers in  passing  over  the  diflances  d  R  and  B  R,  undergoes  no 
change. 
The  above  equations^  being  resolved  like  the  former  ones^  givo 


*1  — 11=10,       »y  — CVS 


y  —  cfi=:aSf 


ae 


and  lastly  ap  =  i , 

Here  the  values  of  a?  and  y  will  not  be  positive,  except  when 
b  is  taken  greater  than  c,  that  is  to  say,  except  the  courier  start- 
ing From  the  point  Jl  be  supposed  to  travel  faster  than  the  other. 

If,  for  example,  we  make 

we  have 

80  a         30a      ^ 

20  —  10       10  ^ 

_     10a     _10a_ 
*""  20—10""  10  ""^' 
from  which  it  follows,  that  the  point  of  their  coming  togetiier  is 
distant  from  the  point  Ji  twic«  Ji  B. 
If  we  now  suppose  b  smaller  tfaAn  e,  and  take,  for  examplo 

t  =  10,        c=:  £0^ 
we  find 

_     10  g    _  IQq   _ 
"^"^U),— .20T— 10""      ^ 
SOa  20a 

^■"10— 20""— 10  "■ 
These  values  being  affected  with  the  sign  — ,  make  it  evidentf 
tfiat  the  question  cannot  be  resolved  in  the  sense  in  which  it  is 
•nimciated  ^  and  indeed  it  is  absurd  to  suppose  that  the  courier 
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scftinp;  out  fi^oni  the  point  J.  and  ['.roceediBg  only  1 0  milt's  in  u 
hour,  should  ever  be  abi'".  to  overtake  the  courier  settini;  out  from 
tiie  point  B  and  travelling  iO  miles  per  botir,  and  who  is  in  sd- 
vanre  of  the  fii-st. 

66.  \evert)ieless,  these  .same  valiK'^  mtdvr  the  qup-stion  ini 
certain  sense ;  fur  by  substituting  tliein  in  the  equations 
a:  —  y  =o 

'1-1 

t)~  c' 

we  have  by  the  rule  for  the  signs 

—  a+&a=sa 

—  £  =  ™_i» 

10  2u' 

equations  which  are  satisfied  ;  since  by  making  the  reductions,  tk 
fii-st  member  becomes  e(|ual  to  the  second  ;  and  if  we  attend  » 
the  Hij^ns  of  the  terms,  which  compose  the  fint.  we  shall  see  [u>« 
it  iM  necessary  tu  modify  the  enunciation  of  the  question,  ii 
oitler  to  do  away  the  absurdity. 

Indeed,  it  is  tiie  distance  a  correspondiog  tn  Xr  and  pasM4 
over  by  the  first  courier,  which  is  in  reality  ^ubtracted  from  ihc 
diatftuce  3  a,  corresponding  to  y  and  passi>d  over  by-  tlic  stmnd 
courier;  it  Is  then  just  as  if  we.  had  cUanffcd  y  into  a-,  andi 
into  y,  and  had  supposed  tiiat  tlie  courier  starting  from  the  point 
B  had  run  after  the  other. 

This  change  in  the  enunciation,  produces  also  a  change  in  tbe 
direction  of  the  mutea  of  tlie  couriers  ;  they  are  no  longer  tra- 
velling toward  tlie  point  C,  but  in  an  opposite  manner  Unnii 
the  puint  C,  as  represpntcd  in  the  figure  biOow ; 


C  R'  A  B  R  C 

and  their  coming  together  takes  place  in  ff.    The  result  fnm 
this  is 

which  gives 

sr-.x=a; 
we  have  besides  constantly 


Equations  wW^  two  uiikmwn  IfuanH^  7S 

ae  90a 

positiye  values^  which  resolve  the  question  in  the  precise  sense 
in  which  it  is  enunciated.    » 

67*  The  question  we  have  been  considering  presents  a  case^  in 
which  it  is  in  everj  sense  absurd.  This  occurs  when  we  supponto 
the  two  couriers  to  travel  equally  fast  It  is  evident  that  in  what- 
ever direction  we  suppose  them  to  move,  they  can  never  come  to- 
gether, since  they  preserve  constantiy  the  interval  of  their  points 
of  departure*  This  absurdity,  which  no  modification  in  the  enun« 
ciation  can  remove,  is  very  conspicuous  in  the  equations. 

We  have  now  ft  =  c,  since  the  couriers  travelling  equally  &8t 
pass  over  the  same  space  in  an  hour ;  the  equation 

or      y 

r=r 

becomes  t=4 

0         a 

and  gives  ^  =  y* 

Thus  the  equation  x — y  =  a 

reduces  itself  to  x — x=ia   or    0  =  0^ 

a  result  sufficiently  absurd,  since  it  su^KNSies  a  quantity  o^  the 

magnitude  of  which  is  given,  to  be  nothing. 

68.  This  absurdity  shews  itself  in  a  manner  very  singular  in 
the  values  of  the  unknown  quantities 

ab  ae 

their  denominator  becoming  0  when  6  =  c  we  have 

ah  ae 

a?  =  — ,  1/=—. 

We  do  not  easily  perceive  what  may  be  the  quotient  of  a  di- 
vision when  the  divisor  is  zero ;  we  see  merely  that  if  we  con* 
sider  h  as  nearly  equal  to  c,  the  values  of  x  and  y  become  very 
great    To  be  convinced  of  this,  we  need  only  take 

6  =  6  miles,  c  =  5^8  miles 

fl  A 

wethenbave  x— =$0a 

^       0,2 
If  further  we  take      ft  =  6,  cs^Sfi 
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we  have 

.T  =  ^  =  60a, 

0,1 

If  moreover  we  make 

J  =  6,  c=5,99, 

it  becomes 

and  it  Is  manifesty  that  as  the  divisor  diminishes  in  proportioB  t9 
the  smallness  of  the  assumed  difference  of  the  numbe'ta  b  and  Cf 
we  obtain  values  more  and  more  increased  in  magnitude. 

But  as  a  quantity  however  minute  can  never  be  taken  for  ze- 
ro, it  follows  that  however  small  we  make  the  difference  of  tfa« 
numbers  represented  by  the  letters  b  and  c,  and  however  greit 
may  be  the  consequent  values  of  x  and  y,  we  never  attain  to  tho^e 
wliich  aaswer  to  the  case  where  b=c. 

Since  these  last  cannot  be  represented  by  any  number,  howev* 
cr  great  we  suppose  it,  they  are  ssdd  to  be  ii^inUe ;  and  every 

expression  of  the  form  --,  the  denominator  of  which  is  zero,  is  re- 
garded as  the  symbol  of  infinity. 

This  example  shows  that  matliematical  infinity  is  a  n^ative 
idea,  since  we  at  length  get  it  only  by  the  impossibility  of  asngn- 
ing  a  quantity  that  can  resolve  tlie  question. 

We  may  ask  here  how  the  values 

ab  ^.     ac 

o'  ^0 

satisfy  the  equations  proposed  ^  for  it  js  an  essential  character- 
istic of  algebra,  that  the  symbols  c^  the  values  of  unknown  quan- 
tities, whatever  they  may  be,  being  subjected  to  the  operations  ia- 
dicated  upon  these  quantities,  shall  satisfy  the  equations  of  the 
])robIcn). 

By  substituting  them  in  the  equations 

a:  — y  =  a, 

whicii  answer  to  the  case  where  ft  =  c,  we  have  by  the  firsts 
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ab ^  ^a. 

>r  2i=lfL^  =  a,       or        aft  — a6  =  axO, 

>r  lastly  0  =  0,        since        a  x  0  =  0. 

The  second  equation  gives,  under  the  same  condition, 

ab         ab 

ox6""ox6' 
:he  two  members  of  each  equation  becoming  equal,  the  equa- 
donfl  are  satisfied* 
It  remains  still  to  explain  how  the  notion  indicated  bj  the 

sxpression  ^\  r^noves  the  absurdity  of  the  result  found  in  art 

57.    For  this  purpose,  let  the  two  members  of  the  equation 

X  —  y  =  a 
be  divided  by  a:,  which  gives 


and  as  the  equation 


a?  _  y 


gives  a:  =r  y,  the  first  becomes 

a  a 

1  —  1  =  —,       or      0  =  —. 

The  error  here  consists  in  the  quantity  — ,  by  which  the  sec- 

ond  member  exceeds  the  first ;  but  this  error  becomes  smaller 
and  smaller,  in  proportion  to  the  assumed  magnitude  of  a:.  It 
is  then  with  reason,  that  algebra  gives  fi>r  x  an  expression, 
which  cannot  be  represented  by  any  number,  however  great, 
but  which,  as  it  proceeds  in  the  order  of  numbers  becoming 
greater  and  greater,  points  out  in  what  manner  we  may  re* 
duce  more  and  more  the  error  of  the  supposition. 

69.  If  the  couriers  travelling  equally  fast,  and  in  the  same 
direction,  had  set  out  from  the  same  point,  their  coming  together 
could  not  be  said  to  take  place  at  any  particular  point,  since 
they  would  bo  together  through  the  whole  extent  of  their  route. 
It  may  be  worth  while  to  see  how  this  circumstance  is  represent- 
ed by  tlie  values,  which  tho  unknown  quantities  x  and  y  assume 
in  this  case. 


B 


A  C 

The  points  d  and  B  being  coincidentf  we  hare  on  111  is  suj^o- 
sition  a=:0,  and  constancy  ft  =  c ;  it  foHows  tlien»  tliat 

0.6     0  o«c      0 

^  =  T  =  o'       *  =  "o  ="o- 
In  order  to  interpret  these  values*  that  indicate  a  divinon, 
in  which  the  dividend  and  divisor  are  each  nothing,  I  go  back 
to  the  equations  of  the  question.    The  first  beoomiiig 

X  —  y  =  0    gives    ar=y; 
and  substituting  this  value  in  the  second  equation*  wUch  is 

^=:^     it  becomes     -7=^* 

The  last  equation  having  its  two  members  ideniiealf  that  is.  ti 
8ay»  composed  of  the  same  terms  with  the  same  sign  is  veriMi 
whatever  value  is  assigned  to  y^  and  this  unhnown  qnantitj  cat 
never  be  determinc^d.    Besides*  it  is  evident  that  the  equation 

-.=^    becomes    x  =  y, 

and  consequently  can  express  nothing  more  than  the  first.*  The 
only  result  both  from  the  one*  and  from  the  other  is*  that  the 
two  couriers  are  always  together*  since  the  distances  op  and  jf 
from  the  point  Jl  are  equal*  their  value  in  other  respects  remains 
indeterminate*  The  expression  %  then  is  here  a  symbol  of  an 
indeterminate  quantity.  1  say  here*  for  there  are  cases  where 
it  is  not ;  but  the  expression  has  not  then  the  same  origin  ai 
the  preceding. 
70.  To  give  an  example*  let  there  be 

This  quantity  becomes  ^  in  its  present  form  when  a  =  &;  but 
if  we  reduce  it  first  to  its  most  simple  expression*  by  su[qire8B- 
ing  the  factor  a  —  ft*  common  to  the  numerator  and  denominatoTi 
we  find 


*  For  the  sake  of  concisenessj^nalysts  apply  to  the  same  equation! 
the  epithet,  ideniicaL 

V  » |-  is  an  identical  equation,  5  —  $x=s5  —  Sx  is  another*  and 

when  two  equations  express  only  the  same  tiling,  we  say  that  these 
equations  also  are  identical. 
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•  (fl  +  ft) 

T"' 

which  gives  Sa  when  a  s  6. 

It  is  not  the  aame  with  the  values  of  x  and  y,  foufid  in  the 
preceding  article,  for  they  are  not  susceptible  of  being  reduced 
to  a  more  simple  expression. 

It  foUowSf  from  what  I  have  just  said,  that  when  we  meet 
with  an  expression  which  becomes  !»  it  is  proper  before  pro- 
nouncing upon  its  valuoy  to  see  if  the  numerator  and  denominator 
have  not  a  .cdmmon  factor,  which  becoming  nothing,  renders 
the  two  terms  at  the  same  time  equal  to  zero,  and  which  being 
suppressed,  the  true  value  of  the  proposed  expression  is  obtained. 
There  are,  notwithstanding,  some  cases  which  elude  this  method, 
rbut  the  limits  of  this  work  will  only  allow  me  to  note  the  analyt^ 
ical  fact.  It  belongs  properly  to  the  differential  calculus  to 
^ve  the  general  processes  for  finding  the  true  value  of  quan- 
tities, which  become  ^* 

71  •  It  is  very  evident,  from  what  has  been  said,  that  o/jpefrrate 
Bolutions  either  answer  perfectly  to  the  conditions  of  a  problenif  when 
M  is  possMCf  or  they  indicate  a  modification  to  be  made  in  the  emm^ 
dationf  when  the  things  given  impty  cowtradictums  that  cannot  be 
reconciled  ;  or  lastly ,  they  make  known  an  absolute  impossibility, 
when  there  is  no  method  of  resohing  te;i(A  the  same  things  given, 
a  question  analogous  in  a  particiilar  sense  to  the  one  proposed. 

72.  It  may  be  remarked,  that  in  the  different  solutions  of 

the  preceding  question,  the  changing  of  the  signs  of  the  unknown 

quanties  x  and  y  corresponds  to  a  change  in  tlie  direction  of  the 

journeys  represented  by  the  unknown  quantities.    When  the  un-^ 

known  quantity  y  was  counted  from  B  towards  Ji,  it  had  in  the 

equation 

x+y=:a, 

the  sign  -f,  and  it  takes  -the  sign  —  for  the  second  case,  when 

the  motion  is  in  the  opposite  direction  troia  B  towards  (7,  art. 

65,  since  we  had  for  the  first  equation 

By  changing  the  sign  in  the  second  equation 

X  _  y 

6"- 7' 
we  have 

X  _  —  y 

T ? 
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a imult  which  does  not  difltofhMndMitgifMi  fathe  aHicIeclU; 
botit  should  be  obeenred,  that  tiiejourncj  ybdnig  atadenpofad- 
tiplesof  the  space  cpassed  over  in  an  jhwtf  lijr  Hali  otairierlta 
Bf  and  tihis  space  having  the  same  dirtctloa  M  Ih^  apace  f^  o^^ 
to  be  supposed  to  have  the  same  fdaUf  aild  tiMHtanwAy  ta  ttb 
the  sirn  — ,  when  —  is  wplled  to  y  ;  we  wSmjtSotirwufy 

A  simple  change  of  ftign  then  19  sofflcl^  tt  £i«h^^ 
and  case  of  the  question  in  tibe  first,  imd  frlftt^l^'i^^ 
gives  at  the  same  time  the  solution  of  aevtttd  aaalogiNB  qaeiithw 

We  have  a  striking  example  of  this  fai  the  praUem  of  aitU 

It  is  htxe  supposed  that  the  father  owed  tke  aim  a  aoai  d;  I 

we  would  resolve  the  question  on  the  contrary  bypoUMaiiib  ttd 

is,  by  supposing  that  the  son  owed  tbafitiier  the  aom  d^  it  widl 

be  sufficient  to  c|iange  tlie  sign  ai  d  iB,tha,  mkii^  jrf  M  and  vt 

liave  '1     '*:  .':-.,■:  ••. 

6e-— d        ...  . 

a  +  b 

If  we  suppose  neither  to  owe  the  other  miy  tbii^ 

d  =  0,  and  then  the  equation  would  be  . 

be 

Nothing  can  be  easier  than  to  verify  the  two  solutions  by  pit 
ting  anew  the  problem  into  an  equation  for  each  of  the  casesi 
which  we  have  enunciated. 

73.  It  was  only  to  preserve  an  analogy  between  tlie  prohieai 
56  and  64,  that  I  have  employed  two  unknown  quantities  is  ill 
second.  Each  may  be  resolved  with  only  one  unknown  qouli- 
iy ;  for  when  we  say  that  the  labourer  i-cceived  74  francs  for  U 
days'  work  performed  by  himself  and  7  days'  work  by  his  wife 
and  son,  it  follows  that,  if  we  call  y  the  daily  wages  of  the  nt- 
man  and  son»  and  take  7  y  from  74  francs,  there  will  remaii 
74  —  7  y  for  tlic  12  days'  labour  of  the  man  ;    from  which  i» 

infer  that  he  earned      ~   ^  per  day. 
'Ry  a  similar  calculation  for  the  8  days*  service,  we  find  tlitf 

he  earned  ^ —       •  per  dav. 

Tulting  the  two  quantities  equal  to  each  other  we  form  the 

cfjualjon 
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74— ry_gO— 5y 
12      ""       8      ' 
Also  in  the  question  of  art  64, 

A  5  B 

if  X  represent  the  course  JlEot  the  courier  from  AfBR^a — x 
would  be  tliat  of  the  courier  who  set  off  (rom  B  towards  d. 
These  two  distances  being  passed  over  in  the  same  time  by  the 
couriers  whose  rate  of  travelling  per  hour  in  miles  is  denoted 
by  the  numbers  I  and  c  respectively^  we  have 

X     a~^x 

whence 

cx^zah  —  hx, 
ah 
4  +  c 
The  difference  between  tiie  solutions,  which  I  have  now  given 
and  those  of  articles  56  and  64,  consists  merely  in  this,  that  we 
have  formed  and  resolved  the  first  equation  by  the  assistance  of 
ordinary  language,  without  employing  algebraic  characters,  and 
it  is  manifest,  that  the  further  we  carry  this,  the  less  will  remain 
to  be  effected  by  the  other. 

74.  We  sometimes  add  to  the  problem  of  art  64  a  circumstance^ 
which  does  not  render  it  more  difficult. 
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We  mppose  thai  the  eourierf  who  starts  from  B,  sets  off  a  num^ 
ber  d  cf  hours  before  the  other^  who  goes  from  A. 

It  is  evident  that  this  amounts  only  to  a  change  of  the  point 
of  departure  of  the  first,  for  if  he  travelled  a  number  c  of  miles 
per  hour,  he  would  pass  over  the  space  B  C  =  cd  in  d  hours,  and 
would  be  at  the  point  C,  when  the  other  courier  set  off  from  d; 
so  that  the  interval  of  the  points  of  departure  would  be 

AC^AB — BCri^a  —  ed. 

By  writing  then  a  —  e  d  in  the  place  of  a  in  the  equation  of  tite 
preceding  article^  wo  have 

c 
ah'^hcd 


X  = 


b  +  c 
If  tlie  couriers  proceeded  in  the  same  direction^  the  iatfi^^  ^^ 
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the  points  of  departure  would  be 

and  the  distance  passed  oYer  by  the  courier  flrom  the  point  A 
would  heJiR,vi  hile  that  passed  oyer  by  the  other  courier  would  be 

we  have  then 

X      X  —  • — cd 

v^ — I — ' 

whence 

ab  +  bcd 

75.  Enunciated  in  this  manner  the  problem  presents  a  casei  u 
which  the  interpretation  of  the  negative  value  found  for  x  is  at- 
tended with  some  difficulty ;  it  is  when  the  couriers  being  sup- 
posed to  proceed  in  opposite  directions,  we  give  to  the  number  d 
a  value  such,  that  tlie  space  B  C  represented  by  c  d  becomeB  greit- 
or  than  a,  which  represents  Ji  B, 


C         R         A  B 

Now  the  courier  from  the  point  B  arrives  at  C  on  the  other  side 
of  w9  at  the  moment,  when  the  courier  from  Ji  sets  off  towards  B; 
there  is  then  an  absurdity  in  supposing  that  the  two  couriers  can 
thus  come  togctlier. 

If  we  should  take,  for  example, 

a  =  400^,     bz=zlV^,    c=8"^,    d  =  60**, 
there  would  result  from  it  c  d  =  480""**,  thus  the  point  C  would  be 
gQmii.  qh  ^Iiq  q^j^p  gjJQ  Qf  ^^  ^i^li  i-espect  to  the  point  B;  but  we 

*nd, 

400  . 1 2  —  60  .  8 . 1 2      4  00 .  3  —  60  .  2  . 1 2 

8  + IS  8  +  3 

_1200— 1440 240 

Thus  the  coming  together  of  the  couriers  takes  place  in  a  point 
JR,  48"^*  on  the  other  side  of  the  point  Jl,  but  between  Ji  and  C; 
altliough  it  seems  that  the  courier  from  JS,  being  supposed  to  con- 
tinue his  journey  beyond  the  point  O,  can  be  overtaken  by  the 
other  courier  only  after  he  has  passed  this  point. 

To  understand  the  question  resolved  in  this  sense^  we  may 
substitute  in  the  place  of  x  the  negative  member  —  nty  and  the 


/ 


equation  becomes 

m  ^a^^ed  +  m 

~T 'e ' 

or  by  cbangLag  tbe  signs  in  the  two  members^ 

m^crf  —  a— -III 

T 1 

We  see  that  the  distance  passed  over  by  the  coarier  Arom  the 
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point  Bf  ia  ed'^a  —  m,  or  what  i-emains  o(  B  C  after  JSl  B 
and  ^  A  are  subtracted,  that  is  CRf  and  that  JSlC  =  cd  —  a. 
This  Ls  just  what  would  take  place  if  the  second  courier  had 
started  immediately  from  the  point  C,  where  he  is  at  the  depar- 
ture of  the  first ;  but  as  they  travel  in  opposite  directions,  they 
must  necessarily  meet  between  Jl  and  C*  Thus,  ^his  case  is 
similar  to  the  first  of  those  of  art  74>  where  it  is  suflkient  to 
change  a  —  cd  into  c  d  —  a,  in  order  to  obtain  the  value,  which 
m  has  according  to  the  above  equation.* 

76.  T]ie  problem  of  art  56,  taken  in  its  most  enlarged  sense, 
may  be  enunciated  as  follows  $ 

Ji  labourer  haroing  passed  a  nimber  a  of  days  in  afamily,  and 
having  with  him  his  wtfe  and  son  during  a  number  b  rf  days, 
received  a  9um  c;  he  lived  (^lerward  in  the  sam^e  family  a  number 
i  of  days;  he  had  with  him  this  time  his  wife  and  son  during  a 
number  c  of  days,  and  he  received  a  sum  f  ;  we  inquire  what  he  earn- 
ed  per  day^  and  what  was  allowed  per  day  to  his  wife  and  son. 

Let  X  represent  constantly  the  daily  wages  of  the  labourer^ 

and  y  that  of  hid  wife  and  son ;  for  the  number  a  of  days  he  has 

a  Xt  and  for  the  number  h  of  days  his  wife  and  son  have  fry,  so 

that, 

ax+hyz=iei 

for  the  number  d  of  days,  he  has  d  x,  and  for  the  number  e  of 

days  his  wife  and  son  have  e  y,  thus, 

dx  +  ey:=zf. 

These  are  the  general  equations  of  the  question. 

We  deduce  from  the  first 

multiplying  this  value  by  if,  in  order  to  substitute  it  in  the  {dace 

*  8ee  note  at  the  end  of  the  Elements  of  WgiSbta. 
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of  X  in  the  second  equation,  we  liave 


dx  = 


-hdj 


and  consequently 


'bdy 


+  *-y=/. 


By  making  tlic  denominator  to  disappear,  wc  olitaia 

cd — bdy  +  aey  =  af, 
whence  aey— 6rfy  =  af —  c  d, 

'''^ae  —  bd- 
Having  the  value  ofy,  ir  we  substitute  it  instead  of  y 
ox|)rcBSiori  for  x,  this  last  will  lie  knnwn 
,af—ed 

y  _  a  f  —  i  rf 

Tosimplify  this  expression,  we  should,  in  the  first  place,  p 
tlie  multiplication  indicated  upon  the  quantities 

which  gives 

ahf—bcd 


anil  then  reduce  c  to  a  Ihtction  having  the  same  deiKHnin 

the  fraction  which  accompanies  it,  and  perform  the  snbti 

of  this  fraction  (53) ;  and  it  becomes 

ace  —  bcd—abf+bcd 

ae—bd 
x  = , 

a 

«r  by  being  reduced 


'  There  might  be  some  doubt  na  to  the  meaniti^  of  tfiis  f 
sion;  but  it  is  obviated  br  attending;  to  the  bar  denoting  di 
wbich  is  pUced-in  the  middle  of  the  line.    Thus,  in  the  esp 

X  =:~,J  represents  the  dividend,  whether  integral  or  firactira 

A  (hedivisur,  wliichmay  also  be  a  whole  Dumber  or  abaction.  : 
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Dividing  by  a  (51)  we  have 

__  a  <? «  —  a  6/ 

""  a*  e  —  a  6  (f 
Suppressing  the  factor  a,  common  to  the  numerator  and  denom- 
inator (38),  we  find 


The  values 


ae  —  bd      ^      ae  —  bd 


are  aj^Iied  in  the  same  manner  as  those,  which  we  before  found 
.for  literal  equations,  with  only  one  unknown  quantity ;  we  sub- 
stitute in  the  place  of  the  letters,  the  particular  numbers  in  the 
•xarople  selected. 

We  shall  obtain  the  results  in  art.  56,  by  making 

a  =  12,      6  =  7,      c=74, 

d=   8,       «=5,      /=  50, 
and  those  of  art  58,  by  making 

a  =12,      6  =  7,      c  =  46, 

d=  8,  f  =  5,  /=30. 
77.  The  values  of  x  and  y  are  adapted  not  only  to  the  proposed 
question  ;  they  extend  also  to  all  those,  which  lead  to  two  equa- 
tions of  the  first  degree  with  two  unknown  quantities,  since  it  is 
evident,  that  these  equations  are  necessarily  comprehended  in 
the  formulas, 

the  expression  or  =e  ~  signifies,  that  x  is  equal  to  the  quotient  of  the 

fraction  ^i  divided  by  B,  and  the  expression  x  ss-^  indicates  for  x 

C 
the  quotient  arising  from  d  divided  by  the  fraction  -^$  and  lastly,  we 

C 

denote  by  the  expression  x  a  -^  the  quotient  resulting  from  the  di- 

9 

a  ■      II 

vision  of  the  fraction  -^  by  the  fraction  •»• 

It  will  be  perceived  by  these  remarks,  that  it  is  necessary  to  place 
the  bars  according  to  the  result,  which  we  propose  to  ex^T^*^« 
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rf.r  +  ry=/, 
provided   the  letlcrn  a,  b,  d,  e,  denote   the  whole  of  the  ^trn 
quantitim,  by  which  Ihc  unknown  quHntilieB  x  nnd  y  are  irsjKC- 
tively  multiplied,  and  the  letters  r  anil  /  the  whole  of  the  knoKn 
terms,  transpoRed  to  the  second  memher. 

OfthrresidnHott  of  any  given  nwrnitn-  nfetpuititmt  nftkejirxt  Jfgrte, 
I      containing  an  equal  number  of  vnkjuncn  ipumtilies. 

I  ■■f  in  equation  lj».t  as  many  distinct  rondition);,  as  it 

■'  "  f  these  conditions  fumisKr* 

n,  •■.  IS,  Uiat  t\x  unknown  qiiu- 

are  iuvolveu  wi'  e  have  seen  Already  in  the 

problems  with  two  i  ««;   hut  if  tlienc  uuknovD 

quantitJs'H  are  only  e        p  ».,  Acrording  to  the  metW 

adopted  in  the  pre         ^,  f  take  in  one  of  the  equatiimi    I 

the  value  of  nni:  nf  iiie  t       s  itita,  as  if  all  t/ie  rat  vm 

knovm,  and  substitiiU  thia  vuii  \e  f^hcr  equations,  Tvlueh  -mS 

then  eaiilain  otdij  Ike  other  utntities. 

This  operation,  by  whiun  minale  one  of  the  onknovci 

ijuantitieN,  is  called  elimination,  his  way,  if  we  have  three 

equations  with  three  unknown  quantities,  we  deduce  from  them 
two  equations  with  only  t^vo  unknown  quantities,  which  arc  to  bf 
treated  as  above ;  and  having  obtained  the  values  of  the  two 
last  unknown  quantities,  wo  substitute  them  in  the  expression  Cm 
the  value  of  the  Arat  unknown  quantity. 

If  we  have  four  equations  with  four  unknown  qaaatities,  we 
deduce  from  them,  in  the  first  place,  three  equ^tons  witti  One 
unknown  quantities,  which  are  to  be  treated  ik  tlis  manaer  jat 
described ;  having  found  the  value  of  the  three  unknown  qwo^ 
ties,  we  substitute  them  in  the  expression  for  the  valne  of  the  fin^ 
and  80  on. 

See  an  example  of  a  question,  which  contains  three  vaknom 
quantities  and  three  equations. 

79.  .4  person  buys  separately  three  loads  afgnan;  the^ntt  vldA 
contained  30  measures  (^rye,  20  ofbariey,  and  10  of  loAail*  aat  2S0 
francs  i 

The  seconil,  -which  contained  15  measures  of  ry^  6«^l«riH|[»  mi 
12  ^^ivheat,  cost  IBS  francs; 
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The  third,  which  contoineif  10  meamres  of  rye,  5  cfbariey,  and 

4  of  wheal,  cost  7  5 francs; 

It  is  askedf  what  the  rye,  InHeii,  and  wheat  cost  each  per  measure  f 

Let  a:  be  the  price  of  a  measure  of  rye, 

y      that  of  a  measure  of  barleyt 

%      that  of  a  measure,  of  wheat 

To  fulfil  the  first  condition  we  observe^  that 

SO  measures  of  rye  are  worth  50  x, 

£0  measures  of  barley  are  worth  SO  y, 

10  measures  of  wheat  are  worth  10  « ; 

and  as  the  whole  must  make  230  francs,  we  have  the  equation 

S0a:-h20y-f  102S=:2SO. 

For  the  second  condition  we  have 

15  measures  of  rye  worth  15  x, 

6  barley         6  y, 

12  wheat        12  ;£» 

and  consequently 

15ar  +  6y  +  12»  =  138. 

For  the  third  condition  we  have 

10  measures  of  rye  worth  10  or, 

5  barley         5  y, 

4  wheat  4 », 

and  consequently 

10a:  +  5y+4«=r5. 

The  proposed  question  then  will  be  brought  into  three  equations ; 

30  a;  +  20  y  + 10  «;  =s  230, 
150?+  6y  +  12%z=LlS%, 
10ar+   5y-|.  4«=    75. 
Before  proceeding  to  the  resolution,  I  examine  the  equations,  to 
see  if  it  is  not  possible  to  simplify  them  by  dividing  the  two  mem- 
bers of  some  one  of  them  by  the  same  number  (12),  and  ffind 
that  the  two  members  of  the  first  may  be  divided  by  10,  and 
those  of  the  second  by  3,    Having  performed  these  divisions  I 
have  only  to  occupy  myself  with  the  equations 

3aEr-^2y+    «=s23, 
5x  +  2y+4»:=46, 
l0x  +  5y+4»^75. 
As  I  can  select  any  one  of  the  unknown  quantities  in  order  to 
deduce  its  value,  I  tske  that  of  « in  the  first  equation,  because  this 
unknown  quantity  having  no  coefficient^  its  value  will  be  «Ql<as% 
•r  without  a  divisor^  as  foUowB. 
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This  value  being  substituted  for  » in  tiie  second  and  third  eqpa- 
tionsy  they  become 

5x  +  2y  +  9%  — 120?.— 8ys469 
]0a[;  +  5y  +  92  — 12  x  —  SyssTS; 
and  reducing  the  first  member  of  each»  we  find 

92  —  7x  —  6y  =  469 
92 — 2x — Sy  =  75. 
To  proceed  with  these  equations,  which  contain  only  two  nn- 
known  quantities,  I  take  in  the  first  the  value  of  the  unknown 
quantity  j/p  and  I  obtain 

92  —  46  — 7  jr  46  — 7d? 

y  = ^— >    or    Jf=— ^, 

■ 

and  by  substituting  this  value  in  the  second  equation.  It  becomes 

46— 7a?      ^^ 

92 — 2a:— 3  X z —  ="75. 

o 

The  denominator  6  may  be  made  to  disappear  by  the  usual  meth- 
od, but  obsei*ving  that  the  denominator  is  divisible  by  3,  I  can 
simpUry  the  fraction  by  multiplying  it  by  3,  agreeably  to  article 
54  of  Arithmetic.    I  have  then 

rx^       r^  46— 7ar 

92  —  Qx =  75. 

2 

The  denominator  2  being  made  to  disappear,  it  becomes 

184— 4x  —  46+7a:=  150; 

the  first  member  being  reduced  gives 

138 +  3  0?  =150, 
whence 

150—138      12 

X  = =  — >    or    ar  =  4. 

3  3 

Substituting  this  value  in  the  expression  for  that  of  y,  I  find 

40-7x4      46  —  28       18 
V  = lL_  = =  — ,     or    V  =  3  ; 

and  by  substituting  these  values  in  the  expression  for  that  of  & 
we  obtain 

»=  23  —  3x4  —  2X3  =  23  — 12  —  6,  or«  =  5. 
It  appears  then,  that  the  price  of  the  rye  per  measure  was4  fr. 
that  of  the  barley  3, 

that  of  the  wheat  5. 

This  example,  while  it  illustrates  the  method  given  in  the  pre- 
ceding ai*ticle,  ought  to  be  attended  to  on  account  of  the  abbre- 
viations of  calculation,  which  are  performed  in  it 
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80.  I  proceed  now  to  resolve  the  following  problem. 

A  math  whoundertook  to  trangport  some  porcelain  vases  of  three 
different  siTses,  contracted  thai  he  tooidd  pay  as  much  for  each  ves* 
sel  that  he  hrcke^  as  he  received  for  those,  which  he  deUroered  safe. 

He  had  committed  to  him  two  small  vases,  four  of  a  middle  .size, 
and  nine  largeones;  he  broke  the  middle si%ed  ones,  delivered  aU  the 
others  safe,  and  received  the  sum  of  29  francs. 

There  were  afterwards  committed  to  him  seven  small  vases,  three 
of  the  middle  sixe,  and  five  large  ones  ;  he  rendered  this  time  the  small 
and  the  middle  sixed  ones,  hiU  broke  Hie  five  large  ones,  and  he  re- 
ceived only  5  francs. 

Lastly  he  took  charge  of  nine  small  vases,  ten  middle  sized  ones, 
and  eleven  large  ones  ;  all  these  last  he  broke,  and  received  in  con- 
sequence only  4  franes. 

It  is  asked  what  was  paid  him  for  carrying  a  vase  of  each  sixe. 

Let  X  be  the  sum  paid'  for  carrying  a  small  vase^ 
y  that  for  canying  a  middle  sized  one, 
X  that  for  carrying  a  large  one. 

It  is  evident  that  each  sum,  which  the  porter  received,  is  the 
difference  between  what  was  due  to  him  for  the  vessels  delivered 
safe,  and  what  he  had  to  pay  for  those  which  were  broken ;  ac- 
cordingly the  i^hree  conditions  of  the  problem  furnish  respectively 
the  following  equations ; 

2x  —  4y  +  9«  =  28, 
7  X  +  Sy —  5»=  3, 
9a:  +  lOy — \lx=z  4. 

Tlie  first  of  these  equations  gives 

28  +  4y  — 9« 
2  ^ 

and  by  substituting  this  value,  the  second  and  third  equations 

become 

196  +  S8.V— 63« 


2 
252  +  3Sy— 81» 


+  3y  — 5«=3, 


+  101/ — 11«  =  4. 

Making  the  denominators  to  disappear,  we  have 

196  + 28  y  —  63  «+   6y — 10»  =  6, 
fi52  +  36y  — 81«  +  20y  — 22»  =  8; 

reducing  the  first  member  of  each,  we  obtain       , 
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196  +  341/—    r3»=6,  ^ 

252  +  561/  —  103  5  =  8  J 
(  lue  of  y  in  tlie  first  of  theso  niuatinns^  wo  llnd 

73  I—  190 

»= — s — 

By  iDi  tliis  value,  the  second  ei{uation  becomes 

852  +  56  ;< 103  X  =  8  ; 

b<  1  or  t)i«  denominator  34,  it  is  changeil  into 

<  +56X7S»  — 56x  190  —  34  >(  103  »  =  34  X  6 


856B  H  _        40  —  3509  » =  KTS. 

The  reduction  of  tli  of  this  result  g^ive* 


2  =  272, 


whence  we  deduce 


B;  goint;  back  f  s  to  that  of  i/,  we  have 

73  X  '  190      tm 


ftgd  witli  thtw  two  values,  wc  i     1 

_  2fl  +4X  ^  —  "  X  4_'::B  +  19  —  56  _ 


— ,     or    a:  s  1 


The  prices  then  were  S  fr.  fw  cutjing  t  snaH  vasOf 

S  oaeof  a  BiiddieHa 

4  a  lai^  onr. 

Tills  example  is  aufficient  to  bIlow  bov  to  peoaatA  ra  aDl 

ilar  cases. 

81.  It  sometimes  happens,  that  aD  the  nnknowB  qoantiAi 
not  enter  at  t)ie  name  time  into  all  the  eqaatiatn't  the  mB 
however,  is  not  chan^  by  this  circnmstaace ;  it  is  aaflci 
carefully  to  examine  the  connexion  of  the  mikiKtWD  qmnfi 
in  order  tn  pass  from  one  to  the  others. 

Let  there  be,  for  example,  the  four  equfttioiw 
3«  — 2i/=  2, 
2  a;  +  3 1/  =  39, 
5x — 7a=ll, 
Ay  +3x  =  41, 
cont^inin,^  the  unknown  quantities  «,  x,  y  and  «. 
AVith  aUttl«  attitnUQu  *«%  wfttlLA&by  taking  the  \ilIuco 
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in  the  second  equation,  and  sabstitoting  it  in  the  third,  the  result 
containing  only  y  and  %9  will,  by  beinj^  combined  with  flie  fourth 
equation^  give  the  yalues  of  these  two  quantities ;  and  having 
the  value  of  y,  we  obtain  those  of  u  and  rr,  by  means  of  the  first 
and  second  equations.    Tlie  following  is  the  process ; 

39— 3  V 
arrs r 

3 

39  — 3y      ^ 
5X 5 — ' — 7»=11, 

or  195— 15y— 14»=:22 

or  15y  +14«J=  173   (57). 

The  two  equations 

15y+14«;=:17S 
4y+   S»=:  41, 
being  resdved^  give 

jf  =  5,     «=.7i 

and  by  means  of  these  values,  we  have 

^      39—3x5       39—15      d4 

0?= =  — - — =  — ,    or    x=l2, 

2  2  2 

2  +  2y      2  +  10      13 
3  3  3 

The  numbers  sought  then  are 

4,  12,  5  and  7. 
82.  The  method  now  explained  is  appl|$;able  to  literal  equa- 
tions as  well  as  to  numerical  ones ;  but  the  multitude  of  IctterSf 
which  it  is  necessary  to  employ  to  represent  generally  the  things 
given,  when  the  number  of  equations  and  unknown  quantities 
exceeds  two,  has  led  algebraists  to  seek  for  a  more  simple  man- 
ner of  expressing  them.  I  shall  treat  of  this  in  the  following 
article ;  but  in  order  to  furnish  the  reader  with  the  means  of 
exercising  himself  in  putting  a  problem  into  an  equation,  and 
resolving  it,  I  have  subjoined  a  number  of  que^stions,  and  have 
placed  at  tlie  end  of  each  the  answer  that  is  required. 

1.  d  father^  being  asked  the  age  of  his  son,  said,  if  from  douMe 
the  age  that  he  is  ofnoro,  you  subtract  triple  qfiohat  he  was  six  years 
agOf  you  harce  his  present  age. 

Answer.     The  cliild  was  9  years  old. 

2,  DiophantuSf  the  author  of  the  mosf  ancient  book  on  Algebra^ 
that  has  come  down  to  'us^  passed  a  siocth  part  of  his  life  in  infancy, 
a  twelfth  part  of  it  in  youth  ,•  afterward  he  was  marricA  timd,  i^%%- 
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ed  in  this  staU  a  seventh  part,  and  Jive  feitrB  mare,  Tvhem  ht  hd 
wnfivhom  hesurmedfaw  years,  and  who  iiftained  oidijtsk 
the  age  cfMsfiiher,  whatwasihe  age cf  Die^imiimM  'when  kttd 
Answer^  84  years. 

3.  Ji  merchant  drew,  every  year,  upon  thegtoekhe  had  mtai 
ihesumqf  1000  fiuncs  for  the  expense  rfhtsfaw^  stiUHsprq 
erty  vncreoMd  every  year,  by  a  thirdpart  (f  what  remained  efterA 
deduction,  and  at  the  end  of  three  years  it  waM  doMed  $  haw  me 
had  he  at  the  leginning  ofthefrst  year? 

Answer,  14S00  francs. 

4.  JSi  merchant  luis  two  kinds  of  tea,  the  first  at  14  Jmmcs  a  pemi 
the  second  at  ISfrancs  ;  haw  much  ought  he  to  take  of  each  to  wtk 
up  a  cliest  of  100  pounds,  which  should  he  worth  ISSOjronai 

Answer,  30  pounds  (fthe  first  and  70  of  the  seconds 

5.  d  person  JiUed,  in  12  minutes,  a  vessel  containing  39  gstm 
with  water,  by  means  of  two  fountains,  whiA  laert  nuide  to  rms 
succession,  and  one  discharged  4  gallons  per  wmute  and  thedk 
3,  how  long  did  each  fountain  run  ? 

Answer,  the  first  3  minutes,  and  Ae  second  9. 

6.  Jit  noon  the  hour  and  minute  hands  of  a  wateh  are  Iflfeflr* 
at  what  point  of  the  dial  wiU  they  next  be  in  conjunction  f 

Answer,  at  1  liour  5  minutes  and  f'^. 

Obs,  This  problem  refers  itself  to  that  of  art.  65* 

7.  Ji  man^  meeting  some  beggars,  wishes  to  give  them  £5  cait 
eaclif  but  Jinds  upon  counting  his  money,  Uiat  he  Tvants  10  cesUn 
order  to  do  it;  lie  then  gives  them  only  20  cents  each,  and  hsiS: 
cents  left ;  honv  much  money  Iiad  he,  and  what  fvas  the  number  i 
beggars  ? 

Answer,  7« 

8.  Three  brothers  purchased  an  estate  for  50000  francs^  and  Ik 
first  wanted^  in  order  to  complete  his  part  of  the  payment,  half  (fit 
property  of  the  second ;  the  second  would  have  paid  his  slutre  w* 
the  Mp  of  a  third  of  what  the  first  ortvned^  and  the  ttnrd  rtquird^ 
malxc  tJie  same  paymenif  in  addition  to  what  he  had,  a  fourth  f^ 
of  XI  hat  the  frst  possessed;  what  was  the  amannt  of  each  <m^ 
propevtij  ? 

Atiswci',  the  first  Iiad  30000  francs,  Hie  second  40000,  and  1^' 
third  42500. 

9.  Three  players  after  a  game  count  tlieir  money,  one  had  /*'• 
l/ie  other  hco  hwl  gaincil  exicli  as  m\idk  as  he  had  brought  to  thejisk^ 
after  the  sccoml  .i5aii>e*onc  <vf  iKeYlawtTS^-uoAvaVoA.  ^iuait^>M^Wv^' 


«ad  Uiit  two  athen  gaintd  each  a  turn  eqmd  to  what  he  had  at  tht 
begmmMg  cfthu  second  game;  at  the  third  gamtf  the  player^  who 
had  gamed  HU  now,  lost  with  each  cf  the  others  a  sum  equal  to  thatf 
ichich  each  possessed  at  the  beginmng  of  this  last  game  ;  theif  then 
oqfonded,  aich  having  IM  francs  ;  haw  much  had  theif  eadi  when 
thtf  commenced  playing  ? 

.   Aiiswa>  hCf  who  lost  at  thefirst  game,  had  195  francs, 
he,  who  lost  at  the  second  105 

he,  who  lost  at  the  third  GO 

Oeneral  firmulas  for  the  resduHon  of  equoHons  of  the  first  degree. 

8S.  To  obTiate  flie  inconvenience  referred  to  in  the  beginning 
of  the  last  article,  we  shall  represent  all  the  coefficients  of  the 
same  unknown  quantity  by  the  same  letter^  but  distinguish  them 
by  one  or  more  accents,  according  to  the  number  of  equations. 

General  equations  with  two  unknown  quantities  are  written 

tiboa; 

aa;  +  frysc 

a'x  +  Vy:s(f. 
The  coefficients  of  the  unknown  quantity  x  are  both  represented 
by  a,  those  of  y  by  ft ;  but  fh>m  the  accent,  which  is  plared  over 
Ihe  letters  in  the  second  equation,  it  may  be  seen,  that  they  are 
not  considered  as  having  the  same  value,  as  the  corresponding 
ones  in  the  first  Thus  a'  is  a  quantity  different  from  a,  V  n 
quantity  different  from  6. 

U  there  are  three  equations,  they  are  expressed ; 

a  X  +h  y  -f-c  «=:d 
a!  x+V y  +  cf  %z=d' 
a'*x  +  V'y+(i'%z:zd!\ 
All  the  co^kients  of  the  unknown  quantity  x  are  designated  by 
the  letter  a,  those  of  y  by  6,  thoseof  «  by  c;  but  the  several  let- 
ters are  distinguished  by  different  accents,  which  show,  that  they 
denote  different  quantities.    Thus  a,  a',  d',  are  three  different 
quantities.    The  same  may  be  said  of  b,  Vf  h",  &c 

Following  this  method,  if  we  have  four  unknown  quantities^ 
and  four  equations,  we  may  write  them  thus ; 

a  x  +  h  y  +  e   %  +  d  uz=:e 
of  x+V  y  +if  %+d!  u=:(f 
ol'x  +  V'y+d'%  +  d!'u:^e' 
a"'x  +  V"y+ef"»+df"u^e'\ 


84«  To  avoid  fractionB,  and  eiiaplify  the  calciditioM^  we  vay 
vary  the  proccns  of  eliinination  in  the  following  maimen 
Let  there  be  the  equations 

a  x  +  b  9  =  c 

it  is  eTidrntf  that  if  one  of  tlie  unknown  quantities^  x,  for  taum/hf 
has  the  saiue  coefficient  in  the  two  equationSf  we  have  oidy  to 
subtract  one  of  these  equations  from  the  other,  in  order  to  make 
this  unknown  quantity  to  disappear*  This  may  be  seen  at  onot 
in  the  equations 

lOx  +  ll  y  =  27y 
10a:+  9y=15, 
which  give 

1 J  y  —  9  y  =  sr  —  15,  or  2  y  =  12,  or  y  =  6. 
It  is  evident,  that  the  coefficients  of  x  may  be  immediately  made 
equal  in  the  equations 

a  X  +  b  Jf:=iC 
a'  X  +  Vjf:=:Cf 

by  multiplying  the  two  members  of  the  first  by  of,  tte  coefficiest 
of  X  in  the  second,  and  the  two  members  of  the  seccmd  by  a,  the 
coefficient  of  x  in  the  first ;  we  thus  obtain, 

aa'x  +  a'  by=:a'c 
a  a'x -^aVy^ad. 
Then  subtracting  the  first  of  these  from  the  second,  the  ui&nown 
quantity  x  disappears ;  and  we  have 

(a  y  —  a'  6)  y  =  a  c'  —  a'  c, 
an  equation,  which  contains  only  the  unknown  quantity  y ;  from 
this  we  may  deduce, 

_  11  c'  —  c  a' 
^'^ab'  —  ba'* 
The  method,  we  have  just  employed,  may  always  be  applied  to 
equations  of  the  first  degree,  to  exterminate  any  one  of  the  un- 
known quantities. 

By  exterminating,  in  the  same  manner,  the  unknown  quanti^ 
y,  wc  may  find  the  value  of  x. 

If  we  apply  this  process  to  three  equations,  containing  a?,  y  and 

«,  we  may  first  extertninate  x  from  the  first  and  second,  then 

from  the  first  and  third ;  we  thus  obtain  two  equations,  which 

contain  only  y  and  »,  from  which  we  may  exterminate  y. 

When  this  calculation  is  performed,  the  equation  containing  2^^ 
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to  whkh  we  amve,  mH  kftve  m  fiMstor  commoii  to  tAits  tohtti^ 
and  consequently  will  not  be  the  most  simple^  which  may  be 
obtained. 

85.  Bezout  has  given  a  very  mmji/t  method  for  extermuiatbig 
at  onoe  all  the  unknown  quantities  exc^  one^  and  for  reducing 
the  question  immediately  to  eqaations,  which  contain  one  un-^ 
known  quantity  less,  than  the  equations  proposed.  Although 
this  process  is  necessary,  only  when  equations  with  three  un- 
known quantities  are  employed^  we  shall,  in  order  to  give  a  com- 
plete view  of  the  subject,  begin  by  applying  it  to  those,  which  con- 
tain only  two. 

Let  there  be  the  equations 

a  x  +  by=:c 

nraltii^ying  the  ftrst  by  any  indeterminate  quantity  nt,  we  have 

amx  +  bmy^me; 
subtracting  from  this  result  the  equation 

a!  x+Vy^(f, 
there  remains 

a  m  a;  —  a' a: -f  6  tn  jf  •— fr' y  =  e  m  *— c^, 
or  (am — ar)x  +  (hm  —  V)ysicm — c'. 
Since  m  is  an  indeterminate  quantity,  we  may  suppose  it  to  be 
such,  that  bm  =  V.    In  this  case,  the  term  multiplied  by  if  dis- 
appears, and  we  have 


a:  = 


a  m —  a' ' 


but  since  bm=zV 9  it  follows  that, 

in  = 
therefore 


"»=F' 


ebf        , 

T~         eb^  —  bc 
X=z 


If,  instead  of  supposing  6  m  =  b',  we  make  am:=ia\  the  term, 
which  contains  ar,  will  vanish,  and  we  shall  have 

^^bm  —  ir 
The  value  of  m  will  not  be  the  same  as  before;  for  wc  shall  have 

a' 
m  =  — : 
a 
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mnd  by  sobstitiitiBg  this  in  flie  cxpreflsioii  fixr  f  f  we  find 

If  we  change  the  signs  of  the  nnmerator  and  denominator  of  this 
value  offf  the  denominator  will  become  the  samet » tbatt  in  4hs 
expression  for  Xf  since  we  shall  have 

86.  Next  let  there  be  the  three  equations 

a  x  +  b y  +  e  %sd 
a!  x  +  V  ff+cf  »=itP 
a^'ar  +  fy  +  c^^sif'; 
we  shall  be  led,  by  an  obvious  analogy,  to  multifdy  the  first  of 
these  equations  by  m,  and  the  second  by  n,  m  and  n  being  inde- 
terminate quantities,  to  add  together  the  resuHs,  and  from  the 
sum  to  subtract  the  third ;  by  tins  means,  aU  the  equations  will 
be  employed  at  the  same  time,  and  the  two  new  quantities  m  and 
n,  which  we  may  dispose  of,  as  we  {dease,  will  admit  of  any  deter- 
minate value,  which  may  be  necessary  to  make  both  the  unknown 
quantities  to  disappear  in  the  result    Having  proceeded  in  this 
manner,  and  united  the  terms  by  which  the  same  unknown  quan- 
tity is  multiplied,  we  shall  have 
(am-fa'n — a!')x+(bm  +  Vn — b'^y+(em  +  (fn — c^» 

=zdm  +  tPn  —  d". 
If  we  would  make  the  unknown  quantities  x  and  y  to  disap- 
pear, we  must  take  the  equations 

am  +  a!n=:a!' 
hm  +  VnzzV, 


and  then  we  obtain 


Tm  +  d'n—d^' 

«= -^— : rr. 


em+  c'  n  —  c' 

From  the  two  equations,  in  which  m  and  n  are  Jtbe  unknowa 
quantities,  it  is  easy  to  deduce  the  value  of  these  quantities,  by 
means  of  the  results  obtained  in  the  preceding  article ;  for  it  is 
only  necessary  to  change  in  these  results  x  hito  m,  y  into  n,  and 
to  write  instead  of  the  letters 

which  gives 


m=: 


1,6'  — 6  a' 


Bubstitiiting  tiieae  Tallies  in  the  expressioii  for  %f  end  reducinf 
ill  the  terms  to  the  same  denominator,  we  have,  (a) 

_  d(l/a"—a'b^')+d'(ab''  —  ba'')--d''(ab'  —  baf) 
*"  c(Va"— a'ft")  +  c'(a6"— fra'O— c"(a6'  — 6a')' 
If  we  had  made  the  terms  containing  x  and  %  to  disappear, 
iVe  should  have  had  y ;  the  letters  lit  and  »  would  have  depended 
ipon  the  equations 

am  +  a'n^a!'       em  +  tfn^cf', 
md  proceeding  as  before,  we  should  have  found 

d  {e'a''  —  a'  c")+d' (ae"  —  eaf')'^d"  {ae'~e  of) 
*""   6(c'a"  — a'c'0  +  6'(ac''  — ca")— 6"(ac'— ca') 
Lastly,  hy  assuming  the  equations 

jre  make  the  terms  multiplied  by  jf  and  » to  disappear ;  and  we 

jiave 

_d{e'V'-^b'c")+d'(bc"^eV)'^df'(be'^ey) 
\        ^""aCc'd"  — ^'O  +  a'CAC— cft'O  — a"(6c'  — c^O" 

These  values  being  developed  in  such  a  manner,  as  to  make 

the  terms  alternately  positive  and  negative,  if  we  change,  at  the 

same  time,  the  signs  of  the  numerator  and  denominator,  in  the 

first  and  third,  we  shall  give  them  the  following  forms ; 

_ab'd"  —  ad'b"  +  da'b"'^bafd"  +  bd^af'^db'a" 

*-"  ab'c"  —  ae'b"  +ca'b"'^ba'c^'  +bc' a" -^cb^a"^ 

_ad'c"  —  a  c'd"  +  e a'd"—da' e^  +  de'a"  —  e d' a" 
y"  ab'  c"  --ac'  6'  -{-ca'  6"—  ba'c"  +  be'  a".^cb'  a"' 
_db^c"—dc'b"J^cd'b"-^bd'(^'  +  bc'd''—cVd" 
^  ^  ab'  c''  —  a  c'  b^'  +  e  a'  b" —ba'  c"  +  b  c'  a"  ^c  b'  a"* 
87.  Let  there  be  the  four  equations 

a  x  +  b  y  +  c  c6+d  usse 
a!  x  +  V  y  +  nf  %  +  d!  u^^ 


% 
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if  we  mnltipljr  the  first  by  m,  the  second  by  fi^  the  tliird  by  p, 
and  from  the  sum  of  their  products  subtract  the  fourth^  we  shiB 
have 

+  (cm  +  cfn  +  (:f'p  —  (:f")%+(dm+in+d!'p  —  cT^ii 

ssfiii+e'n     +if'p — if". 
In  order  to  obtain  u,  we  make 

am  +  a!n'^a{'p::sa^" 
bm  +  Vn  +  V'p^zV 
em  +  dn  +  d'  p^d^'f 
we  then  have 

The  preceding  equations,  which  must  give  m,  n,  and  pf  may  be 
resolved  by  means  of  the  formulas  found  for  the  case  of  three 
unknown  quantities.  This  method  will  appear  very  simple  and 
convenient  i  but  the  nature  of  the  results  obtained  above  will  fhr- 
nish  us  with  a  rule  for  findiag  them  without  any  calculation. 

88.  To  begin  with  the  most  simple  case,  we  take  an  equatton 
with  one  unknown  quantity,  a  a?  =  ( ;  from  this  we  find 

b 

in  which  the  numerator  is  the  whole  known  term  6,  and  the  de- 
nominator the  coefiicicnt  a  of  the  unknown  quantity. 

From  the  two  equations 

ax-^hy^Cf        a'  x  +  Vy  =  d, 
we  have  ali*cady  deduced 

cb' — be*  _ac*— c/i' 

^  "  ab'-^bu'  ^  "^  ab'  —  b^'* 

The  denominator  in  this  case  is  composed  also  of  the  letters  a,  aV 
bf  Vf  by  which  the  unknown  quantities  are  multiplied.  AVe  first 
write  a  by  tlie  side  of  bf  which  gives  ab^  we  then  change  the  or- 
der of  a  and  b^  and  obtain  b  a ;  prefixing  to  this  tlie  sign  -^ 
we  have  ab  —  ba;  lastly  we  place  an  accent  over  the  last  letter 
in  each  term,  and  the  expi*ession  becomes  ab'--^ba!  for  the  de« 
nominator. 

From  this  expression  we  may  find  the  numerator.  To  obtain 
tliat  fv)r  x^  we  have  only  to  change  each  a  into  Cf  and  each  b  into 
r  for  that  of  i/,  putting  an  accent  over  the  last  letter  as  before  j 
in  this  way  we  find  tV  —  6  c'  for  (he  one,  and  ad  ^-^ca'  for  the 
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her.  TOf  mmmular  moy  Aar^bte  hejjmndfrinn  the  demndrntcff 
well  in  caMB  where  there  are  twd  mkiiown  quantittesy  as  when 
ere  is  only  one«  by  changing  the  eo^icient  of  the  nmknown  quae^ 
y  saughtf  into  the  kn€wn  term  or  MeeondmimbeTf  a^  retake  the 
scents,  which  bdanged  to  the  eo^Ments. 

Tlie  same  rule  may  be  applied  to  equations  with  three  «n« 
lown  quantities,  as  we  shall  see  by  merely  inapecting  the  val- 
s,  which  result  from  these  equations.  With  respect  to  the  de« 
iminator,  it  is  necessary  flirther  to  illustrate  the  method  by 
liich  it  is  formed.  NoWf  since  in  the  case  ci  two  unknown 
.antitics,  the  denominator  presents  all  the  possible  tranpositiona 
the  letters  a  and  6,  by  which  the  unknown  quantities  are  mul* 
died,  it  may  be  supposed,  that  when  there  are  three  unknown 
antities,  their  denominator  will  contain  all  the  arrangements 
the  three  letters  a,  b,  c  These  arrangements  may  be  formed 
the  following  manner. 

We  first  make  the  transpositions  ah  —  ba  with  the  two  letten 
ind  6,  then  after  the  first  term  a  ft,  mfiiA  the  third  letter  e,  which 
?es  a  6  c ;  making  this  letter  pass  through  all  the  places^  ob« 
rving  each  time  to  change  the  sign,  and  not  to  derange  the  or- 
tr  in  which  a  and  b  respectively  stand,  we  obtain 

abc-^acb-^-cab. 
roceeding  in  the  same  manner  with  respect  to  the  second  term 
-6a,  we  find 

—  bac+bca^^cbai 

nnccting  these  products  with  the  preceding,  and  placing  over 
e  second  letter  one  accent,  and  over  the  third  two,  we  have 

aVd'  —  adV'  +  ca'ir^be!c!'+bda"^cVa% 
result,  which  agrees  with  that  presented  by  the  formulasf  ob* 
Ined  above. 

From  this  it  is  obvious,  that,  in  order  to  form  a  denominator 
the  case  of  four  unknown  quantities,  it  is  necessary  to  intro- 
(ce  the  letter  d  into  each  of  the  six  producte 

abc— -act-f-ca6^ftac-ftca  — cfta, 
id  to  make  it  occupy  successively  all  the  places.    The  term 
>c,  for  example,  will  give  the  four  following ; 

abcd-^abdc+adbc-^dabc 
we  observe  the  same  method  in  rc^rd  to  the  live  other  pro- 
cts,  the  whole  result  will  be  twenty  four  terms,  in  each  of 
t.1 
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\i'hicli9  the  second  letter  "will  have  one  accent»  the  third  twoy  uri 
the  fourth  three.  Tiic  numerators  of  the  unknown  quantities  % 
X,  y  and  x,  arc  found  by  the  rule  already  given.* 

89.  We  may  employ  these  formulas  for  the  resolution  of  mi- 
mcrical  equations.    In  doing  this,  we  must  compare  the  terms  of 
the  equations  proposed  ^ith  the  corresponding  terms  of  the  gen- 
eral equations*  given  in  the  preceding  articles*. 
To  resolve^  for  example,  the  three  equations 

7a:  +  5y  +  2»=   79 
8a:  +  7jf  +  9»=122 
x  +  4y  +  5%^  55, 
it  is  neccssai7  ^  compare  tlie  terms  with  those  of  the  eqot- 
tioiis  given  in  art  86.    We  have  tlicn 

a  :=:7fb  zszSfC  =2,^  =i    79 
a'  =  8,  f  =  7,  c'  =  9,  d'  =  122 
a"=l,ft"=4,c"=5,  d"=    55. 
Substituting  these  values  in  the  general  expressions  for  the  un- 
known quantities  a:«  y  andjs,  and  going  through  the  operation^ 
which  are  indicated,  we  find 

a;  =  4,  9  =  9,  »  =  $. 
It  is  impoiiant  to  remark,  that  the  same  expressions  may  be 
employed,  even  when  the  proposed  equations  are  not,  in  aU  their 
termfl,  affected  with  the  sign  -f,  as  the  general  equations  frbm 
whicii  these  expressions  are  deduced  appear  to  require.  If  we 
have,  for  example, 

3  a;  —  9y  +  8»=      41 
—  5a?  +  4y+2s  =  —  20 
llx  — 7i/  — 6«=       37, 
in  comparing  the  terms  of  these  equations  with  the  correspond- 
ing ones  in  the  general  equations,  we  must  attend  .to  the  signs;, 
and  tlie  I'esult  will  be 

ft  =  +    3,  &  = — 9,  c  =  +  8,  d  =  +41 

a'  =—    5,  fc'  =  +4,  c'  =  +  2,  d'  =  —  20 

a"=+  11,6"  =  — 7,c"  =  — 6,d"= +  37. 

We  ai'cthen  to  deterniine  by  the  rules  given  in  art  31,  Uiesigiif 

*  M.  Laplace,  in  the  second  part  of  the  M6moire8  de  PAcademie 
(Ics  Sciences  for  1772,  p.  294,  has  demonstrated  tliese  rules  d  priori* 
»See  uUo  dnnales  de  *MtathSmatiques  pures  uppliqu6e»y  by  M.  GergODDe, 
vol.  iv.  p.  H8. 
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/hich  each  term  of  the  general  expressions  for  x,  y  and  %  ought 

d  have,  according  to  the  signs  of  tiie  factors  of  which  it  is  com- 

osed.  Tlius  we  find^  for  example,  that  the  first  term  of  thocom- 

lon  denominator,  which  is  a  ft'  d',  becoming  -|.3x+4x-—  6, 

hanges  the  sign  of  the  product,  and  gives  -—  72.  If  we  observe 

le  same  method  with  respect  to  tlie  other  terms,  both  of  the  nu- 

lerators  and  denominators,  taking  the  sum  of  those,  which  are 

ositive,  and  also  of  those  which  are  negative,  we  obtain 

3874  —  2834      —60 

X  =    = =  4-2 

59a—    622      —30      ^ 

_  S022  —  2932  _  +  90 

y^    592—    1322 "" .^Tso "■  * 

3859  —  3B89  _  —  30  _ 

^""    dM—   522 ■"  .^ITso  "  "*■    • 

7qiuitions  o^tlie  secoihd  degree,  having  only  one  unknown  quantity. 

90.  VLiTOERto  I  have  been  employed  upon  equations  of  the 
TSt  degree^  or  such  as  involve  only  the  first  power  of  the  un- 
known quantities ;  but  were  the  question  proposed,  Tojind  a  mim- 
tT9  which,  mtdtijilied  hy Jive  times  ifsdf,  wUl  give  a  product  equal  to 
\%5  ;  if  we  designate  tliis  number  by  x,  five  times  the  same  will 
.le  5  X,  and  we  shall  have 

5.T«=125. 
;.   This  is  an  equation  of  the  second  degree,  because  it  contaias  x^, 
)r  the  second  power  of  the  unknowTi  quantity.    If  we  free  this 
second  power  from  its  coeflicicnt  5,  we  obtain 

a;«  =_,        or         X*  =  25. 
5  ' 

We  cannot  here  obtain  the  value  of  the  unknown  quantity  x 
»  in  art.  11,  and  the  question  amounts  simply  to  this,  to  find 
a  number  which,  multipliexl  by  itself,  will  give  25.  It  is  obvious 
that  this  number  is  5  ;  but  it  seldom  happens  that  the  solution  is 
M>  easy ;  hence  arises  this  new  numerical  question ;  to  Jini  a 
number,  which,  multiplied  by  itself ,  will  give  a  product  equal  to  apro^ 
pasednuniber;  or,  which  is  the  same  thing,  from  the  second  power 
of  a  number,  to  retrace  our  steps  to  the  number  from  which  it  is 
derived,  and  which  is  called  the  square  root.  I  shall  proceed  in 
the  first  place  to  resolve  this  question,  as  it  is  involved  in  the  de- 
termination of  the  unknown  quantities,  in  all  equations  of  the  sc- 
L-ond  degree. 


91.  The  mefliod  employed  in  findiBg  or  extraeUng  tka  mota  rf 
Biuaben,  suppoMs  the  second  power  of  euch,  m  are  erprinoed  by 
only  one  figure  to  be  known.  See  the  nine  primitiTe  niudben 
with  their  second  powers  written  under  tiieni  respectifcfy. 
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It  is  evident  from  tliis  table,  that  the  second  power  of  a  aum- 
ber  expressed  by  one  figure,  contains  only  two  figures  ;  10»  wUch 
is  the  least,  number  expressed  by  two  figures,  has  for  its  square 
a  number  compbsed  of  three,  100.  In  order  to  resolve  the  se- 
cond power  of  a  number  consisting  of  two  figures,  we  must  attend 
to  the  method  by  which  it  is  formed ;  for  this  purpose  we  must 
inquire,  how  earh  part  of  the  number  47,  for  example,  is  employ- 
ed in  the  production  of  the  square  of  this  number. 

We  may  resolve  47  into  40  -f  7,  or  into  4  tens  and  7  units; 

if  we  represent  the  tens  of  the  proposed  number  by  a,  and  the 

units  by  b,  the  second  power  will  be  expressed  by 

(a  +  b)(a  +  b)ssa*  +  2ab  +  b*  ; 

that  is,  it  is  made  up  of  three  parts,  namely,  the  s^puire  qftke  kMf 

twice  the  product  of  the  tens  mvUipUed  by  the  units,  and  the  sqmare^ 

the  units.    In  the  example  we  have  taken^  a  ==  4  tens  or  40  units^ 

and  6  =  7;  we  have  then 

a*  =  1600 

2a  6=   560 

*•=     49 


Total,     a«  +  2  a  6  +  6*  =  2209  =  47  X  47. 

Now  in  order  to  return,  by  a  reverse  process,  from  the  number 
2209  to  its  root,  we  may  observe,  that  the  square  of  the  tens,  1600, 
has  no  figure,  which  denotes  a  rank  inferior  to  hundreds,  and 
that  it  is  the  greatest  square,  which  the  22  hundreds,  comprehend- 
ed in  2209,  contain ;  for  22  lies  between  16  and  25,  that  is,  be- 
tween the  square  of  4  and  that  of  5,  as  47  falls  between  4  tens  or  40f 
and  5  tens  or  50. 

We  find  therefore,  u|)on  examination,  that  the  greatest  square 
contained  in  22  is  16,  the  root  of  which  4  expresses  the  number 
of  tens  in  the  root  of  2209 ;  subtracting  16  hundreds  or  1600 
from  2209,  the  remainder  609  contains  double  the  product  of  the 
tens  by  the  units,  560,  and  the  square  of  the  units  49.  But  as 
double  the  product  of  the  tens  by  the  units  has  no  figure  iiife* 


BquaHons  (fihe  Beemi  Begne  wOh  mitwiiimofwn  ^Mmttfy.  Idl 

nor  to  fensy  it  mini  be  firaiMl  in  flie  two  lint  tguns  60  of  flie 
renuunder  609,  wfakh  contnn  also  the  teB8»  arishig  from  the 
oqMte  of  Uie  oiiitB*  Now  if  we  divide  60  by  doaUe  of  the  tens 
8,  and  neglect  the  remainder,  we  have  a  quotient  7  equal  to  the 
unitrsought.  If  we  multiply  8  by  7,  we  have  doable  the  product 
of  the  tens  by  the  units,  560 ;  subtracting  this  from  the  whole 
remainder  609,  we  obtain  a  diStoence  49,  which  must  be,  and  in 
fiu^  is  the  square  of  the  units. 
This  process  may  be  exhibited  thus ; 

22,09  I  47  * 


60,9 
60  9 


000 

We  write  the  proposed  number  in  the  manner  of  a  dividend, 
and  assign  for  the  root  the  usual  place  of  the  divisor.  We 
then  separate  the  units  and  tens  by  a  comma,  and  employ 
only  the  two  first  figures  on  the  left,  which  contain  the  square 
of  the  tens  found  in  the  root.  We  seek  the  greatest  square 
16,  contained  in  these  two  figures,  put  the  root  4  in  its  assigned 
place,  and  subtract  16  from  22.  To  the  remainder  we  bring 
down  the  two  other  figures,  09,  of  the  proposed  number,  separat- 
ing the  last,  which  does  not  enter  into  double  tlie  product  of  tho 
tens  by  the  units,  and  divide  the  remainder  on  the  left  by  8,  dou- 
ble the  tens  in  the  root,  which  gives  for  the  quotient  the  units  7. 
In  order  to  collect  into  one  expression  the  two  last  parts  of  the 
square  contained  in  609,  we  write  7  by  the  side  of  8,  which 
gives  87,  equal  to  double  the  tens  plus  the  units,  or  2  a  -f-  ft ;  this 
multiplied  by  7  or  b,  reproduces  609  =  2 a 6  +  b<,  or  double  the 
product  of  the  tens  by  the  units,  plus  the  square  of  the  units. 
This  being  subtracted  leaves  no  remainder,  and  the  operation 
shows,  that  47  is  the  square  root  of  2209. 

If  it  were  required  to  extract  the  square  root  of  324 ;  the 
operation  would  be  as  follows ; 

3,24  I  18 

22,4  I  28 
22  4 

000 


io&  Elemenii  rf  JBgAru. 

Proceeding  as  in  the  last  example,  we  obtain  1  for  the  place 
of  tens  of  tlie  root ;  this  doubled  gives  the  number  S,  by  which 
the  two  first  figures  22  of  the  remainder  are  to  be  divided.  Now 
S2  contains  2  eleven  times,  but  the  root  can  neither  be  more  than 
10»  nor  10 ;  even  9  is  in  fact  too  large,  for  if  we  write  9  by  the 
side  of  2,  and  multiply  29  by  9*  as  the  rule  requires,  the  result  is 
261,  ^hich  cannot  be  subtracted  from  224.  We  are  therefore 
to  consider  the  division  of  22  by  2,  only  as  a  means  of  aj^roxi- 
mating  the  units,  and  it  becomes  necessary  to  diminish  tiie  quo- 
tient obtained,  onttl  we  arrive  at  a  product,  which  does  not 
exceed  the  i*emaindor  224.  The  number  8  answers  to  this  con- 
dition, since  8  x  28  =  224  ;  therefore  the  root  sought  is  18. 

By  resolving  the  R(|uarc  of  18  into  its  three  parts  we  find  ; 

/i«  =  100 

2  aft  =  160 

ft«=    64 


Total,  324  =  18X18, 

and  it  may  be  seen,  that  the  6  tens,  contained  in  the  square  of 
tlic  units,  being  united  to  160,  double  the  product  of  the  tens  by 
the  units,  alters  this  pmduct  in  such  a  manner,  that  a  division  of 
it  by  double  the  tens  will  not  give  exactly  the  units. 

92.  It  will  not  be  difficult,  after  what  has  been  said,  to  extract 
the  square  root  of  a  number,  consisting  of  three  or  four  figures; 
but  some  further  observations,  founded  upon  tlie  principles  above 
laid  down,  may  be  necessary  to  enable  the  reader  to  extract  the 
root  of  any  number  whatever. 

No  numberless  than  100  can  have  a  square  consisting  of  more 
than  four  Agnizes,  since  that  of  100  is  10000,  or  the  least  immber 
expressed  by  five  figures.  In  order  therefore  to  analyze  the 
Kquai*e  of  any  number  exceeding  100,  of  473,  for  example,  we 
may  resolve  it  into  470  -f  3,  or  47  tens  plus  3  units.  To  obtain 
its  square  ii'om  the  formula 

fl»  +2a6  +  6«, 
\\e  nrnkc  a  =47  tens  =  470  units,  6  =  3  units,  then 

«»  =  220900 

2  a  6  =      2820 

6»=  9 


Total,  223729  =  473  X  473. 

In  this  exainple,  it  is  evident  that  the  scpiare  of  the  tens  has  w 


Bipuiti(m8  if  tlu  8ec(md  Ikgree  with  one  unhurt  lOfS 

figure  inferior  to  hundreds,  and  this  is  a  general  principle,  since 
tens  multiplied  by  tens,  always  give  hundreds  (Jirith.  Si). 

It  is  therefore  in  the  part  2237,  which  remains  on  the  left  of 
the  proposed  number,  alter  we  have  separated  the  tens  and  units, 
'that  it  is  necessary  to  seek  the  square  of  the  tens ;  and  as  473 
•lies  between  47  tens,  or  470,  and  48  tens,  or  480,  2237  must  fall 
between  the  square  of  47  and  that  of  48 ;  hence  the  greatest 
square  contained  in  2237,  will  be  the  square  of  47,  or  that  of  the 
tens  of  the  root.  In  order  to  find  these  tens,  we  must  evidently 
proceed,  as  if  we  had  to  extract  the  square  rodt  of  2237  only ; 
but  instead  of  arriving  at  an  exact  result^  we  have  a  remainder, 
which  contains  the  hundreds  arising  from  double  the  profluct  of 
the  47  tens  multiplied  by  the  units. 

The  o|>eration  is  as  follows 

22,37,29  I  473 


16 


63,7 
60  9 


87 
943 


282,9 
282  9 


0 

We  first  separate  the  two  last  figures  29,  and  in  order  to  extract 
the  root  of  the  number  2237,  which  remains  on  the  left,  we 
further  separate  the  two  last  figures  37  of  this  number ;  the 
proposed  number  is  then  divided  into  portions  of  two  figures, 
beginning  on  the  riglit  and  advancing  to  the  left.  Proceeding 
with  the  two  first  portions  as  in  the  preceding  article,  we  find 
the  two  firet  figures  47  of  the  root ;  but  we  have  a  remainder 
28,  which,  joined  to  the  two  figures  29  of  the  last  portion,  ctm- 
tains  double  the  product  of  the  47  tens  by  the  units,  and  the 
square  of  the  units.  We  separate  the  figure  9,  which  forms  no 
part  of  double  the  pmduct  of  the  tens  by  the  units,  and  divide 
5282  by  94,  double  the  47  tens ;  writing  the  quotient  3  by  the 
side  of  94,  and  multiplying  943  by  3,  we  obtain  2829,  a  num- 
ber exactly  equal  to  the  last  remainder,  and  the  operation  is 
complcied. 

93.  In  order  to  show,  by  what  method  we  are  to  proceed  with 
any  number  of  figmvs,  however  great,  I  shall  cxtv^c,\.V\\^\w3X^ 
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5UIS918d4«  Whatever  this  root  may  be,  we  maj  mfpoM  it 
capable  of  being  resolved  into  tens  and  unitSy  as  in  the  pmoeffi^g 
examples.  As  the  aquare  of  the  tens  has  no  figure  inferior  tt 
bundredsy  the  two  last  figures  84  cannot  make  a  part  of  it ;  wt 
may  therefore  separate  themy  and  the  question  will  be  reduced 
to  this»  to  find  the  greatest  square  contained  in  the  part  8S591tb 
which  remains  on  the  lefU  This  part  consisting  of  more  thaa 
two  figureSf  we  may  conclude,  that  the  numberi  which  expressn 
the  tens  in  the  root  sought,  will  have  more  than  one  figure ;  it 
may  therefore  be  resolved,  like  the  others,  into  tens  and  luilfc 
As  the  square  of  the  tens  does  not  enter  into  the  two  last  fignroi 
18  of  the  number  225918,  it  must  be  sought  in  the  figarai 
2239,  which  remain  on  the  left  $  and  since  2239  still  oomristB  of 
more  than  two  figures,  the  square,  which  is  coi^ained  in  it  msflt 
have  a  root,  which  consists  of  at  least  two ;  the  number  which 
expresses  the  tens  sought  will  therefore  have  more  than  oM 
figure ;  it  is  then,  lastly,  in  22  that  we  must  seek  the  square  of 
that,  which  represents  the  units  of  the  highest  ^ace  in  tlie  root 
required.  By  this  process,  which  may  be  extended  to  aay 
length  we  please,  the  proposed  numb^  may  be  divided  into  por- 
tions of  two  figures  from  right  to  left ;  it  must  be  understood 
however,  that  the  last  figure  on  the  left  may  consist  of  only  one 
figure. 

Having  divided  the  proposed  number  into  portions  as  below, 
we  proceed  with  the  three  first  portions,  as 
in  the  preceding  article;  and  when  we 
have  found  the  three  first  figui-es  473  of  the 
root,  to  the  remainder  189  we  bringdown 
the  fourth  portion  24,  and  consider  tlic 
number  18924,  as  containing  double  the 
product  of  the  473  tens  already  found  by 
the  units  sought,  plus  the  square  of  these 

0000  0 

units.  We  separate  the  last  figure  4 ;  di- 
vide those,  \vhirh  remain  on  the  left;,  by  946,  double  of  473,  and 
then  make  trial  of  the  quotient  2,  as  in  the  preceding  examples. 
Here  the  operation,  in  the  present  c&sc,  terminates ;  but  it  is 
very  obvious,  that  if  we  had  one  portion  more,  the  four  figures 
ali-eady  found  4732,  would  express  the  teas  of  a  root,  the  units 
of  which  would  remain  to  be  sought ;  we  should  proceed  tharefoiv 


22,39,1 8«24 

4732 

16 

87 

63,9 
60  9 

943 
9463 

301,8 
282  9 

1892,4 
1 89  0  4 
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III  diTidtt  the  ranainder  now  towndf  together  with  (he  first  tgnm 
of  the  idlowiiig  portion^  by  doable  of  these  tenst  and  so  on  fbr 
each  of  the  portions  to  be  successiTely  broagiit  down. 

M*  Iff -after  haTuig  broaght  down  a  p(»iion>  the  remaindeTf 
joined  to  the  first  figure  of  this  portion^  does  not  contain  double 
of  the  igures  already  founds  a  cypher  must  be  placed  in  the  root ; 
ftr  the  rooty  in  this  case^  will  have  no  units  of  this  rank ;  tha 
Mkywing  portion  is  then  to  be  brought  down,  and  the  operation 
to  be  continued  as  before.  The  example  subjoined  will  illustrate 
this  case.  The  quantities  to  be  subtracted  are  49942,09  |  703 
not  pat  down,  but  the  subtractions  are  supposed  04,20,  9  j  1403 
to  be  performed  mentally,  as  in  division.  0  00   0 

95.  Every  nmnber,  it  will  be  perceived,  is  not  a  perfect  square. 
If  WIS  look  at  the  table  given,  page  100,  we  shall  see  that  between 
the  squares  of  each  of  the  nine  primitive  numbers,  there  are  in- 
tervals comprehending  many  numbers,  which  have  no  assignable 
root ;  45,  for  instance,  is  not  a  square,  since  it  falls  between  36  and 
49.  It  veiy  often  happens,  therefore,  that  the  number,  the  root  of 
wiiich  is  sought,  does  not  adroit  of  one ;  but  if  we  attempt  to  find 
it,  we  obtain  for  the  result  tlie  root  of  the  greatest  square,  which 
die  number  contains.  If  we  seek,  for  example,  the  root  of  2276, 
we  obtain  47,  and  have  a  remainder  67,  which  shows,  that  tha 
greatest  square,  contained  in  2276,  is  that  of  47  or  2209. 

As  a  doubt  may  sometimes  arise,  after  having  obtained  the 
root  of  a  number,  which  is  not  a  perfect  square,  whether  the 
root  found  be  that  of  the  greatest  square  contained  in  the  number, 
I  shall  give  a  rule,  by  which  this  may  be  readily  determined. 
As  the  square  of  a  -f-  ft  is 

c*+2a6  +  fc*, 
if  we  make  5=1,  the  square  of  a4- 1  will  bo 

a*  +2tt  +  l, 
a  quantity  which  differs  from  a*,  the  square  of  a,  by  double  of  a, 
plus  unity.  Therefore  if  the  root  found  can  be  augmented  by 
aailjf,  or  more  than  uiii/f^,  its  square^  subtracted  from  the  proposal 
nuwJberf  will  leave  a  remainder  at  least  equal  to  twice  this  root  plus 
unity.  Whenever  this  is  not  the  case,  the  root  obtained  will  be, 
in  fiict,  that  of  the  greatest  square  contained  in  the  number  pro- 
posed. 

96,  Since  a  fraction  is  multiplied  by  another  fraction,  when 
their  numerators  are  multiplied  together,  and  their  v\^\\^TeCvKaX»t^ 
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tMjgiillMigj  it  kl  <tMBBt4fcit  ikt  fiwiiuct  a#MfeiAriM^UB||H 
ilMil&  or  the  Mfmreifm  fratHm  it  <fMft»»  iiiitfrtiif  ii 

niot ^f  to  wMigiMrfor  otMi  ttot  qf ite  iliiiiMifiali^i  g»«llM^tfci1 
^tfU^if  becMM  5  is  tiie  aqwre  iMttot 4riMHfet«'MM^ 
.  It  ia  very  importaiit  to  nmukf  ^tmtk  wM^tJtj^imt^Wmwfi 
of  fivctumsy  praperiy  so  csHcd,  slwajs  ltair<loipB».li«t  nwm^ 
Imd  iHNRhr,  wMcfc  it  imdiieitfe»  (Agitiu;#fl8)y^ii<%Tiiwii 
fBrf  ty  tfi^f,  ffoe  afraetimiai  remit,  ig*fafci»3sh>  ftfufcaii 

^.  This  propositian  depends  ifpQii  .^.flbttlV^E^ 
prtfM  MHiifcer  P^  whkh  wiU  dMiIe  the  jM«iMCl  AS  eftrnrn 
tmAandBfWm neemarOg «M$ orte^f tMt^iiiwiiJi;  ^ 

Let  OS  sv^ose,  fliiititwffl  sot  dtfMe*4l*i0hl^dH*Jlli 
greater ;  if  we  designate  the  enttre  put  iifihn'j(iiiHiit'^*iil 
tlw  remainder  by  JBV  we  have  '  '*'    '  ''* 

mnltipllgiqg  by  Ub,  we  obtain  .^*^ii.'     ;  " 

and  dividing  tbe  two  members  of  this  ^^oniioii  lij  1^^  iklm 

from  which*  it  a^^ars,  that  if  .1 B  be  divisible  by  P,  tbepn 
j}  ff  will  be  divisible  by  the  same  nimibw.     Now  Bf,  bdnf 
remainder  after  the  division  of  B  by  P,  most  be  less  tkn 
therefore  ff  cannot  be  divided  hf  P;  if  we  divide  P  by  1 
have  a  quotient  ^  and  a  remainder  Ef'iiS  furtiier  we  diii 
by  BT^  we  have  a  quotient  q['  and  a  remainder  Bf^',  and  a 
since  P  is  a  prime  number. 
We  have  therefore  the  following  series  of  equations  ; 
P  =  (fB  +  B,    P=:rf'B'  +  Br,Scc. 
multiplying  each  of  these  by  ^f  we  obtain 

AP-i^AB+jlB',     AP:=z(i'AB'^JiB"tau 

dividing  by  P,  we  have 

From  these  results  it  is  evident,  that  if  ^AB  be  divisible  h 
the  products  Ji  tt\  A  tt",  &c.  will  also  be  divisible  by  it  Bi 
I'omainders  B^  B',  B"^  &c.  are  becoming  less  andkaacontine 
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thqr  llmlly  tmninate  in  anity^  for  the  operation  exhibited 
aboTe  may  be  continued  in  the  same  manner^  while  the  remain* 
der  is  greater  than  U  eince  P  is  a  prime  number.  Now  when 
the  remainder  becomes  nni1y»  we  have  the  product  Axlf  which 
Bust  be  dmaible  by  P ;  therefore  A  also  must  be  divisible  by  P* 

Hencey  if  the  prime  number  F,  which  we  have  sufqposed  not 
to  divide  B9  will  not  divide  Ji,  it  will  not  divide  the  product  of 
fbeae  numbers. 

fThis  denumstration  is  taken  prindpaUy  Jrrnn  the  Theorie  des 
Bomhres  of  M.  Legendre.) 


98.  Now  when  the  fraction  —  is  irreducible,  there  is  no  prime 

Bumberf  which  will  divide^  at  the  same  time,  b  and  a ;  but  from 
the  preceding  demonstration,  it  is  evident,  that  every  prime 
number^  widch  will  not  divide  a,  will  not  divide  a  x  Of  or  a*,  every 
prime  number,  which  will  not  divide  A,  will  not  divide  bxbt  or 
ft*  ;  the  numbers  a*  and  t*  are  therefore,  in  this  case,  prime  to 

each  otiier ;  and  consequently  the  square  -j  of  tiie  fraction  — ,  be- 
ing irreducible,  as  well  as  the  fraction  itself,  cannot  become  an 
entire  number  (^K 

99.  From  this  last  proposition  it  follows,  (hat  entire  numberSf 
except  only  sticb,  as  are  ferftd  squareSf  admit  oj  no  assignable  root, 
either  among  whole  numbers  or  Jractions,  Yet  it  is  evident,  that 
there  mu^  be  a  quantity,  which,  multiplied  by  itself,  will  produce 
any  number  whatever,  2276,  for  instance,  and  tiuit,  in  the  present 
caae^  this  quantity  lies  between  47  and  48^  for  47  x  47  gives  a 
product  less  than  this  number,  and  48  x  48  gives  one  greater. 
Dividing  then  the  difference  between  47  and  48  by  means  of 
fractions,  we  may  obtain  numbers  that,  multiplied  by  themselves^ 
will  give  products  greater  than  the  square  of  47,  but  less  than 
that  of  48,  and  which  will  approach  nearer  and  nearer  to  the 
number  2276. 

The  extraction  of  the  square  root,  therefore  applied  to  num- 
bers, which  are  not  perfect  squares,  makes  us  acquainted  with  a 
new  species  of  numbers,  in  the  same  manner,  as  division  gives 
rise  to  fractions  ;  but  there  is  this  difference  between  fractions 
and  the  roots  of  numbers,  which  are  not  perfect  squares ;  that 
the  former,  which  are  always  composed  of  a  certain  number  of 
parts  of  unity,  have  with  unity  a  eamnum  measmtf  or  a  rela- 
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am  which  nay  be  npnssMdbj  whole  BiiBiben»  which  Ibi  kttar 
have  not. 

If  we  conceiTe  unity  to  be  divided  into  five  parlB»  for  fmawnK 
we  express  the  quotient  arisinjf;  from  the  division  of  9  by  5^  er 
|,  by  nine  of  these  parti  $  |  then»  being  contained  fivB  tisMaia 
rniityy  and  nine  times  in  {« is  the  coimrnm  meowre  of  unity  tMid  tfai 
fraction  f »  and  the  relation  tliese  quantities  have  to  each  odnr 
is  that  of  the  entire  numbers  5  and  9. 

Since  whole  numbers,  as  well  as  fractions,  have  a 
measure  with  unity,  we  say  tiiat  these  quantities  are 
raUe  with  unity,  or  simply  that  they  are  eammamuratle ;  and 
since  their  relations  or  roHoSf  with  respect  to  unity,  are  express- 
ed by  entire  numbers,  we  designate  both  whde  numbers  and 
fractions,  by  the  common  name  ot  rational  numbersm 

On  the  contrary,  the  square  root  of  a  number,  which  is  nets 
perfect  square^  is  incommensurahle  or  irralionalf  because,  as  it 
cannot  be  represented  by  any  fraction,  into  whatever  mnnber 
of  parts  we  suppose  unity  to  be  divided,  no  one  of  tliese  parti 
will  be  sufficiently  small  to  measure  exactly,  at  the  same  tlnw^ 
both  tliis  root  and  unity. 

In  order  to  denote,  in  general,  that  a  root  is  to  be  extraded, 
whether  it  can  be  exactly  obtained  or  not,  we  employ  the  char- 
acter \/^,  which  is  called  a  radical  sign ; 

\/i6  is  equivalent  to  4, 
\/T  is  incommensurable  or  irrational* 

100.  Although  we  cannot  obtain,  either  among  whole  mnnben 
or  fractions,  tlie  exact  expression  for  vs",  yet  we  may  approxi- 
mate  it,  to  any  degree  we  please,  by  converting  this  number  lnt» 
a  fraction,  tlie  denominator  of  which  is  a  perfect  square.  The 
root  of  the  greatest  square  contained  in  tite  numerator  will  then 
be  that  of  the  proposed  number  exprcs.<9cd  in  parts,  the  value  of 
which  will  be  denoted  by  the  root  of  the  denominator. 

If  we  convert,  for  example,  the  number  2  into  twenty-fifthSf 
we  have  |J.  As  tlie  root  of  50  is  7,  so  far  as  it  can  be  express- 
ed in  whole  numbers,  and  the  root  of  25  exactly  5,  we  obtain  {, 
or  1|  for  the  root  of  2,  to  within  one  fifth. 

101.  This  process,  founded  upon  wliat  was  laid  down  in  article " 
96,  that  the  square  of  a  fraction  is  expressed  by  the  square  of  the 
numerator  divided  by  the  square  of  the  denominator,  may  evident- 
ly be  applied  to  any  kind  of  ihu^tion  whatever,  and  more  readily 
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to  didBiato  flum  to  othm.  it  is  maufM*  todc^y  from  tko  a«P 
tare  of  muhiplicatkMi,  that  the  square  of  a  number  exj^esssd  by 
tanths  will  be  hondre^tths,  and  ttat  the  square  of  a  number  ex- 
pressed by  hundredths  will  be  ten  tbousandthsy  and  so  mi;  and 
cmmjyunUyf  that  the  number  of  decknat  figures  j«  the  eqware  is 
etmmfe  dmiU  thai  ef  the  decimol  figures  in  the  roeL  The  truth  of 
this  ivmark  is  further  evident  from  the  rule  obserred  in  the  mat* 
tiplication  of  decimal  numbers^  which  requires  that  a  fvodnct 
riMHild  contain  as  many  decimal  figures^  as  there  are  in  beth  tlie 
fbctors.  In  any  assumed  case  therefore,  the  proposed  numbeiv 
considwed  as  the  product  of  its  root  multiplied  by  itself,  must  have 
twice  as  many  decimal  fig^ures  as  its  root. 

From  what  has  been  said  it  is  clear,  that  in  order  to  obtain 
the  square  root  of  227,  for  example^  to  within  one  hundredth,  it 
is  necessary  to  reduce  this  number  to  ten  thousandths,  that  is,  to 
annex  to  it  four  cyphers,  which  gives  2270000  ten  thousandths. 
The  root  of  this  may  be  extracted  in  the  same  manner,  as  tliat 
of  an  equal  number  of  units;  but  to  show  that  the  result  is 
hundredths,  we  separate  the  two  last  figures  on  the  right  by  a 
comma.  We  thus  find  that  the  root  of  227  is  15,06^  accurate  to 
hundredths.    The  operation  may  be  seen  below ; 


2,27,00.00 


1506 


12,7  25 

2  00  00    3006 
19  64 

If  there  are  decimals  already  in  the  proposed  number,  iliey 
should  be  made  even.  To  extract,  for  example,  the  root  of  51,7  we 
place  one  cypher  after  this  number,  which  makes  it  hundredths  ; 
we  then  extract  the  root  of  51,70.  If  we  proposed  to  have  one 
decimal  more,  we  should  ^ace  two  additional  cyphers  after  this 
number,  which  would  give  51,7000 ;  we  should  then  obtain  7,19 
for  the  root 

If  it  were  required  to  find  the  square  root  of  the  numbers  2 
and  S  to  seven  places  of  decimals,  we  should  annex  fourteen 
cyphers  to  tliese  numbers ;  the  result  would  be 

V3"  =  1,4142136,  V3"  =  1,7320508. 

102.  When  we  have  found  more  than  half  the  numberof  figures, 
of  which  we  wish  the  root  to  consist,  we  may  obtoin  the  rest  sim- 
ply by  division.  I^t  us  take,  for  example,  32976 ;  the  square  root 
of  this  number  is  1 8 1 ,  and  the  remainder  21 5.    If  we  divide  this 
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remainder  815  by  S629  double  of  181^  and  extend  the  ^Qotiaatta 
two  decimal  places^  we  obtain  OySQy  wliich  must  be  added  to  181 ; 
tlie  result  wiU  be  181,59  for  the  root  of  S2976»  which  is  accurate 
to  within  one  hundredth. 

In  order  to  prove  that  this  method  is  correct,  let  us  deaigiiate 
the  proposed  number  by  JV;  the  root  of  the  greatest  square  con- 
taiiH^  in  this  number  by  a»  and  that  which  it  is  necessary  to  add 
to  this  root  to  make  it  the  exact  root  of  the  proposed  number  by 
ft ;  we  have  then 

JV*=a*4.Saft  +  ftS 
from  which  we  obtain 

JV— a»=2a6  +  6«; 

dividing  this  by  2  a,  we  find 

From  this  result  it  is  evident,  that  the  first  member  may  be 

ft* 
taken  for  the  value  of  ft,  so  long  as  the  quantity  -r-   is  leas  thaa 

a  unit  of  the  lowest  place  found  in  ft.  But  as  the  square  of  a 
number  cannot  contain  more  than  twice  as  many  figures  as  the 
number  itself,  it  follows,  that  if  the  number  of  figures  in  a 

exceeds  double  those  in  ft,  the  quantity  ~  will  then  be  a  fraction. 

In  the  preceding  example,  a=  181  units,  or  18100  hundredths, 
and  consequently  contains  one  figure  more  than  the  square  of 

59  hundredths;  the  {i*action  then  —  becomes,  in  this  cas^ 
_i-li —  = ,  and  is  less  than  a  unit  of  the  second  part  59, 

2X18100      30200'  *^ 

or  than  a  hundredth  of  a  unit  of  the  first 

109.  This  leads  to  a  method  of  approximating  the  square  root 

of  a  number  by  means  of  vulgar  fi*actions.    It  is  founded  on  the 

circumstance  that  a,  being  the  root  of  the  greatest  square  cob* 

ft* 
tained  in  JV*,  ft  is  necessarily  a  fraction,  and  ~  being  much 

smaller  than  ft  may  be  neglected* 

If  it  were  requii-ed,  for  example,  to  extract  the  square  root 
of  2;  as  the  greatest  square  contained  in  this  number  is  1,  it 
we  subtract  this,  wc  have  a  remainder  1.  Dividing  this  re- 
mainder by  double  of  the  root  we  obtain  \  ;  taking  this  quotient 
for  the  value  of  the  quantity  ft,  we  have,  for  the  first  approxima- 
tion to  the  root,  1  +  ^t  or  |.   Raising  this  root  to  its  square,  we 
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tnd  fy'  whichy  soUracted  from  2  or  l,  ^ves  for  a  remainder — |^ 
In  tUfrcase  tbe  fbnnida 

Xeceaea 

•  Sobititiituig-— ^\  for  b,  we  have  fw  the  second  apptiximation 
I  —  -^  =  xi  9  taking  the  square  of  ||,  we  find  4l|f  a  quantitjt 
which  still  exceeds  2  or  4||.    Substituting  ||  for  a»  we  obtain 

1  .^  6» 

12X34         ^2a' 

which  gives 

^_  1 1_. 

13  X34  408  ' 

the  third  approximation  will  then  be 

17  1       _iyx84— 1_577 

13        12XS4""         408         ""408* 

This  operation  may  be  easily  continued  to  any  extent  we 
please.  I  shall  give,  in  the  Supplement  to  this  treatise^  other  for- 
mulas more  convenient  for  extracting  roots  in  general. 

104.  In  order  to  a^roximate  the  square  root  of  a  firaction,  the 
methody  which  first  presents  itself  is,  to  extract,  by  approximation 
the  square  root  of  the  numerator  and  that  of  the  denominator; 
but  with  a  little  attention  it  will  be  seen,  that  we  may  avoid  one  of 
these  operations  by  making  the  denominator  a  perfect  square. 
This  is  done  by  multiplying  the  two  terms  of  the  proposed  frac- 
tion by  the  denominator.  If  it  were  rcqiiiredy  for  example,  to 
extract  the  square  root  of  ^9  we  might  change  this  fraction  iuto 

8  xr_21 
7x7^49* 
by  multiplying  its  two  terms  by  the  denominator  7.    Taking  the 
root  of  the  greatest  square  contained  in  the  numerator  of  this 
fraction,  we  have  4  for  the  root  of  ^,  accurate  to  within  i. 

If  a  greater  degree  of  exactness  wore  required,  the  fraction  ^ 
most  be  changed  by  approximation  or  otherwise  into  anotlier,  the 
denominator  of  which  is  the  square  of  a  greater  number  than  7. 
We  shall  have,  for  example,  the  root  sought  within  ^V»  '^  ^^  ^^^' 
vert  ^  into  225th8,  since  225  is  the  square  of  1 5  ;  thus  the  frac- 
tion becomes  *^'  of  one  225th^  or  ^Vj'  ^^n  nji  the  root 
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oT^Vt  f<^  between  ^  and  4{,  but  approachw  never  teOBMetal 

fi-action  than  to  the  first,  because  96  approacbcn  nearer  to  a  !■» 
dredthanto  81 ;  we  have  then  4|  or  |  for  the  root  crf"^  "widiui^ 

By  employing  decimals  in  approximating  the  root  of  tlie  m- 
roerator  of  the  fraction  ^j.,  we  obtain  49583  for  the  approxiBnto 
root  of  the  numerator  SI,  wluch  is  to  be  divided  by  the  root  of  thi 
new  denominator.  The  quotient  tiience  arising  carried  to  throe 
places  of  decimals  becomes  0,655. 

105.  We  are  now  prepared  to  resolve  aH  equations  involThf 
only  the  second  power  of  the  unknown  qnanti^  oonnocted  wil 
known  quantities. 

We  have  only  to  coUtd  into  one  member  aU  the  tfrmt  oomtaUmg 
this  power,  to  free  it  from  the  quantitieSf  by  which  it  is  muUfSd 
(11) ;  we  then  obtain  the  value  of  the  unkmwn  quaniUf  tf  ex-- 
trading  the  square  root  of  each  member^ 

Let  there  be,  for  example,  the  equation 

*a:«  — 8=4— |a:». 
Making  the  divisors  to  disappear,  we  find  first 

15  a:«  —  168  =  84  — 14  ar«. 
Transpasing  to  the  first  member  the  term  14  x^,  and  to  the  sec- 
ond the  term  168,  we  have 

15ic»  +  14a:»  =  84  +  168, 
^r  29  X*  =  252 

•and  X*  =  Vt  » 

It  should  be  cai*erully  observed,  that  to  denote  the  root  of  thefrtc* 
seption  y/,  the  sign  x/"  is  made  to  descend  below  the  line,  which 
separates  the  numerator  from  the  denominator.  If  it  were  writtei 

thus  l^Hi,  the  expression  would  designate  the  quotient  arisuf 


fi*()m  the  square  root  of  the  number  252  divided  by  29  ;  a 
different  from  V  Vr »  which  denotes,  that  the  division  is  to  be 
performed  before  the  root  is  extracted. 
Let  there  be  the  literal  equation 

ax^  +  b^  =:cx^  +d^ ; 
proceeding  as  with  the  above,  we  obtain  successively 

ax* — ex*  =d*  —  6* 

X*  = 

a  — 


%  a— ^ 


I  would  remfurk  here»  that  in  order  to  designate  the  square 
Mot  of  a  compound  quantity,  the  upper  line  must  be  extended 
oyer  the  whole  radical  quantity. 

Th'e  root  of  the  quantity  4  a*  b—^b*  +e>  is  written  thus^ 

orrather 

^(4a*b^1tb*+e*), 
by  substituting,  for  the  line  extended  oTer  the  radical  quantify,  a 
parenthesis  including  all  the  parts  of  the  quantity,  the  root  of 
which  is  required.    This  last  expression  may  often  appear  pre» 
ferable  to  the  other  (35). 

In  general,  every  equation  of  the  second  degree  of  the  kind 
we  are  here  considering,  may,  by  a  transposition  of  its  terms# 
be  reduced  to  the  form 

9 

^  designating  the  coefficient,  whatever  it  may  bc^  of  x**    We 

9 

then  obtain 

P 


*=>!?• 


106.  With  respect  to  numbers  taken  independently,  this  solutidn 
is  complete,  since  it  is  reduced  to  an  operation  upon  tlie  number 

either  entire  or  fractional,  which  the  quantity  -^  represents,  an 

arithmetical  operation  leading  always  to  an  exact  result,  or  to 
one,  which  approaches  the  truth  very  nearly.  But  in  regard  to 
flie  signs,  with  which  the  quantities  may  be  affected,  there  re^ 
mains,  after  the  square  root  is  extracted,  an  ambiguity,  in 
consequence  of  which  every  equation  of  the  second  degree  admits 
of  two  solutions,  while  those  of  the  first  degree  admit  of  only 
one. 

Thus  in  the  general  equation  ;r*  =  25,  the  value  of  a;,  being  the 
quantity,  which,  raised  to  its  square,  will  produce  25,  may,  if  we 
consider  the  quantities  algebraically,  be  affected  cither  with  the 
sign  +  or  — ;  for  whether  we  take  -f  5,  or  — !»  for  this  value, 
we  have  for  the  square 

+  Sx  +  5  =  +  259    or    ••^SX'^S^  +  ^S; 
15 
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we  may  therefore  take 

a?=:  +5, 

or  X  ^  — •  5. 

For  the  same  reason^  from  the  geaeral  equation 

p 

we  have 

or 

N  P 
Both  these  ezpreasions  are  comprehended  in  the  followiii 


-*# 


in  which  the  double  sign  ±  shows^  that  the  numerical  value 

p 

may  be  affected  with  the  sign  +  or  — * 

From  what  has  been  said,  we  deduce  the  general  rule,  tfu 
double  sign  ±  is  to  be  congidered  as  affecting  the  square  n 
every  quantity  whatever. 

It  may  be  here  asked,  why  or,  as  it  is  the  square  root  of  c 
not  also  affected  with  the  double  sign  ±  ?  We  may  answer 
that  the  letter  or,  having  been  taken  without  a  sign,  that  is, 
the  sign  -f,  ^  the  representatiye  of  the  unknown  quantity,  it 
value  when  in  this  state,  which  is  the  subject  of  inquiry  ; 
that  when  we  seek  a  number  or,  the  squai^c  of  which  is  b,  fo 
ample,  tliere  can  be  only  two  possible  solutions  ;  a:  =  4 
a:  =  —  \/T  Again,  if  in  resolving  the  equation  .r*  =  b 
write  ±  x=z  dy  v^&ud  arrange  these  expressions  in  all  th 
ferent  ways,  of  which  they  are  capable,  namely ; 

we  come  to  no  new  result,  since  by  transposing  all  the  ten 
the  equations — a?.=  —  \/d^  —  a;'=  +  v'^  or,  which  is  the 
thing,  by  cha'^ging  all  the  signs  (5T),  these  equations  be< 
identical  trith  the  first. 

107.  It  follows  from  the  nature  of  the  signs,  that  if  tJie  sc 
member  of  the  general  equation 
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• 

were  a  negative  numbery  the  equation  would  be  absordf  since  the 
square  of  a  quantity  affected  either  with  the  sign  -f ,  or  — »  hav- 
ing always  the  sign  -f-f  no  quantity ,  the  square  of  which  is  nega^ 
tive,  can  be  found  either  among  positive  or  negative  quantities. 

This  is  what  is  to  be  understood,  when  we  say,  that  the  root  (^ 
a  negative  quantity  is  imaginary. 

If  we  were  to  meet  with  the  equation 

or*  +  25  =  9, 
we  might  deduce  from  it 

ar«=9  — 25 
or  a:*  =    — 16; 

but  there  is  no  number^  which^  multiplied  by  itself,  will  produce 
—  16.  It  is  true,  that — 4  multiplied  by  +  4,  gives  —  16 ;  but  as 
these  two  quantities  have  different  signs,  they  cannot  be  con- 
sidered as  equal,  and  consequently  their  product  is  not  a  square* 
This  species  of  contradiction,  which  will  be  more  fully  considered 
hereafter,  must  be  carefully  distinguished  from  that,  mentioned 
in  art.  58,  which  disappears  by  simply  changing  the  sign  of  the 
unknown  quantity ;  here  it  is  tlie  sign  of  the  square  a*,  which 
is  to  be  changed. 

108.  To  be  complete,  an  equation  of  the  second  degree,  with 
only  one  unknown  quantity,  must  have  thi*ec  kinds  of  terms,  name- 
l|y,  those  involving  the  square-  of  the  unknown  quantity,  others 
containing  the  unknown  quantity  of  the  first  degree,  lastly,  such 
as  comprehend  only  known  quantities.  The  following  equations 
are  of  this  kind  ; 

X*  — 4a:=:  12,  4x  —  |a:*  =4  —  2x* 

The  first  is,  in  some  respects,  more  simple  than  the  second, 
because  it  contains  only  three  terms,  and  the  square  of  a>  is  posi- 
tive, and  has  only  unity  for  a  coefficient  It  is  to  this  last  form, 
tliat  we  are  always  to  reduce  equations  of  the  second  dc^gree  before 
resolving  them ;  they  may  then  be  represented  by  this  formula, 

a:*  +pa:=:9, 
in  which  p  and  q  denote  known  quantities,  either  positive  or 
Illative. 

It  is  evident,  that  we  may  reduce  all  equations  of  the  second 
degree  to  this  state,  1.  by  collecting  into  one  member  all  the 
terms  involving  x  (10),  2.  by  changing  the  sign  of  each  term 
of  the  equation,  in  order  to  render  that  of  x*  positive,  if  it  was 
before  negative  (57),  3.  by  dividing  all  the  terms  of  the  equation 
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bj  the  multlplter  of  ^'^  if  this  aqiian  ha^^  a  mnhipiier  {11%  m 
by  multiplying  by  its  diyiaor,  if  it  be  diTided  by  any  namber  (1ft). 
If  we  apply  what  bee  just  been  said  to  the  eqaakion 

we  have»  by  collectini;.  into  Uie  first  member  allfha  temia  iHTehr- 

ing^f 

—  •x*  +6x^Ap 

by  changing  the  signs 

^x* — 6a?  =  — 4, 

multiplying  by  the  divisor  5, 

3  a  «  —  30  a:  =  —  20, 

dividing  by  the  multiplier  S, 

a:»_ioa:  =  — y. 

If  we  now  compare  this  equation  with  the  general  formda 

x*+px=iq, 

we  shall  have 

p=— 10,    ?=~y. 

109.  In  order  to  arrive  at  the  solution  of  equations  thus  pre- 
pared,  we  should  keep  in  mind  what  has  been  already  observed 
(S4),  namely,  that  the  square  of  a  quantity,  composed  of  two  terms, 
always  contains  the  square  of  the  first  term,  double  the  product 
of  the  first  term  multiplied  by  the  second,  and  the  square  of  tht 
second ;  consequently  the  first  member  of  the  equation 

a:*  +  2  a  a:  +  a*  =  6, 
in  which  a  and  b  are  known  quantities,  is  a  perfect  square,  aris- 
ing from  or  -fa,  and  may  be  expressed  thus, 

{pe+d)(x  +  d)=zb. 
If  we  take  the  square  root  of  the  first  member  and  indicate  that 
of  the  second,  we  have 

x  +  a=z  ±  V j; 
an  equation  which,  considered  with  respect  to  x,  is  only  of  tht 
first  degree;  and  from  which  we  obtain,  by  transposition, 

x^'^a  ±  y/T. 
An  equation  of  the  second  degi'ee  may  therefore  be  easily  resolv- 
ed, whenever  it  can  be  reduced  to  the  form 

x^  +9,ax  +  a^  =zhf 
that  is,  whenever  its  first  member  is  a  perfect  square. 
But  the  first  member  of  the  general  equation 

a:*+pa:  =  }, 
contains  already  two  terms,  which  may  be  considered  as  fiurm* 
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JDg  part  of  tlie  tqvare  of  mMnomud ;  nameljr,  x*  which  is  II10 

mpuLW  of  the  fijrst  tern  x,  and  p  Xf  or  double  the  first  midtiplied 

by  the  second,  which  second  is  consequently  only  half  of  f,  or 

\  p.  To  complete  the  square  of  the  binomial  x  +  ^p,  there  must 

be  also  the  square  of  the  second  term  |  p ;  hut  this  square  may 

be  formed,  since  p  and  |  p  are  known  quantities,  and  it  may  be 

added  to  the  first  member,  if,  to  preserve  the  equality  of  the  two 

members,  it  be  added  at  the  same  time  to  the  second ;  and  dus 

last  member  will  still  be  a  known  quantity. 

As  the  square  of  |  p  is  ^  p',  if  we  add  it  to  the  two  members 

of  the  proposed  equation, 

ar»+pa?=sg, 
we  shall  have 

a:'+par  +  ip«r=:f  +  ip«. 

The  first  member  of  this  result  is  the  square  otx  +  ^p;  takings 

then  the  root  of  the  two  members,  we  have 

ar+ip=  dbVTTTF    (106),- 
by  transposition  this  becomes 

a:  =  — |p±V?  +  lpS 
or  which  is  the  same  thing 

a:  =—|p  + VT+TP" 
and 


0?  =  — |p  — v/9  +  iP». 

I  have  prefixed  the  sign  +  to  the  second  term  |  p,  of  the  root  of 
the  first  member  of  the  above  equation,  because  the  second  term 
of  this  member  is  positive ;  the  sign  -—  is  to  be  prefixed  in  the 
contrary  case,  because  the  square  x*  —  2  a  a;  +  a*  answers  to 
the  binomial  x^^a. 

Any  equation  whatever  of  the  second  degree  may  be  resolved, 
by  referring  it  to  the  general  formula 

a?*  +px=iq; 
or  more  expeditiously,  by  performing  immediately  upon  the  equa- 
tion the  operations  represented  under  this  formula,  which,  ex- 
pressed in  general  terms,  are  as  follows ; 

To  make  the  first  member  of  the  proposed  equation  a  perfect 
squarCf  by  adding  to  if,  and  also  to  the  second,  the  square  of  half  the 
given  quantity 9  by  which  the  first  power  rfthe  unknown  quantity  is 
multiplied  ;  then  to  extract  the  square  root  of  each  member,  observ-- 
ing,  that  the  root  t^  the  first  member  is  composed  of  the  unknown 
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qumdUji,  omd  halj  cf  the  gvom  nwmberf  (y  which  the  unkmmm 
fiumtity  in  the  second  term  is  muUipliedf  taken  with  the  sign  efikis 
qiumtity,  and  thai  the  root  cfthe  second  mtmber  must  have  the  don- 
Ue  sign  ±,  and  be  indicated  by  the  sign  \f$tf  U  cannot  be  dOaind 
dirtdhy. 

See  this  illustrated  by  examples. 

110.  lb  find  a  mmber  such,  thai  if  U  be  multipUed  by  7,  and 
this  product  be  added  to  its  square,  the  sum  triS  be  44. 

The  number  sought,  being  represented  by  x,  the  equation  will 

evidently  be 

«•  +  7  x  =  44. 

In  order  to  resolve  this  equation^  we  take  |,  half  of  the  coeffi- 
cient 7,  by  which  x  is  multiplied ;  raising  it  to  its  square  we  ob* 
tain  Y  ;  this  added  to  each  member  gives 

a:«+7x  + V=44  +  \» ; 
reducing  the  second  member  to  a  single  term,  we  have 

a?«+7a:  +  V  =  *i^ 
The  root  of  the  first  member,  according  to  the  rule  given  aboT^ 

is  a:  -f- 1,  and  we  find  for  that  of  the  second  y  ;  whence  arises' 

the  equation 

from  which  we  obtain 


or 

a;  =  _|—  y  =_  y  =_  11. 
The  first  value  of  x  solves  the  question  in  the  sense,  in  which 
it  was  enunciated,  since  we  have  by  this  value 

a?*  =  16 
7ar  =  28 

sum  44. 

As  to  the  second  value  of  x,  since  it  is  afiectcd  with  the  sign 
— ,  the  term  7  x,  which  becomes 

7  X  — 11=  — 77, 
must  be  subtracted  from  x^,  so  that  the  enunciation  of  the  question 
resolved  by  the  number  1 1  is  this^ 

Tofiiid  a  nunibcr  such,  that  7  times  this  number  being  suhtraded 
from  its  square,  the  remainder  wUl  be  44. 

The  negative  value  then  here  modifies  the  question  in  a  man- 
ner, analogous  to  what  takes  place,  as  we  have  already  seciif 
in  erjuations  of  tlie  first  degree. 
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If  we  put  the  question,  as  enunciated  above,  into  an  equation, 

wc  obtain 

a?» — 7  a?  =  44, 

this  becomes,  when  resolved, 

.1    4  9  A  A     I    4« 


a:«— ra:+V=44  +  ** 


4»  .  sa« 


a:«  —  r  a:  +  V  =  *| 


iT  —  7    -4-    1' 


a?  =  y  =  11 


9 


X       —If—     J      —  Tf—  1. 

The  negative  value  of  x  becomes  positive,  as  it  satisfies  pre^ 
Disely  the  new  enunciation,  and  the  positive  value,  which  does  not 
thus  satisfy  it,  becomes  negative. 

Hence  we  see,  that  in  equations  of  the  second  degree^  algebra 
unites  under  the  same  formula  two  questions,  which  have  a  certain 
analogy  to  each  other. 

111.  Sometimes  enunciations,  which  produce  equations  of  the 
second  degree,  admit  of  two  solutions.  The  following  is  an  ex- 
ample ; 

To  find  a  number  suehf  that  if  15  be  added  to  its  square,  the  sum 
will  be  equal  to  8  times  this  number. 

Let  X  be  the  number  sought ;  the  equation  arising  from  ths 
problem  is  then 

x^  +15=zSx. 
This  equation  reduced  to  the  form  prescribed  in  art  108^  be* 
comes 

x^  — 8a:  =  — 15, 
x*—Bx+  16  =—15  +  16, 
X* — 8  a: +  16  =  1, 

X—  4=  ±  1, 
a;  =  4  ±  1, 
or  a?  =  5f 

07  =    3. 

There  are  therefore  two  difi^n'ent  numbers  5  and  3,  which 
ftilfil  the  conditions  of  the  question. 

112.  Questions  sometimes  occur,  which  cannot  be  resolved  pre- 
cisely in  the  sense  of  the  enunciation,  •  and  which  require  to  h« 
modified.  This  is  the  case,  when  the  two  roots  of  the  equation  are 
negative,  as  in  tiie  following  example, 

a:*+5»  +  6  =  a. 
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This  equation^  which  denotes,  that  'the  square  tf  the 
waghty  augmented  by  5  Hmes  this  mtmherp  and  abo  hf  6»  wlK  fte 
a  9um  equal  to  2,  evidently  cannot  be  verified  by  widitioa,  as  ii 
implied,  since  6  already  exceeds  2.  Indeed  if  ve  resolTe  Hf  nt 
find  saccessivdy 

a:=:-i  +  |=-l.   ^ 
a:  =  -|-|  =  -4. 

From  the  sign  — » with  which  the  numbers  1  and  4  are  affected,  it 
may  be  seen,  that  the  term  5  x  must  be  subtracted  from  the  oth- 
ers, and  that  the  true  enunciation  for  both  values  is, 

Tojind  a  number  nich,  that  if  5  times  this  number  be  MuUradd 
from  its  square,  and  6  be  added  to  the  remainder f  the  renitt  will  feS. 

This  enunciation  furnishes  the  equation 

a:»  —  5  a:  +  6  =:  2, 
which  gives  for  x  the  two  positive  values  1  and  4. 

lis.  Again,  let  the  following  problem  be  proposed ; 

To  divide  a  numier  p  into  two  partSf  the  product  cf  which  shdl 
be  equal  toq* 

If  we  designate  one  of  these  parts  by  x,  the  other  will  be  ex« 
pressed  byp— -or,  and  their  product  will  be  pa:-— a?'  ;  we  haTt 
then  the  equation 

px  —  x^  =q, 
or,  changing  the  signs, 

ar« — pap  =  —  q; 
resolving  this  last,  we  find 

ar=|p±  Vip*  — y. 
If  now  we  suppose 

p=10,        g  =  21, 
we  have 


or  x=z5±2, 

x=7, 

a?  =3, 
jthat  is,  one  of  the  parts  will  be  7,  and  the  other  consequently 
10  —  7,  or  3. 
If  on  the  contrary  we  take  3  for  x,  the  other  part  will  be 
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10 — 3  or  7;  wthatflieeniindatioiif  as  it  standst  adnuts*  strictlj 
wpeMiugf  of  only  one  solution^  since  the  second  amounts  simply 
to  a  change  in  the  order  of  the  parts. 

If  we  examine  carefully  the  value  of  op  in  the  question  we  have 
been  considering^  we  shall  see  that  we  cannot  take  any  numbers 

indifferently  forp  and  9,  fcMr if  9  exceed ^ »  or  the  square  of  \  p, 

the  quantity  ^  —  9  becomes  negative^  and  we  are  presented  witk 

that  species  of  absurdity  mentioned  in  art  107. 

If  we  take^  for  example, 

p  =  10  and  qszSO, 
we  have 


ar=:5±\/3a--dO  =5±  V  — ^1 
file  problem  then  with  these  assumptions  is  impossible. 

1 14.  The  absurdity  of  questions,  which  lead  to  imaginary  roots, 
is  discovered  only  by  the  result,  and  we  may  wish  to  determine  by 
chai*acters,  which  are  found  nearer  to  the  enunciation,  in  what 
consists  the  absurdity  of  the  problem,  which  gives  rise  to  that  ol 
the  solution }  this  we  shall  be  enabled  to  do  by  the  following  cou'* 
■ideration. 

Let  d  be  the  difference  of  the  two  parts  of  the  prc^osed  num' 

ber;  thegreaterpart  wilIbe-£  +  — ,  the  less -f — -5^  (3);  but  it 
has  been  proved  (29>  SO  &  34)  that 

V2  ^2/  \i         3/4         4  * 

therefore  the  product  of  the  two  parts  of  the  proposed  numberf 
whatever  they  may  be,  will  always  be  less  flian  ^,  or  than  the 
square  of  half  their  sum,  so  long  as  d  is  any  thing  but  zero ;  when 
d  is  nothing,  each  of  the  two  parts  being  equal  to^  their  product 

will  be  only ^ .    It  is  then  absurd  to  require  it  to  be  greater; 

and  it  is  just,  that  algebra  should  answer  in  a  manner  contradic- 
tory to  established  princijdes,  and  thereby  show,  Hiat  what  is 
sought  does  not  exist. 
What  has  been  proved  concerning  Ihe  equation 

oc*  — pxsz  —  q, 

fhmished  by  the  preceding  question;  is  tniA  oC  tH  IbsssM^  ^  ^^ 

16 


■  m 

Wliicli  produce  imi^naTy^ 


|lioed  wider  the  ndloal  8igii»  prescs^eA 
•Y«rinirto^iat4ifp.    Indeed  it  is  evUntjUfleMM 

a;*4.pap=— 9,  or  OP* +p«-f.t^^  >    ' 
irffl  adnit  of  m  positive  solatioii,  8ipceflie:it>al  iilatoibu 
only  afBrmatiye  terms ;  and  to  ascertain  whuflltji  -Hbm 
quantity  :i?  can  be  negative^  we  have  only  to  change  x  inli 
llie  unknown,  quantity  y  would  tlien  have  fbsillvA* 
would  be  furnished  by  the  equation 

y«_py  +  g  =  0,     or    y*— pyfis^^f, 

which  is  predsdy  the  same  as  that  in  tin  pracediiig  artide;  U 
as  flie  values  of  a?canbereal,on|y  wheathon.  tf  f  woaHlb4 
they  become  therefore  imaginary  in  tlw  dM  tinie^oiMirideiil^i 

w)iea« exceeds^.  ...,     ,.'•    w.    .  =.  i     »• 

It  will  be  percdved  then  from  wfaiit  has  Men  anid»  Iww^lii 
Ant  what  reason^  wAen  tht  kmnontmm^^m  ifUiM^ 
degree  UiiBgaitoem  {he  semidmemhe^ 
ojhalftheto^lidentff  the  first  power  of  the  uidh¥^^ 
efrntkom  can  haroe  oidij  imaginary  rootSi 

115.  The  expressions 

and  in  general  those,  which  involye  the  square  root  of  a  negadht 
quantity,  are  called  imaginary  quantities.*  They  are  mere  sja 
hols  of  absurdity,  that  take  the  place  of  the  value,  which  f 
should  have  obtained,  if  the  question  had  been  poBsible. 

They  are  not  however  to  be  neglected  in  the  calculafioa,  ke 
cause  it  sometimes  happens,  that  when  they  are  combined  accoitl 
Ing  to  certain  laws,  the  absurdity  disappears,  and  the  resuU  be 
comes  real.  Examples  of  tlus  kind  will  be  found  in  the  Supfk 
ment  to  this  ti-eatise. 

1 16.  As  it  is  impoi-tant,  that  learners  should  have  just  ideas  rei 
pecting  all  those  analytical /oc^,  which  appear  to  be  deriTC 
fi*om  familiar  notions,  I  have  thought  it  proper  to  add  aomeobse 
vations  to  w  hat  has  been  said  (106),  on  the  necessity  of  admittii 
two  solutions  in  equations  of  the  second  degree. 

*  It  would  be  mure  correct  to  say,  imaginary  expressions  or  ^mbd 
as  they  at  e  not  quanlW^^. 
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m  I  shall  show  ttiat,  y  (here  exigts  a  qua$Uity  a»  tpttcfcf  twtafa'hrfftl 
in  ^  jibifie  of  x^  veryies  the  equation  of  the  second  degree  x'  4.  p  x 
SI  q,  and  ie  consequently  the  value  of  x^  this  unknown  quatMt^  will 

nftill  have  another  value.    Now^  if  we  substitote  a  for  Xf  the  result 

iitwill  be  a*  «f  p  a  =  9 ;  and  since,  by  siqqpo8ition»  a  represents  flie 

^  ralue  of  Xf  q  will  be  necessarily  equal  to  the  quantity  a'  +p  a ; 

liwe  may  then  write  this  quantity  in  the  ^ace  of  q,  in  the  proposed 

^cquatioUf  which  thus  becomes 

■?..  X*  +pxzsa*  +pa. 

■AVaasposing  all  the  terms  of  the  second  member,  we  have 

x^+px — a*-*]ia  =  Of 

.which  may  be  written, 

J  x^  —  a*-fp(a;— -a)=2  0; 

^nd  because    . 

x*"^a*:=  (x+a)  (or  —  a),    (34), 

it  is  obvious,  at  once,  that  the  first  member  is  divisible  by  :r  — *«, 

and  will  give  an  exact  quotient^  namely,  a? -fa  4.  p;  we  have 

then, 

XT*  +pa:  — g  =  a:*  — a*  +p(x — a)sz(X'^a)  (x  +  a  +  p)m 

Now  it  is  evident,  that  a  product  is  equal  to  zero,  when  any  on^ 

of  its  factors  wliatever  becomes  nothing ;  we  shall  hava  then 

(a:_a)(ar  +  a+p)  =  0, 
not  only  when  x  —  a  =  0,  which  gives 

x=iaf 
but  also  when  x  +  a  +p  =  0,  from  which  is  deduced 

0?  =  —  a — p. 
Therefore  if  a  is  one  of  the  values  of  x,  —-a — p  will  neces- 
sary be  the  other. 

This  result  agrees  with  the  two  values  comprehended  in  the 
formula 


x=:  —  ip±\^q  +  lp*; 


for  if  we  take  for  a  the  first  value,  —  i  p  +  Vy  +  i/^^^  we  obtain 
for  the  other 


which  is  in  fact  the  second  value. 

These  remarks  contain  the  germ  of  the  general  theory  of  equa- 
tions of  whatever  degree,  as  will  appear  hereafter,  when  the  sub- 
ject will  be  resumed. 

1 1 7.  The  difficulty  of  putting  a  problem  into  an  equation,  is 
liie  same  in  questions  involving  the  second  and  Vi\|[;Vi^  v^^^'^^  ^^ 
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in  thoflft  lOTolving  only  the  ftratt  and  consists  alwagri  in  Am- 
tangling  and  expressing  distinctly  in  algehraic  cbarttden  dl  the 
contritions  comprehended  in  the  enunciation.  The  preosdiag 
qnestiona  pi'esent  no  diflfeidty  of  this  sort ;  and  althongh  tki 
learner  is  supposed  to  be  well  exercised  in  those  of  Ifao  Int 
degree,  I  shall  proceed  to  resolve  a  few  questionSf  wluch  wiB 
furnish  occasion  for  some  instructive  remarks. 

j9  person  ev^tUnied  two  labourers,  aUowing  them  different  wages  i 
the  first  receivedf  at  the  end  rfa  certain  number  of  daySf  96  JiraMeSf 
and  the  ucond,  having  worked  six  days  lesSf  received  ankf  54 
francs  $  if  this  last  had  worked  the  whole  number  of  dasf$f  and  tb 
other  had  lost  six  days^  they  would  hath  haoe  received  ike  emm 
sum  ;  Uis  required  tojmd  how  many  days  each  warkedf  and  whei 
sum  each  recetcedfor  a  dafs  work. 

This  problem,  which  at  first  Tiew  appears  to  contain  sevcrsl 
unknown  quantities,  may  be  easily  solved  by  means  of  on^ 
because  the  others  may  be  readily  expressed  by  this. 

If  X  represent  the  number  of  days'  work  of  the  first  labonre% 
X— •  6  will  be  the  number  of  days'  work  of  the  second^ 

—    will  be  the  daily  wages  of  the  first, 

X 

54 

the  daily  wages  of  the  second ; 


X —  6 

if  this  last  had  worked  x  days,  he  would  have  earned 

_  ,      54  54  a: 

a?  X 5  or  -, 

X  —  6         X — 0 

and  the  first,  working  x  —  6  days,  would  have  received  only 

(a;— 6)-,   or  — 1.- K 

X  X 

The  equation  of  the  problem  then  will  be 

54x^9^x^6) 
X  —  6  X 

The  first  step  is  to  make  the  denominators  to  disappear ;  tbt 
equation  then  becomes 

54  x«  =  96  (a:  —  6)  (a?  —  6). 
As  the  numbers  54  and  96  are  both  divisible  by  6,  the  result  may 
he  simplified  by  division,  we  shall  then  have 

9  X*  =  16  (x—  6)  (a:  — 6). 
This  last  equation  may  be  prepared  for  solution  according  to  the 
rule  given  art  108,  but  as  the  object  of  this  rule  is  to  enable  m 
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Wtti  more  fiwility  to  CQCtract  iht  root  of  each  member  of  the 
^nation  prapoeed,  it  is  here  umecessuyt  becaiue  the  two  mem* 
tteni  are  already  preaented  mder  the  form  of  sqaares ;  for  it  is 
kridentf  tbat9 «'  is  the  square  of  S ar»  and  16  (x  —  6)  (sc-^S) 
ihe  square  of  4  (x — 6).    We  hare  thea 

SXsz±4(W  —  6)9 

Vom  which  may  be  deduced 

f  SxszAX'^Mf  JP=:24 

I  By  the  first  solution^  the  first  labourer  worked  d4  days,  and 
iimisequently  earned  |f  or  4  francs  per  day^  while  the  second 
jgnnrked  only  18  days^  and  received  ff  or  3  francs  per  day. 
i  The  second  solution  answers  to  another  numerical  question^ 
onnected  with  the  equation  under  consideration^  in  a  manner 
analogous  to  what  was  noticed  in  art  111. 
g  118.  Ji  banker  recmes  two  nates  against  the  same  person;  the 
( Irst  of  5 50  francs,  pasfabk  in  seven  monthSf  the  second  rf720  francs, 
j^foyMe  in  four  months,  and  gives  for  both  the  snm  of  IZOO  francs  ; 
^t  is  required  to  find,  wJuU  is  the  anmud  rate  ofintertst,  according 
o  which  these  notes  are  discounted. 

In  order  to  avoid  fractions  in  expressing  the  interest  for  seven 
months  and  four  months,  we  shidl  represent  by  12  x  the  spm^ 
which  will  amount  in  one  year  to  100  francs ;  the  interest  of  one 
month  will  then  be  x.  The  present  value  of  the  first  note  will 
accordingly  be  found  by  the  proportion, 

100  +  7a?:  100: : 550 :     1^  "^        (Aitt.  120) ; 

lUU  "^  /JP 

and  the  present  value  of  the  second  note  by  the  proportion, 

1 00  +  4  a: :  100 : :  rao  :     ^^^^^    . 

100  +  4  X 

By  uniting  these  values,  we  obtain  for  the  equation  of  the  problem* 

55000      ,      72000         ,^^^ 
+  ,^  .  ^     =  1200. 


100  +  7ar  '  100+44r 
Dividing  each  of  the  members  by  200,  we  have 

275  560  ^ 


100  +  7a?  '  IMO  +  ^x 
making  the  denominators  to  disappear,  we  find  successively, 
275  (100  +  4  a:)  +  360  (100  +  7  a:)  =  6  (100  +  7  a:)  (100  +  4  x), 
27500  +  1100  a;  -r-  36000  +  2520  x  =:  60000  +  6600  X  +  168  a;*, 
which  may  be  reduced  to 


168  X*  +  2980  X  s  3500  ; 
dividing  by  t^  we  obtain 

84  X*  +  1490  X  s  1750^ 

which  gives 

,  .  1590         1740 
X*  4- X  = ^ 

^84      nsi^ 

Comparing  this  equation  with  the  formula^ 

X*  +p  xzsqf 

we  have 

1490  1750 

and  the  expression 


becomes 


j^ 


750 

84  ' 


Reducing  the  fractions,  we  have 

745  .  745  +  17'50 .  84  _  702025  ^ 
84  .  84  ""  84  .  84  ^ 

then  since  tho  denominator  of  this  fraction  is  a  perfect  square^ 
we  have  only  to  extract  the  square  root  of  its  numerator.  If  wc 
stop  at  thousandths,  we  find  837,869,  for  tho  root  of  702025 ; 
ttiis,  taken  with  the  denominator  84,  gives  for  the  values  of  x 

__745      837,869  _ 92,869 
^""        84  "*"       84      ■"      i)4 

745       8S7\*69_       1582,869 

■"84  84       ""  84       * 

The  first  of  these  values  is  the  only  one,  which  solves  the  ques- 
tion in  the  sense,  in  which  it  was  enunciated.  Dividing  the  de- 
nominator of  this  fraction  by  12,  we  have  (Jrith.  54.) 

92,869     ^  „  ^^^ 
12ar  =  — ^=  13,267; 
7 

that  is,  the  annual  interest  is  at  the  rate  of  13,27  nearly. 

119.  The  following'  question  deserves  attention  on  account  of 
the  character,  which  the  expression  for  the  unknown  quantity 
presents. 

To  divide  a  number  into  two  parts,  the  sqwtres  of  which  shall 
he  in  a  given  ratio. 


EqMiiaiaqfthe8ecmdB(^pruiB0iAmiiuHk^^  lif 

Let  a  be  the  given  namber^ 

m  the  ratio  of  the  Hquares  of  its  two  parted 

X  one  of  these  parts ; 
he  other  will  be  a  —  x. 
Ne  shall  then  have,  according  to  the  enunciation^ 

(a  —  jp)  [a  —  0?)  "" 
This  may  be  resolved  in  two  ways ;  we  may  either  reduce  it 
D  the  form  x*  +pxz±qf  and  then  resolve  it  by  the  common 
nethod ;  or  since  the  firaction 


i  a  square,  the  numerator  and  denominator  being  each  a  square^ 
fe  thence  conclude  at  once 

a —-a;  ^ 

x=:±  (a — x)  v^ 
ty  resolving  separately  the  two  equations  of  the  first  degree 
omprehcnded  in  this  formula*  namely, 

a?=  +  (a — x)  \^m 
a:  =  — .(a  —  od)^i;^ 
Vehave 

ax/Hi 


X=: 


X=i 


1+Vw 


1 — v» 
By  the  first  solution,  the  second  part  of  the  number  proposed  is 

md  the  two  parts 

ire  both,  as  the  enunciation  requires,  less  than  the  number  pro.- 
losed. 
By  the  second  solution  we  have 

a\/m        a — av^  +  aVm           ^ 
a  +  ' =.= = =  ; 71.; 


tnd  the  two  parts  are 


=.and 


1— V«»        1— ^v** 


IBB  EkmenU  qfJMgAm, 

Their  signs  being  opposite,  the  number  a  is  strictly  no  knger 
their  sum,  bat  their  difference. 

If  we  make  m  =  l»  that  is,  if  we  suppose  that  tlie  squares  dt 
the  two  pailB  sought  are  equal,  we  have 

and  the  first  solution  will  give  two  equal  parts^ 

a         a 

T       V 
A  conclusion,  that  is  self-evident,  while  the  second  sohitioiigmi 
for  the  results  two  infinite  quantities  (68),  namely^ 

or ,    and- -or 


1—1  0  1—1         0 

This  is  necessary,  fur  it  is  only  by  considering  two  quaiititiai 

infinitely  great,  with  respect  to  their  difi^srence  a,  that  we  cai 

suppose  the  ratio  of  their  squares  equal  to  unity. 

Now,  let  there  be  the  two  quimtities  x  and  x^-^a,  the  ratio 

of  their  squares  will  be 

^ ^ 

dividing  the  two  terms  of  this  fraction  by  x*f  we  obtain 

1 

2a       6*  ' 

X       a?* 
but  it  is  evident,  that  the  greater  the  number  x,  the  less  will  b« 

the  fractions  — ,  -^,  and  the  more  nearly  will  the  above  ratio 

approach  to  •-»  or  1. 

120.  Now  in  order  to  compare  the  general  method  with  thatf 
which  we  have  just  employed,  we  develop  the  equation 


x^ 


=  fn) 


(a  — jc)  (a  —  x) 
and  we  have  successively 

a:»  ^m{a — x)  (a — x 
x^  =za*m — 2amx  +  mx* 
a*  — mx*  +  Qamx  =  a*m 
(1 — m)ar*  +2ainx=za^  m 

_-    .  2  am  X       o!^  m 
^  l_m      l_m' 

making  p  =  - — -.,         q  =  — _, 

1— 1»  1— SI 
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the  general  formala  gives 

These  values  of  x  appear  very  diflbrent  from  those,  which  were 
found  above ;  yet  they  may  be  reduced  to  the  same ;  and  in  this 
consists  the  utility  of  the  example,  on  which  I  am  employed.  It 
vill  serve  to  show  the  importance  of  those  transformations^ 
if^hich  dijBTerent  algebraic  operations  produce  in  the  expression  of 
quantities. 

We  must  first  reduce  the  two  fractions  comprehended  under  ttie 
radical  sign  to  a  common  denominator.  This  may  be  done  by 
multiplying  the  two  terms  of  the  second  by  1  —  m^  we  have  then 

(1  _m)(l— tn)**"!— m  (1  — m)(l--m) 

'  (1— 111)0  — m)  (1  — m)(l  — »)• 

The  denominator  being  a  square,  it  is  only  necessary  to  extract 
the  root  of  the  numerator,  we  then  have 

a*T»*  o*  m  ^  \/a*  m  ^ 

'(i  — 1»)  (1— m)**"  1  — »""l~m' 
but  the  expression  x/ZTii  may  be  further  simplified. 

It  is  evident  that  the  square  of  a  product  is  composed  of  the 
product  of  the  squares  of  each  of  ks  fiictors,  for  example, 

hedxbed^b^c^d*, 
and  consequently  the  root  of  6'  c*  d*  is  simply  the  product  of  flw 
roots  b,  c  and  d,  of  the  factors  6*,  c'  and  d'«    Applying  this 
principle  to  the  product  a'  m,  we  see  that  its  root  is  the  product 
of  Of  the  root  of  a*,  by  v^»  which  denotes  the  root  of  iii»  or  that 

\/a*  tn  =  a  \/m« 
It  follows  from  these  different  traiisformationsi  that 

1— m      X— HIT 


>fi 


or  0;= — 


a:  =  — 


i — itt 


1— m 

These  expressions,  however  simple,  are  still  not  the  same  as 
tliose  given  in  the  preceding  article ;  if,  moreover,  we  seek  to 
verify  them  for  the  caaei  in  which  m  es  l,  they  become 

\7 
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x  = 


1—  1        0 

— a— 'O     ^-2« 


1  — I  0 

We  find,  in  the  second^  the  symbol  of  infinitj^  as  in  the  pracediif 
article,  but  the  first  presents  this  indeterminate  formy  Jt  of  wUck 
we  have  already  seen  examples  in  articles  69  and  70 ;  and  beSMt 
we  pronounce  upon  its  value,  it  is  proper  to  eiotminey  whether  it  | 
does  not  belong  to  Uie  case  stated  in  art.  70 ;  whether  there  is  not 
some  factor  common  to  the  numerator  and  denominator  whick 
the  supposition  of  m  =  1  renders  equal  to  zero. 

The  expression  : 

1  — m 

may  be  resolved  into 

a( — m  4- Vm)  _a(^y/m  —  m) 

1 — m  ""  1 — m 
It  is  here  evident,  that  the  numerator  does  not  become  0  exoepl 
by  means  of  the  factor  \/m  —  m ;  we  must  therefore  ezandne^ 
whether  tliis  last  has  not  some  factor  in  common  with  the  denomi- 
nator 1  —  m.  In  order  to  avoid  the  inconvenience,  arising  finom 
the  use  of  tlie  radical  sign,  let  us  make  v^  =  ^9  then  taking  tbi 
squares,  we  have  m  =  9(> ;  the  quantities  tlierefore 

y/a^  —  m  and  1  —  in 
become  n^^n*  and  1  i—  n', 

but  n  —  n»  =  n  (1  — n),  and  1  — n»  =  (1  — n)  (1  +n)     (34); 
restoring  to  the  place  of  n  its  value  \/^  we  have 

Vw  —  m  =  (I  —  y/tn)  \/m 

1  —  in  =  (1  —  v^)  (1  +  v^, 
and  consequently 

a{\  m — m)         a(l — s/HT)  \/m      _   a\/m 
l  —  m      "■  (I— v«)Cl+v^  ""l+W' 
a  result  the  same,  as  that  found  in  art  1 19. 

In  the  same  manner  we  may  reduce  the  second  value  of  oh 
observing  that 

1  —  W  "  (1  — vw  )  (1  +  Vw  )  ""1  —  Vm^ 

as  in  art.  W^.*^ 

*  Tlie  example,  which  I  have  given  at  some  length,  corresponds 
with  (1  prublem  resolved  bj  Clairaut,  in  his  Algebra,  the  enunciation  of 


Square  Bod  of  Mgebrme  HuantiHes.    .  ISl 

It  will  be  seen  without  diiBciiltjr^  that  we  might  have  avoid- 
ed radical  expressions  in  the  preceding  calculations,  by  taking 
n'  to  represent  the  ratio,  which  the  squares  of  the  two  parts 
>f  the  proposed  number  have  to  each  other;    m  would  then 
itlave  been  the  square  root,  which  may  always  be  considered  as 
cnown,  when  the  square  is  known ;  but  we  could  not  have  per* 
reived  from  the  beginning  the  object  of  such  a  change  in  a  given 
i'jorm,  of  which  algebraists  often  avail  themselves,  in  order  to 
ifender  calculations  more  simple.    It  is  recommended  to  the 
BMmer  therrfore,  to  go  over  the  solution  again,  putting  m*  in 
ike  place  of  tn. 

Of  the  extraction  of  the  square  root  of  algebraic  quaniUief. 

121.  We  have  sufficiently  illustrated,  by  the  preceding  exam- 
)le,  the  manner  of  conducting  the  solution  o^  literal  questions* 
We  have  given  also  an  instance  of  a  transformation,  namely^ 

That  of  \/a*m  into  a  s/m^  which  is  worthy  of  particular  attention ; 

dnceby  means  of  it,  we  have  been  able  to  reduce  the  factora, 

x>ntained  under  a  radical  sign,  to  the  smallest  number  possible, 

'  W  thus  to  simplify  very  much  the  extraction  of  the  remaihing 

^'yart  of  the  root. 

This  transformation  consists  in  taking  the  roots  of  aU  the  factors 
which  are  squares^  and  writing  them  without  the  radical  signt  as 
tmdtipliers  of  the  radical  quantittft  and  retaining  under  tiu  radical 
^rign  all  tliosefactorSf  which  are  not  squares. 

This  rule  supposes,  that  the  student  is  already  able  to  deter- 
mine, whether  an  algebraic  quantity  is  a  square,  and  is  ac- 
quainted with  the  method  of  extracting  the  root  of  such  a 
quantity.  In  order  to  this,  it  is  necessary  to  distinguish  simple 
quantities  from  polynomials* 

122.  It  is  evident,  from  the  rule  given  for  the  exponents  in 

which  is  as  follows ;  To  find  on  the  line^  which  joins  any  t^co  luminous 
bodies,  the  point  where  these  two  bodies  shine  toUh  equal  light.  I  have 
divested  this  problem  of  the  physical  circumstances,  which  are  foreign 
to  the  object  of  this  work,  and  which  only  divert  the  attention  from 
the  character  of  the  algebnuc  expressions.  Tliese  expresaions  are 
very  remarkable  in  themselves,  and  for  this  reason  I  have  developed 
them  more  fully,  than  they  were  done  in  the  work  referred  to. 


1M  MkmmU  if  JBgdhr^ 

nidtiplktiim^ai  the  moimI  ]Miiw  ^  o^ 
muA  d&uUe  that  cf  tliii  quMmtiiff. 
"We  have,  for  example. 

It  follows  then,  that  every  fa€i4n'9  which  is  a  Sfnan^  nmut  hmi 
anexprnent  whkh  is  an  even  fuan^,  midihalt  the  rmt^Uk 
factor  is  faimd  by  wriUng  Us  letter  wUh  an  exfonmA  efniil  Uht^ 
the  original  exponewL 

Thus  we  have 

\/a^  zsa^  oraf  \/'i^  =  c*,  \/a^zsa*p   kci 

With  respect  to  numerical  factors,  their  roots  are  extraddt 
when  they  admit  of  any,  by  the  rules  already  given. 

Whence  the  factotrs  a*^  6^,  c*,  in  the  espression 

are  squares,  and  the  number  64  is  the  square  of  8  ;  therrfbn 
as  the  expression  proposed  is  the  product  iffadorSf  which  §rt 
squareSf  it  will  haxe  for  a  root  the  product  of  the  roots  tf  tten 
several  factors  (121)  ;  and  consequently 

\/64a«6*c»  =  8  a*  &>  e. 

123.  Id  other  cases  different  from  the  above,  we  must  enttms* 
our  to  resolve  the  proposed  q^umtityt  considered  as  a  productf  isdotws 
other  products^  one  ^  which  shall  contain  only  snch  factors  ms  an 
squareSf  and  the  other  tliose  factors^  which  are  not  sq^uures^  To 
effect  this,  we  mu6t  consider  each  of  the  quantities  separaiety. 

Let  there  be,  for  exam{ile. 

We  see  that  among  the  divisors  of  7£,  the  following  are  perfect 
squares,  namely,  4,  9  and  S^ ;  if  we  take  the  greatest^  we  ban 

72=36x2. 
As  the  factor  a^  is  a  square,  we  separate  it  from  the  othcni 
passing  then  to  tlie  factor  6^,  which  is  not  a  square,  since  3  is  ao 
odd  number,  we  observe  that  this  factor  may  be  resohned  into 
two  others,  6*  and  6,  the  first  of  which  is  a  square ;  we  have  then 

it  is  obvious  also  that 

c^  ^c^ .  c. 
3y  proceeding  in  the  same  manner  with  every  letter,  whose  ex- 
ponent is  an  odd  number,  the  quantity  is  resolved  thus^ 

72a*i»c'  =  36.2a*A*  .5c*.c; 
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by  coHectiBg  the  facton^  which  are  eqnaresy  it  becomeB 

LasUyt  taking  the  root  of  the  first  product  and  indicating  fliat 
of  the  aecondy  we  have 

V757FP7' 5=  6  a*  i  c»  vaFc. 

See  aome  examples  of  this  kind  of  reduction  with  the  steps^  by 
which  they  are  performed ; 


\98  ^    49.S  S 

7      Va  ""   7    V  2  ' 


V"»?^       "n         V  n5 


^^ 


^  (m»  +mii)  =  -^  V^m«  +«ii. 


It  ^;inll  be  seen  by  the  first  of  these  examples^  that  the  denom* 
inator  of  an  algebraic  fraction  may  be  taken  from  under  the 
radical  sign  by  being  made  a  complete  square,  in  the  same  maiH 
ner  as  we  reduce  the  root  of  a  numerical  fhu^on  (104.) 

124.  We  now  proceed  to  the  extraction  of  \he  square  root  of 
polynomials.  It  must  here  be  recollected,  that  no  binomial  is 
a  perfect  square,  because  every  simply  quantity  raised  to  a 
square  produces  only  a  simple  quantity,  and  the  square  of  a 
binomial  always  contains  three  parts  (34.) 

It  would  be  a  great  mistake  to  suppose  the  binomial  a  -f  k  to  be 
the  square  root  of  a*  +  6* ,  although  taken  separately,  a  is  the  root 
of  a',  and  6  that  of  ft'  ;  fin*  the  square  of  a -f  ft,  or  a*  -f.2aft+ft*, 
contains  the  term  +  S  a  ft»  which  is  not  found  in  the  expression 

v/a*+ft». 

Let  there  be  the  trinomial 

24  a*  ft*  c  + 16  a*  c«  +  9 ft*. 
In  order  to  obtain  from  this  expression  the  three  parts,  which 
compose  the  square  of  a  binomial,  we  must  arrange  it  with 
reference  to  one  of  its  letters,  the  letter  a,  for  example ;  it  then 
becomes 

16a*c«  +24a»ft*c  +  9  6«. 
Xow.  whatever  be  the  square  root  sought,  if  we  suppose  it  as- 
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ranged  with  reference  to  the  same  letter  a,  the  aqiuure  of  ita  fint 
term  must  nece»sai*ily  form  tlie  first  tcrm^  16  a^  c',  of  the  pni- 
posed  quantity ;  double  the  product  of  the  first  term  of  fheraot  by 
tlie  second  must  give  the  second  terro^  24  a*  6*  c,  of  the  prqneed 
quantity ;  and  the  square  of  the  last  term  of  the  root  moat  gire 
exactly  the  last  term,  9  6*9  of  the  proposed  quantity.  The  cpe- 
ration  may  be  exhibited,  as  follows ; 

I6a*c*  +24a*b*  c  +  9h*  C4a*  c  +  Sb^  root 


{ 


+  a4«>6»c  +  96« 
—  g4r(»ft»c  — 9  6* 

0  0 

We  begin  by  finding  the  s'juare  root  of  th6  first  term,  16  a^  c^, 
and  the  result  4  a*  c  (12S)  is  tlie  first  term  of  the  root,  which  is 
to  be  written  on  the  right,  upon  the  same  line  with  the  quantityi 
whose  root  is  to  be  extracted. 

We  subti*act  from  the  proposed  quantity,  the  square,  16  a^  c  * 
of  the  fii*st  term,  4  a'  c,  of  the  root;  there  remain  then  only  ths 
two  terms  24  a*  fr*  c  +  9  &•• 

As  the  term  24  a*  6^  c  is  double  the  product  of  tlie  first  term 
of  the  root,  4  a*  C9  by  the  second,  we  obtain  this  last,  by  dividing 
24  a*  h^  c.  hy  8  a*  c,  double  of  4  a*  c,  ^^hich  is  written  below  the 
root ;  the  c|uotient  3  t*  is  the  second  term  of  the  root. 

The  root  is  now  determined  ;  and,  if  it  be  exact,  the  square  of 
the  second  term  will  be  9  &*,  or  rather,  double  of  the  first  term  of 
the  root  %a'^  c  together  with  the  second  3 ft',  multiplied  hy  the 
second,  will  i*eproducc  the  two  last  terms  of  the  square  (91); 
therefore  we  write  +3  6*  hy  the  side  of  8  a'  c,  and  multiply 
8  a*  c  +  3  6*  by  3  6*  ;  after  the  product  is  subtiwited  from  the 
two  last  terms  of  the  quantity  proposed,  nothing  i*cmains ;  and 
we  conrlude,  that  this  quantity  is  the  square  of  4  a*  c  +  3  6*. 

It  is  evident  that  the  same  reasoning  and  the  same  process 
may  be  applied  to  all  quantities  composed  of  three  terms. 

125,  When  the  quantity,  whose  root  is  to  be  extracted,  has 
moi-e  than  three  terms,  it  is  no longei*  the  square  of  a  binomial; 
but  if  wc  Rup^mse  it  the  square  of  a  trinomial,  w  +  n+p,  and 
represent  by  I  the  sum  m  +  n,  this  trinomial  becoming  now  I  +Pf 
its  square  will  be 
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in  which  fhe  square  {*  of  the  binomial  m  +n,  produceSf  when  de*" 
veloped,  the  terras  m*  +  2mn  +  n*.    Now^  after  we  have  ar- 
ranged the  proposed  quantity^  the  first  term  will  evidently  be 
^     the  square  of  the  first  term  of  the  rooty  and  the  second  will  con- 
■     tain  double  the  product  of  tiie  first  term  of  the  root  by  the  second 
^    of  this  root;  we  shall  then  obtain  this  last  by  dividing  the  second 
term  of  the  proposed  quantity  by  double  the  root  of  the  first* 
a    Knowing  then  the  two  first  terms  of  the  root  sought,  we  com- 
plete the  square  of  these  two  terms,  represented  here  by  I*  ; 
subtracting  this  square  from  the  proposed  quantity,  we  have  for 
a  remainder 

2Zp+pS 

F  a  quantity,  which  contains  double  the  product  of  {,  or  of  the  first 
c«<  binomial  m  -f  n,  by  the  remainder  of  the  root,  plus  the  square  of 
*  >  tills  remainder.  It  is  evident  therefore  that  we  must  proceed 
with  this  binomial  as  we  have  done  with  the  first  term  m  of  the 
^  root* 
rS:     Let  there  bb,  for  example,  the  quantity 

64  o»  6  c  +  25  a»  6«  —  40  a*  6  +  16  a*  +  64  J*  c«  —  80  a  6»  c ; 
i"  We  arrange  it  with  reference  to  the  letter  a,  and  make  the  same 
rj:  disposition  of  the  several  parts  of  the  operation  as  in  the  above 
I  example. 


f4a»—  5ab  +  Sbc 
8a«—  Sab 
8a«  —  10a(  +  8(c 


1 


16a* — 40a»6+25o»6* — 80oJ«c  +  646«c* 

+64a>Ac 
16ii* 

^  Istrem.— 40a*6+25a«6«  —  80a6»c+646»c« 

+64a*bc 
^ +40a*b—25a*b^ 

*2fcd.  rem +e4a*bc—S0ah*c  +  &4b*c* 

^  ^^64aHc+  80fl6*c — 646»c^ 

goo' 

^  Yfe  extract  the  square  root  of  the  first  term  16  a*,  and  obtain 
'4  a'  for  the  first  term  of  the  root  sought,  the  square  of  which  is  to 
'^  be  subtracted  from  the  proposed  quantity. 
*^  We  double  the  first  term  of  the  root,  and  write  the  iTsult  8  a- 
>  '^^ndcr  the  root ;  dividing  by  this  the  term  —  40  a^  b,  which  be- 
-'l^ns  the  first  remainder,  wo  have  —  5  a  fr  for  tlie  second  term  of 
;^]ie  root ;  this  is  to  be  placed  by  the  side  of  8  a^,  we  then  multi- 
ily  the  whole  by  this  second  term,  and  subtract  the  result  fn>m 
remainder,  upon  which  we  ai*e  employed. 
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Thus  we  hare  subtracted  from  the  proposed  quantity  the  Hqun 
of  the  binomial  4a*  —  5ab;  the  secoikl  remainder  can  ooHtaoi 
only  double  the  product  of  this  binomial^  by  the  third  tern  rf 
the  root,  together  with  the  square  of  this  term ;  we  take  fka 
double  the  quantity  4  a*  —  5  a  6,  or 

8  a*  — 10  aft, 
which  is  written  under  8a*  —  Sab,  and  constitntes  flie  dinitf 
to  be  used  with  the  second  remainder ;  the  first  term  of  the  qar 
tientf  which  is  8  ft  c,  is  the  third  of  the  root. 

This  term  we  write  by  the  side  of  8 a*  -— 10  aft*  and  mMf^ 
the  whole  expression  by  it ;  the  product  being  subtracted  fhsi 
the  remainder  under  considerationt  nothing  is  left ;  the  quanti^ 
proposed  therefore  is  the  square  of 

4a*  —  5aft  +  8ftc. 

Tlie  above  operation,  which  is  perfectly  analogoua  to  tb^ 
which  has  been  already  applied  to  numbers,  may  be  extended  ti 
any  lengUi  we  please. 

Of  ilu  formation  of  powen  and  the  extraction  of  their  roots. 

126.  The  arithmetical  qieration,  upon  which  the  resolutien  ef 
equations  of  the  second  degree  depends,  and  by  which  we  ascead 
from  the  square  of  a  quantity  to  the  quantity,  from  which  it  is 
derived,  or  to  the  square  root,  is  only  a  particular  case  of  a 
more  general  problem,  namely,  to  find  a  nuwheTf  any  pcrwer  of 
which  is  known.  The  investigation  of  this  problem  leads  to  % 
result,  that  is  still  termed  a  root,  the  different  kinds  being  called 
degrees,  but  the  process  is  to  be  understood  only  by  a  careful 
examination  of  the  steps  by  which  a  power  is  obtained,  one  ope- 
ration being  the  reverse  of  the  other,  as  we  observe  with  respect 
to  division  and  multiplication,  with  which  it  will  soon  be  perceiv- 
ed that  this  subject  has  other  relations. 

It  is  by  multiplication,  that  we  arrive  at  tlie  powers  ot  entin 
numbers  (24),  and  it  is  evident,  tliat  those  of  fractions  also  are 
formed  by  raising  the  numerator  and  denominator  to  the  powef 
proposed  (96). 

So  also  ttic  rck>t  of  a  fraction,  of  whatever  degree,  is  obtained 
by  taking  the  corresponding  root  of  tlie  numerator  and  that  of 
the  denominator. 

As  algebraic  symbols  are  of  great  use  in  expressing  evcrj 
thingf  wliirh  velatca  to  the  composition  and  decomposition  of 
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quantities,  I  shall  firet  consider  how  the  powers  t^  algebnuc 
expressions  are  Ebrme^l,  those  of  numbers  being  easilj*  Tound  \xj 
the  metiiodB  that  have  already  been  given  (24.)' 


TtSM  (^  the  first  leven  powert  of  wtmiien  from  l  b 


1st 

i 

a 

4 

5 

6 

7i      8 

9 

2.1 

4 

9 

le 

25 

36 

49 

64 

81 

S.I 

8 

27 

64 

125 

an; 

343 

512 

729 

4th 

16 

SI 

256 

625 

1396 

240. 

409f 

6361 

9th 

32 

243 

1024 

3125 

7776 

11,807 

3276!: 

39049 

6th 

64 

729 

409.; 

15635 

46656 

11764<) 

262144 

531441 

4783969 

7tli 

128 

2187 

16384 

78125 

27993b 

83354:^ 

2097153 

Thifl  table  is  intended  particularly  to  show  with  what  rapidity 
flic  higher  powers  of  numbers  increase,  a  circamatance  that  will 
bo  found  to  be  of  great  importance  berealler ;  we  see,  for  instance, 
tliat  tlie  seventh  power  of  2  is  128,  and  that  of  9  amoants  to 
4782969. 

It  will  hence  be  readily  perceived,  that  the  powers  of  fractioiis, 
properly  so  called,  decrease  very  rapidity,  since  the  powers  of 
the  denominator  become  greater  and  greater  in  comparison  widi 
thase  of  the  numerator.  Tlie  seventh  power  of  |,  Ibr  exam[4e> 
is  ^\^,  and  that  of  |  is  only 


127.  It  is  evident  from  what  has  been  sud,  tbat  in  a  prwlnct 
each  letter  has  for  an  exponent  the  sum  of  the  expwients  of  its 
several  hctore  (26),  that  ikepcncer  efa  timpk qtutntity  ia^abtained 
ly  m\dtiplyine  the  exponent  of  eacA  Jacior  fry  tht  txponmt  </  this 
power. 

The  third  power  of  a*  6»  c,  for  example,  is  found  by  multiply^ 
ing  the  exponents  S,  3,  and  1,  of  the  letters  a,  b  and  e,  by  S,  the 
exponent  of  the  iMWer  irvjuircd ;  we  have  then  a*  b*  e'  ;  the 
operation  may  bethui^  represented, 

a*  h'  e  X  a^  b^  c  X  a*  b*  c  =a»-*&^'»  c>'». 

If  tlic  proposed  quantity  have  a  numerical  coefitcient,  this  co- 
efticient  must  also  be  raised  to  the  same  power  ;  thus  the  fourth 
power  of  3  a  ft*  c*,  is 

8Ifl*6»ea«, 
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128.  With  respect  to  the  signst  with  whicli  rimple  qiMiilitiai 
may  be  aJOTectedy  it  must  be  ob8ei*Ted,  that  teenffonoer^  the  aef^ 
eni  of  which  is  an  even  number,  has  the  s^  -|-»  <tiid  even/pofWfer 
the  exponent  of  which  is  an  odd  nunUfer,  has  the  same  sign  as  the 
quantity  from  which  it  is  formed. 

In  fact,  powers  o(  an  even  degree  arise  from  the  multi^icatioa 
of  an  even  number  of  factors ;  and  the  signs  — y  combined  two  and 
two  in  the  multiplication,  always  give  the  sign  -f  in  the  product 
(31).  On  the  contrary,  if  the  number  of  factors  is  uneven,  ths 
product  wiU  have  the  sign  — >  wtien  the  factors  have  this  aigo, 
since  this  product  will  arise  fitim  that  of  an  even  number  oC 
factoids,  multiplied  by  a  negative  factor. 

129.  In  order  to  ascend  from  the  power  of  a  quantity,  to  the 
root  from  which  it  is  derived,  we  have  only  to  reverse  the  rules 
given  above,  that  isy  to  divide  the  exponent  of  each  letter  by  thatf 
wldch  marks  the  degree  of  the  root  required. 

Thus  we  find  the  cnibe  root,  or  the  root  of  the  third  degree^  of 
tiie  expression  a*  6*  c',  by  dividing  the  exponents  6,  9  and  3  by 
3,  which  gives 

When  the  proposed  expression  has  a  numerical  coeflScient,  iti 
root  must  be  taken  for  tlie  coefficient  of  the  literal  quantity,  ob« 
tained  by  tbc  preceding  rule. 

If  it  wei*e  required,  for  example^  to  find  the  fourth  root  of 
8 1  a*  h^  c"®,  we  sec  by  referring  to  table  art  126,  that  81  is 
the  fourth  power  of  3 ;  then  dividing  the  exponent  of  each  of 
the  letters  by  4,  we  obtain  for  the  result 

Sa6»c*. 

When^thc  root  of  the  numerical  coeffirient  cannot  be  found  by 
the  table  inserted  above,  it  must  be  extracted  by  the  methods  to 
be  given  liercallcr. 

130.  It  is  evident,  that  the  roots  of  the  literal  part  of  simple 
quantities  can  be  extracted,  only  when  each  of  the  exiwnents  is 
divisible  by  that  of  tlic  root ;  in  the  contrary  case,  we  can  only 
indicate  the  arithmetical  opei*ation,  which  is  to  be  performed, 
wlienever  numbers  are  substituted  in  the  place  of  the  letters. 

Wc  use  for  this  purpose  the  Rignv^"";  but  to  designate  the 
dosjree  of  the  root,  we  place  the  exponent  as  in  the  foUowinj)^ 
expressions, 
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tibe  first  of  which  represents  the  cabe  rooty  or  tiie  root  of  the 
third  degree  of  a»  and  the  second  the  fifth  root  of  a*  • 

We  may  often  simplify  radical  expressions  of  any  degree 
whatever,  by  observing,  according  to  art  127,  that  an/y  power 
^  a  product  is  nuide  up  of  the  product  of  the  Mme  power  €fMch  of 
the  factors,  and  that  consequently,  any  root  of  a  prodtict  is  made  up 
of  the  product  of  the  roots  of  the  same  degree  of  the  stoeralfactort. 
It  follows  from  this  last  principle,  that,  if  iht  quamtity  placed 
umder  the  radical  sign  have  factors,  which  are  exact  powers  of  the 
degree  denoted  by  this  sign^  the  roots  cf  these  fadors  may  be  taken 
separately,  and  their  product  mulOpUed  by  the  root  of  the  other 
factors  indicated  by  the  sign* 

Let  there  be,  for  example. 

It  may  be  seen  that, 

96  =  32X3  =  2'.S, 

that  a*      is  the  fifth  power  of  a, 

that  6'  =6*.  J*, 

tiiat  c^^  =  c^^.c; 

we  have  then 

96a«6^c**=:2»a'  6'c*«  xS6«a 

As  the  first  factor  2'  a'  b'  c^  ® ,  has  for  its  fifth  root  Uie  quan- 
tity 2abc*,  the  expression  becomes 

5  f  

V9l>a«  6^c*»  =2abc*\/Sb*  c. 
131.  As  every  even  power  has  tlie  sign  +  (128),  a  quantity, 
aflected  with  tlie  sign  — ^  cannot  be  a  power  of  a  degree  denoted 
by  an  even  number,  and  it  can  have  no  root  of  this  degree.  It 
follows  from  this,  that  every  radical  expression  of  a  degree  which 
is  denoted  by  an  even  number,  and  which  involves  a  negative  quan^ 
tity,  is  imaginary,  thus 

4 6 » 

^ — a,    V — fl*>    ^  +  V — ab'', 
are  imaginary  expressions. 

"We  cannot  therefore,  either  exactly  or  by  approximation,  as- 
sign for  a  degree,  the  exponent  of  which  is  an  even  number,  any 
roots  but  those  of  positive  quantities,  and  these  roots  may  be  affect* 
ed  indifferenUy  with  the  sign  +  or  — ,  because  in  either  case,  they 
will  equally  reproduce  the  proposed  quantity  with  the  sign  -|-, 
and  we  do  not  know  to  which  class  they  belong. 

The  same  cannot  be  said  of  degrees  expressed  by  an  odd  num- 
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bert  for  here  theiiowera  ha^e  the  suhjd  aign  jm  tte&MOQta  (las) ; 
and  we  must  give  to  the  roots  of  thete  degrta  the  i^m*  wUktMek 
the  power  is  affected  ;  and  nu  imaginaiy  egpimBJonn  oociir. 

132.  It  is  iiroper  to  observe,  tiiat  the  ■ppiicatifm  of  tte  mk 
given  in  arU  129f  for  the  extraction  (tf  the  nioli  of  flimiile  fpaut- 
titieSf  by  means  of  the  exponent  of  their  b/Aan^  leada  to  a  mmt 
convenient  method,  of  indicating  roots,  which  cannot  be  obtaiBsd 
algebraically,  than  by  the  sign  y/. 

If  it  were  required,  for  example,  to  find  the  tiiird  root  of  a',  it 
is  necessary,  according  to  the  rule  given  above,  ti{  dlTide  the  ex- 
ponent 5  by  3 ;  but  as  we  cannot  perform  the  divisiony  we  hais 
fo)  the  quotient  the  fractional  number  \ ;  and  thia  fbm  of  thect 
poncnt  indicates,  that  the  extraction  of  the  root  is  not  ponUi 
in  the  actual  state  of  the  quantity  proposed*  We  nuij  therefo 
consider  the  two  expressions 

3  B 

V^       and       AT 

as  equivalent 

The  second  however  has  UbiB  advantage  over  the  first,  tint 
it  leads  directly  to  a  more  simple  form,  viiiich  the  qnantitf 

s 

\/a^  is  capable  of  assuming ;  for  if  we  take  the  whole  number 
contained  in  the  fraction  4,  we  have  1  -f  |  as  an  equivalent  g- 
ponent  ^  consequently, 

from  which  it  is  evident,  that  the  quantity  a^  is  composed  of  two 

factors,  the  lii-st  of  which  is  rational,  and  the  other  becomef 

3  _ 

The  same  result  indeed  may  be  obtained  from  the  quantity  lu- 

der  tlie  form  x/as^  by  tlie  nilc  given  in  art*  130,  but  the  fraction- 
al exponent  suggests  it  immediately.  We  shall  have  occasion  ts 
notice  in  otlier  operations  the  advantages  of  fractional  exponents 
Me  will  meivly  ohservc  for  the  present,  that  as  the  divisioii 
of  exponents,  wlien  it  can  be  performed,  answers  to  the  extiac- 
tion  of  roots,  the  indication  of  this  division  under  tlie  form  of  a 
fraction  is  to  be  reganled  as  the  symbol  of  the  same  operation : 
whence. 


m 


y/iv^        and        a  *• 
are  equivalenl  cxpre&sv>>w%« 


K 


We  havendes  (hen,  which  result  Jrom  the  assumed  manner  of 
expressing  powers,  which  lead  to  particular  symbols,  as  in  art 
S7i  we  anrived  at  the  expression  a*  =  1. 

133.  It  may  be  observed  here,  that  as  we  divide  one  power  by 
anbther  by  aoMmcting  the  exponent  of  the  latter  from  that  of 
the  former  (86),  fractions  of  a  particular  description  may  rea- 
dily be  redwad  to  new  forms. 

By  iq^tyins  the  rule  above  referred  to  we  have 

but  if  the  exponent  n  of  the  denominator  exceed  the  exponent 
HI  of  tiie  numerator,  the  exponent  of  the  letter  a  in  the  second 
member  will  be  negative. 

If,  for  example,  in  =  2,  n=  3,  we  have 

but  by  another  method  of  simplifying  the  fraction  ^9  we  find 
it  equal  to  —  the  expressions 

—     and     ar^ 

a 

are  therefore  equivalent. 

In  general,  we  obtain  by  the  rule  for  the  exponents 

am 


and  by  another  method 

it  follows  from  this,  that  the  eiqiressiona 

—     and      or* 

a* 

are  equivalent. 

In  fact,  the  sign  -— ,  which  precedes  the  exponent  «,  being 
:  taken  in  the  sense  defined  in  art.  62,  shows  that  the  exponent 
;  in  question  arises  from  a  fraction,  the  denominator  of  which  con- 
^  tains  the  factor  a,  n  times  more  than  the  numerator,  which  frac« 

'  tion  is  indeed  ---  5  we  may  therefore,  in  any  case  which  occurs. 

substitute  one  of  these  expressions  for  the  other. 

Tlie  quantify  -j-^,  for  example,  being  considered  as  equiva^ 
lent  to 
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nay  be  reduced  to  the  following^  fomiy 

fhat  iSf  wt  may  transfer  to  the  numerator  qB  the  fattore  of  lie 
denofttdnaioTf  by  giving  to  their  exponents  the  sign  — ^^ 

Reciprocally,  when  a  quantity  contains  factors,  which  have  iiefif- 
tioe  exponents,  we  may  convert  them  into  a  denominator,  observing 
merely  to  give  to  their  exponents  the  sign  -f ;  thus  the  quantity 

becomes 


OftheformaHan  of  the  powers  of  compound  qmniities. 

134.  We  shall  begin  this  section  by  observing^  that  the  powen 
of  compound  quantities  are  denoted  by  including  these  quantities 
in  a  parenthesis,  to  which  is  aunexed  the  exponent  of  the  power* 
The  expression 

(4a»— 2aft  +  5ft*)S 
for  example,  denotes  the  third  power  of  the  quantity, 

4a«  — 2at  +  5ft«. 
This  power  may  also  be  expressed  thus 

4a»— 2aft  +  5i»*. 

135.  Binomials  next  to  simple  quantities  are  the  least  complir 
cated,  yet  if  we  undertake  to  form  powers  of  these  by  successive 
multiplications^  we  in  tins  way  arrive  only  at  particular  resoltgi 
as  in  art.  34,  we  obtained  the  second  and  third  power ;  thus 

(x  +  ay  =x^  +2ax  +a* 

lx  +  ay=x^+Sax*+3a*x  +a» 

(x  +a)*  =  a:*  +4  ax*  +  6 a"  a:*  +4  a*  a:  +  a* 

&c. 
It  is  not  easy  from  this  table  to  fix  upon  the  law,  whick 
determines  the  value  of  the  numerical  coefficients.  But  bj 
consideruig  how  the  terms  are  multiplied  into  each  other,  «'« 
pei-ceive,  that  tlie  coefficients  have  their  origin  in  reductions 
depending  on  the  equality  of  the  factors,  which  form  a  power. 
This  is  rendered  very  evident  by  an  arrangement,  which  prevents 
tliesc  reductions  taking  place. 
It  is  sufficient  for  this  purpose  to  give  to  the  several  binomiak 
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tot  be  muItipKed  different  second  terms.   If  we  take,  (br  examplef 

x+ih    ac  +  bf    x  +  Cj    x  +  df&c. 
by  performing  the  multiplications  indicated  below,  and  placing 
in  the  same  column  the  termSf  which  involve  the  same  power  ot  x, 
we  shall  immediately  find,  that 

(x  +  a)  (x  +J)  =  a*  +ax  +  ab 

+  bx 
(x  +  a)(x+h)  (x  +  c)t=:x*  +ax^  +abx  +  abc 

+  hx*  +  OCX 
-f  cx^  -f  bcx 
(x  +  a)(x  +  h)  (pe  +  c)(x  +  i)s:x^+ax^+abx*  +abcx  +  iAcd 

+  bx^  +  OCX*  +  abdx 
+  cx^  +  adx*  +  aalx 
+  dx*  +bcx^  +bcdx 
0  +bdx* 

+  cdx* 
Without  carrying  these  products  any  fiirther»  we  may  discover 
the  law  according  to  which  liiey  are  formed. 

By  supposing  all  the  terms  involving  the  same  power  of  x, 
and  placed  in  the  same  column,  to  form  only  one,  as,  for  exam- 
ple, 

ax^  +bx*  +cx^  +dx*  =i(a+b  +  e  +  d)x*, 

&JC. 

1.  We  find  in  eachproduct  one  term  mare  than  there  are  units  in 
the  number  of  factors. 

2.  The  exponent  of  x  in  the  first  term  is  (he  same  as  the  number  of 
factors,  and  goes  on  decreasing  by  unity  in  each  of  the  fbUorving 

terms. 

3.  The  greatest  patcer  of  x  has  unity  for  its  coefficient ;  thefd- 
lowing,  or  that,  rvliose  eocponent  is  one  less,  is  multiplied  by  the  stim 
of  the  second  terms  of  the  binomials  ;  that,  whose  exponent  is  two 
less,  is  miUtiplicd  hi  the  sum  of  the  different  products  of  the  second 
terms  of  the  binomials  taken  two  and  two;  that  whose  eocponent  is 
three  less,  is  multiplied  by  the  sum  tf  the  different  products  of  the 
second  term  of  the  binomials,  taken  three  and  three,  and  soon;  in 
the  last  term,  the  exponent  of  x,  being  considered  as  %ero  (ST), 
is  equal  to  that  of  tlie  first,  dimimshed  by  as  many  units  as  there  art 
factors  employed,  and  this  term  contains  the  product  qf  attthe  second 
ftrms  of  the  binomiak. 
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It  is  iuaiiiic8t9  Uiat  the  form  of  these  products  mast  be  subject 
to  tiic  saiiic  laws»  whateycr  bo  the  number  of  factors  ;  as  maj  k 
shown  by  other  evidence  bciiide  that  from  analogy. 

136.  It  will  be  seen  immediately^  tliat  the  productSy  of  which  vc 
arc  speaking,  miist  contain  the  successive  powers  of  x^  fhmi  tfaik 
whose  exponent  is  ciiual  to  the  number  of  factors  employedy  li 
that  whose  expcmcnt  is  zero.  To  present  tliis  proposition  undv 
a  general  form,  we  shall  express  tlie  number  of  factors  by  the  let- 
ter m  ;  tlie  successive  powers  of  x  will  then  be  denoted  by 

\f^  sliall  employ  the  lettei-s  J,     B^     0$    F. 

to  express  the  quantities,  by  which  these  powers,  beginning  with 
af^^9  are  to  be  multiplied;  but  as  Uie  number  of  terniSt  which  dr- 
l)ends  on  the  particulai*  value  given  to  the  exponent,  will  remain 
indeterminate,  so  long  as  this  exponent  has  no  particular  valVf 
we  can  write  only  the  first  and  last  terms  of  the  expressiont  desig- 
nating the  intermediate  terms  by  a  series  of  points. 

Tlic  formula  then 

o(f^+A  a-"*-*  +  Baf^^  +  Caf*^ +  F, 

represents  tlic  pi-oduct  of  any  number  m  of  factorsy 

X  -f-  a,  .T  -f-  fr,  X'\'CfX  +  df  &r. 

If  we  multiply  this  by  a  new  factor  a;  4-  Z,  it  becomes 

It  is  evident,  1  •  that  if  Jl  is  the  sum  of  the  m  second  temtf 
a,  bf  c,  (/,  &c.  J  -f-  I  will  be  that  of  the  m  +  I  second  terms 
a,  bf  C9  (U  &c.  If  and  that  consequently  the  expression  employed  to 
den()tr>  tlic  coeflicicnt  will  be  true  for  the  product  of  the  degree 
m  -f-  U  if  it  is  ti'ue  for  that  of  the  degree  nu 

2.  If  B  is  the  sum  of  the  products  of  the  m  quantities  a«  b.  ci 
&c.  tiikeii  two  and  two,  B  +  Ui,  will  express  that  of  the  products 
of  the  m  + 1  c|uantities  a,  ft,  c,  d,  &c.  /,  taken  also  two  and  two ; 
for  ^  hciivj;  lite  sum  of  the  first,  I  d  will  be  that  of  tlieir  predurts 
by  the  new  quantiry  inti'oduced  i;  tliereforc  the  expi-ession  em- 
ployed will  be  true  for  the  dcgi-ee  m+  1,  if  it  is  for  the  degree  m. 

If  C  is  the  suui  of  the  products  of  the  m  quantities  a,  ft, erf, 
&c.  liiken  three  and  three,  C  +  IB  will  be  that  of  the  products  of 
the  m  +  1  tiuantities  «,  ft,  r,  d,  &c.  /•  taken  also  three  and  thwc, 
since  /  B,  from  what  lias  been  said,  will  exprt^  the  sum  of  the  pro* 
ducts  of  the  fu-st  taken  two  and  two,  multiplied  by  the  new  quantity 
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(fitroduced  I ;  therefore  the  expresston  employed  will  be  true  for 
the  degree  m  -f  1^  if  it  is  true  for  the  degree  m. 

It  will  be  seeriy  that  this  mode  of  reasoning  may  be  extended 
to  alltbetermsy  and  that  the  last  IF  will  be  the  product  of  m-fl 
second  terms* 

The  propositions  laid  down  in  art  135,  being  true  for  express 
■ions  of  the  fourth  degree,  for  example,  will  be  so,  according  to 
what  has  just  been  proved,  for  those  of  the  fifth,  for  those  of  the 
sixth ;  and  being  extended  thus,  from  one  degree  to  another^  they 
may  be  shown  to  be  true  generally. 

It  follows  from  this,  that  the  product  of  any  number  whatever 
m  of  binomial  factors  x  +  afX  +  bfX  +  Cf  x  +  d,  kc.  being  re* 
presented  by 

A  will  always  be  the  sum  of  the  m  letters  a,  6,  c,  &c.  B  that  of  the 
products  of  these  qnantitieSf  taken  two  and  two,  C  that  of  the 
products  of  tliese  quantities,  taken  three  and  three,  and  so  on. 

To  comprehend  the  law  of  this  expression  in  a  single  term,  I 
take  one,  whose  place  is  indeterminate,  and  which  may  be  rep« 
resented  by  J^aT^^. 

This  term  will  be  the  second,  if  we  make  n  ss  1,  (he  thirds 
if  we  make  n  =  d,  the  eleventh,  if  we  make  n  =r  ]  0,  &c.  In  the 
first  case,  the  lette**  JV*  will  be  the  sum  of  the  m  letters  a,  fr,  c, 
fcc  in  the  second,  that  of  their  products,  when  taken  two  and  two  } 
in  the  third,  that  of  their  products,  when  taken  ten  and  ten  j  and 
In  general*  that  of  their  products,  taken  n  and  n. 

1 37.  To  change  the  products 

(a?  +  a)(a:  +  6),  (^  +  a)(.x  +  J)  (a?  +  c), 
(x  +  d)\x  +  *)   (x  +  c)  (x  -f  d),  &c. 
Into  powers  otx  +  a^  namely,  into 

(r-i-a)*,        &c. 
it  Is  only  necessary  to  make,  in  the  development  of  these  pro^ 
ducts, 

a:=:b=i€=zdf        &c. 
All  the  quantities,  by  which  the  same  power  of  op  is  multiplied, 
become  in  this  case  equal ;   thus  the  coeflkient  of  the  second 
bcrm,  which  in  the  product 

(x  +  a)  (x  +  b)  (pe  +  c)  (X  +d)  is  a-fb-V-«*Vd» 
19 
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h  cliangrf  Into  4  a  |  that  «f  flie  third  terai  it  the  nme  pidbc^ 

which  is, 

bccomeB  6a*.  Henee  it  is  ctaay  to  flee^  that  the  cocflfeienla  of  tho 
difTerent  pow  ers  of  or,  will  be  changed  into  a  single  power  of  ih  r^ 
peated  as  many  times  as  there  are  terms^  and  distiiigHialted  by  te 
number  of  factors  contained  in  each  of  these  terms.  Thus*  the  cti- 
dBcient  JV*,  by  wliich  the  power  af'^r*  is  multipKedf  will,  in  the  fgoh 
era!  devolopmentf  be  that  power  of  a  denoted  by  «»  or  a"f  repeat* 
cd  as  many  timesy  as  we  can  form  diflTercnt  products  by  taking  ia 
every  possible  way  a  number  n  of  letters  from  among  a  munberfli; 
to  find  the  coeflicient  of  the  term  containing  of^^then  ia  redacei 
to  finding  the  number  of  these  products. 

1 38.  In  order  to  perform  the  problem  jast  menttoaed*  it  ia  neces- 
sary to  distiaguish  arrangements  or  permuUMtms  from  |Hradueti 
or  amibinatian^.  Two  letters^  a  and  h  give  oaly  one  prodartf 
but  admit  of  two  airaBgrments*  a b  and  ba;  three  letters,  ahCf 
which  give  only  one  prodact,  admit  of  six  arrangements  (8b)» 
and  so  on. 

To  take  a  particular  case^  I  will  suppose  the  whole  number  of 
liters  to  be  nine,  namely, 

a,  fr,  c,  cf, «,/  gf  A,  i, 
and  that  it  is  required  to  arrange  them  in  sets  of  seven.  It  is  evi- 
dent, that  if  we  take  any  arrangement  we  please,  of  six  of  these 
letters,  abcdeff  for  example,  we  may  join  successively  to  it  each 
of  the  three  remaining  letters,  gf  h  and  i ;  we  shall  then  ha?§ 
tliree  arrangements  of  seven  letters,  namely, 

abed  efgf        abed  efh^        abed  efu 

What  has  been  said  of  a  particular  arrangement  of  six  letters, 
Is  equally  true  of  all ;  we  conclude  therefore,  that  each  arrange- 
ment of  six  letters  will  give  three  of  seven,  that  is,  as  many  ss 
there  remain  lettei*s,  which  are  not  employed.  If  therefore  tbe 
number  of  arrangements  of  six  letters  be  represented  by  P,  we 
sliall  obtain  the  number  consisting  of  seven  letters  by  multiplying 
P  by  3  or  9  —  6^  Representing  the  numbei's  9  and  7  by  m  and 
fif  and  regarding  P  as  expressing  the  number  of  arrangements, 
which  can- be  furnished  by  m  letters,  taken  n  —  1  at  a  time,  the 
same  reasoning  may  be  employed  ;  wo  shall  thus  have  for  the 
number  of  ari'angcincnts  of  n  letters, 

p(ni_(ii_l)),        or        P(i»-^n  +  l). 


TUb  fimmk  CMipreliends  ill  the  particdar  eaieSy  that  can 
occur  in  any  question.  To  findy  for  exaiaplOf  the  number  of 
arrangements,  that  can  be  formed  out  of  m  letters  taken  two  and 
tin>»  or  two  at  a  time»  we  make  n  =  3,  which  gii^ea 

11—1  =  1; 
'wehaTOttieB 

P  =  ni; 
Ibr  r  will  in  this  case  be  equal  to  the  number  of  letters  taken 
one  at  a  time;  there  results  tlien  from  this 

ni(ni  —  3  +  1)        or        m{ra — 1), 
for  the  number  of  arrangements  taken  two  and  two. 
Again,  taking 

P=:m(iii — 1)        and       «=S, 
we  find  for  the  number  of  arrangements,  which  m  letters  admit 

o^  taken  tiuree  and  three. 

«(«— l)(m  — 3  +  l)=m(in— l)(m— 2.) 

Making 

P=:fn(m  —  l)(m  —  2)    and    ns=4, 
we  obtain 

fA (m^  1)  (»~2)  (m—  3) 
for  flie  number  of  arrangements,  taken  four  and  four.    We  may 
thus  determine  the  number  of  arrangements,  which  may  be  form- 
ed from  any  number  whatever  of  letters.* 

*  In  these  arrangements  it  is  supposed  by  the  nature  of  the  inquiry, 
that  there  are  no  repetitions  of  the  same  letter ;  but  the  theory  of 
permutations  and  combinations,  which  is  the  foundation  of  the  doc« 
trine  of  chances,  embraces  questions  in  which  they  occur.  The  effect 
may  be  seen  in  the  eiample  we  have  selected,  by  observing,  that  we 
may  write  indifferently  each  of  the  9  letters  a,  A,  e,  d^  ^f^g^  ^  ^  after 
the  product  ot  6  letters  abedef.  Designating  therefore  the  number 
of  arrangements,  taken  6  at  a  time,  by  P,  we  shall  have  F  x  9  for  the 
number  of  arrangements,  taken  7  at  a  time.  For  the  same  reason,  if 
P  denote  the  number  of  arrangements  of  m  letters,  taken  n  —  1  at  a 
time,  that  uf  their  arrangements,  when  taken  n  at  a  time,  will  be  Pm. 

This  being  admitted,  as  the  number  of  arrangements  of  m  letters, 
taken  one  at  a  time,  is  evidently  m,  the  number  of  arrangements,  when 
taken  3  and  2,  will  be  m  x  m,  or  m>|  when  taken  S  and  3,  the  number 
will  be  m  X  m  X  m,  or  m^ ;  and  lastly,  m*  will  express  the  number  of 
arrangements,  when  they  are  taken  n  and  fi. 
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159.  Parainpf  mm  from  tbe  nannber  of  amuifsements  or«leltBn» 
to  that  of  their  diflbrent  products^  we  must  find  tbe  number  of  «r- 
rangementn,  which  the  Bame  product  admitsof.  In  order  to  thist  it 
may  be  observed,  that  if  in  any  of  these  art^ngements,  we  pot 
one  of  the  letters  in  the  first  place»  we  may  form  of  all  the  othen 
as  many  permutations,  as  the  product  of  n —  1  letters  admits  oC 
Let  us  take,  for  example,  the  produdfa  bed  efgf  composed  of  sev- 
en letters ;  we  may,  by  putting  a  in  the  first  place,  write  this  pro- 
duct in  as  many  ways,  as  there  are  arrangements  in  the  product 
of  six  letters  bed  efg ;  but  each  letter  of  the  proposed  product 
may  be  placed  first.  Designating  then  the  numlier  of  arrange- 
ments, of  which  a  product  of  six  letters  is  susceptible  by  ^,  we 
shall  have  Q  x  7  for  that  of  the  arrangements  of  a  product  of  seven 
letters.  It  follows  from  this,  that  if  ^  designate  the  number  of 
arrangements,  which  may  be  formed  from  a  product  of  n-—l 
letters,  ((  n  will  express  the  number  of  arrangements  of  a  pro- 
duct of  n  letters. 

Any  particular  case  is  readily  reduced  to  this  formula ;  for 
making  n  =  2,  and  observing,  that  when  there  is  only  one  let> 
ter,  <^  =  1,  we  hare  1  x  2  =  2  for  the  number  of  arrangements  of 
a  product  of  two  letters.  Again,  taking  Q  =  1  x  2  and  n  =  3,  we 
have  1  X  S  X  3  =  6  for  the  number  of  arrangements  of  a  product 
of  three  letters  ;  further,  making  4  =  1x2x3,  and  n  =  4,  there 
result  1x3x3x4,  or  24  possible  arrangements  in  a  product 
of  four  letters,  and  so  on^^. 

140.  What  we  have  now  said  being  well  understood,  it  will 
be  perceived,  that  by  dividing  the  whole  number  of  arrange- 
ments obtained  from  m  letters,  taken  n  at  a  time,  by  the  number 
of  arrangements  of  which  the  same  product  is  susceptible^  we 
have  for  a  quotient  the  number  of  the  different  products,  which 
are  formed  by  taking  in  all  possible  ways  n  factors  among  these 
m  letters.      This    number   wiD  therefore   be   expressed   by 

~ — ^ ;*   which  being  considered  in   connexi<m    with 


*  It  may  be  observed,  that  if  we  make  bucceasively 

n  oi  2,       n  B  3,         n  «a  4,  &c. 

the  formula  — ^ — 77— '  becomes 

iw(m— 1)    m{m —  I)  (w  — 2)    m  (w  —  l)(w  — g)(w~S) 

1.2     '  1,2.8  ^  1.2.3.4  '    ^' 
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p^at  WW  laid  down  in  art.  137,  wiQ  ^ve     ^    ~         ^  a^o(r^ 

for  the  term  containing  atf^"^  In  the  devdqMnent  of  (x  4. a)"". 
It'  is  evident,  tliat  the  term  which  precedes  this,  will  be  express* 

3d  by  2?  fl^*  iir~"-«H-i .  fop  in  going  back  towards  the  first  term, 

the  eiponent  of  a?  is  increased  by  unity*  and  that  of  a  dimin- 
ished by  unity ;  moreover  F  and  ((  are  the  quantities,  which  be- 
long to  the  number  n  —  1. 

P 
141.  If  we  make  -^  s=«V,  the  two  successive  terms  indicated 

above,  become 

Jif  fl-i  a:«.^i  and  M  t^-"^  +  ^)  a«rr-^. 

n 

These  results  show  how  each  term,  in  the  development  of  (a?  -f-  a)"*, 

is  formed  from  the  preceding. 

Setting  out  from  the  first  term,  which  is  0:^9  we  arrive  at  the 

second*  by  making  n  =  1 ;  we  have  M=^  1,  since  x^  has  only 

■nity  for  its  coefiicient;   the  result  then  is a  af^\  or 

Ha  'Ma 

—  a  af^^K    In  order  to  pass  to  the  third  term,  we  make  M=,  -^ 

and  « =  a,  and  we  obtain  "*  ,  "7     ^*  af*^.    The  fourth  is 

1  .^ 

found  by  supposing  M  =  ^  ^ !"  "J     >  *"*  n  =  3,  which  gives 

**  00      ^'  o:"*^,  and  so  on ;  whence  we  have  the  for- 

mula 

\  1  •  s 

which  may  be  converted  into  this  rule. 

To  pass  from  one  term  to  the  foUowingf  we  midtiply  the  numeri- 
eal  coefficient  by  the  exponent  ofxin  thejirstf  divide  by  the  number , 
which  marks  the  place  of  this  term^  increase  by  unity  the  exponent 
rf  a,  and  diminish  by  unity  the  exponent  of  x. 

Althougli  we  cannot  determine  the  number  of  terms  of  this 
formula  without  assigning  a  particular  value  to  m ;  yet,  if  we 

numbers,  which  express  respectively,  how  many  combinationB  may  be 
made  of  any  number  m  of  thiDgs,  taken  two  and  twOyl3nx^<^  «a^  ^\^i^ 
&iir  and  foiir^  Sec* 


150  MkmaUB  ef  JKgdKnu 

obaenre  Out  dqNiidence  of  the  terms  upon  each  other»  iveMi 
ha^e  no  doubt  reflpecting  the  law  of  their  foriiiation»  to  wfaatem 
extent  the  sertes  may  be  carried.    It  will  be  aeen  tint 
tit(m— l)(ni— «)■■■■(«— n-f  I)    ^ 

expresses  the  term,  which  has  n  terms  before  it.  j 

This  last  formula  is  called  the  gtnend  term  of  the  seriea  ' 

1  1  .  Ji 

because  if  we  make  successively 

it  gives  all  the  terms  of  this  series. 

142.  Now,  if  (x  +  a)'  be  developed,  according  to  the  rail 
given  in  the  preceding  article ;  the  first  term  k&ng 

X'  or  a^x'    (37), 


the  second  will  be 


the  third 


Ae  fourth 


the  fifth 


the  sixth 


jU^x^    or    5007% 


— - — a^x^  or  lOo'o:*, 
VlJ^la^x*  or  10a»a?S 


10x3  .  ^  . 

— - — a^x  or  5a^x, 

4 


a^x^  or  a*. 


Here  the  process  terminates)  because  in  passing  to  thc^  follow* 
ing  term  it  would  be  necesssary  to  multiply  by  the  exponent  of  x 
in  the  sixth,  which  Ls  zero. 

This  may  be  shown  by  tlie  formula ;  for  the  seventh  tflm 
having  for  a  numerical  coefficient, 

tw(w— 1)(w— g)(m  — 8)  (m  — 4)(m  — 5) 
1.2.3.4.5.6 
contains  the  factor  m  —  5,  which  becomes  5  — -  5  =  0 ;  and  tkil 
same  factor  entering  into  each  of  tlie  subsequent  terms,  reduces 
it  to  nothing. 
Uniting  the  terms  obtained  above,  we  have 
{x  +  ay  =  OP*  +  Sax*  +  TOa»a?*  +  10a  •*•  +  5a*x+a'* 


\ 
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143.  Any  power  whatever  of  any  binomial  may  be  deTel<9ed 
by  the  formula  given  in  art  141.  If  it  were  required  for  exam- 
ple to  form  the  sixth  power  of  2  x*  ^-  9  a'^  we  have  only  to  sub-* 
Btitute  in  the  formula  tlie  powers  of  2  x^  and  ^^Sa*  respectively 
for  those  of  x  and  a ;  since,  if  we  make 

2x*=sx^  and -•— 5  a*  ss o'y 
we  havt 

(2a:»— 5a«)«=(a/+aO^  = 
of  +6  a' x^'  +  15  a'»  a/*  +  20a'»x'» 
+ 15  a'*  a/«  +  6  a'*  a/  +  a'*  (141), 
and  it  is  only  necessary  to  substitute  for  x^  and  a'  the  quantifies^ 
which  these  letters  designate.    We  have  then 

(2a:»)«+  6(— 5a»)  (2a:*)«  +  l5  (— 5fl»)*  (2a?«)* 
+  20(— 5  a*)*  (2;r»)»  + 15  (—5  a*)*  (2 a;«)» 
+  6(— 5a»)'(2a;»)  +  (— 5a»)S 
or 

64a:*«— 960a*a:»«  +  6000  a«a:»» 

—  20000  a*  x*  +  S7500  a*  *  x^ 

—  37500a*  'a;»  +  15625  a* ». 

The  terms  produced  by  this  development  arc  alternately  pos^ 
itive  and  negative  ;  and  it  is  manifest,  that  they  will  always  be 
io,  when  the  second  term  of  the  proposed  binomial  has  the  sign 

144.  The  formula  given  in  art.  141,  may  be  so  expressed  as  to 
Eeurilitate  the  application  of  it  incases  analogous  to  the  preceding 

Since 

,tli6  formula  may  be  written 

^which  may  be  reduced  to 

by  insolating  the  common  factor  af^.    In  applying  this  formula, 
Ae  several  steps  are,  to  farm  the  ierita  of  numherSf 

m       m  — 1       m  — ii      m—«3 


-»      — ;:; —  9      — 2 — f 


a 


.,  &c. 


to  multiply  the  frst  hy  the  fraction  — ,  then  this  product  by  the  second 
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and  also  hy  thefradian  ^,  then  again  this  last  result  by  the  €ari 

and  hy  the  firadum  —9  and  so  on;  to  vnite  all  these  termSf  and  aU 

unity  to  the  sum  ;  and  lastiy,  to  multiply  the  lohok  hy  the  factor  x\ 
In  the  example  (2a;*  —  5tt*)*,  we  must  write  (2a;  */  in  tlie 

place  or  x^,  and  —  — j  in  tliat  of  — .    I  aliall  leave  the  applica- 
tion of  the  formula  as  an  rxerciae  for  the  learner.* 

145.  Wo  may  easily  reduce  the  development  of  the  power  of 
any  polynomial  whatever,  to  that  of  the  powers  of  a  binomial»  as 
may  be  shown  with  respect  to  the  trinomial  a  +  h  +  c,  the  tUrd 
power  for  instance  being  required. 

First  we  make  6  -|-  c  =  m»  we  then  obtain, 
(a  +  ft  +  c)*  =  (a  +  iiO*=:a*  +  3a»  m  +  Sam*  +in' j 
substituting  for  m  the  binomial  b  +  c,  which  it  represents,  ve 
have 

(a  +  6  +  c)3  =  a»  +  3a*  (h+c) +  Sa  (h  +  cy  +(b  +  cy. 
It  only  remains  for  us  to  develop  the  powers  of  the  binomial  b  +  Cf 
and  to  pciform  the  midtiplications,  which  ai*e  indicated  ;  we  have 
then 

a^+Sa«i  +  3a6«  +6* 
+  Sa*c  +  6afrc  +  s6»c 
+  3ac*  +Sbt* 
+  c». 

Of  the  extraction  of  the  roots  of  compound  quantities. 

146.  Having  explained  the  formation  of  the  powers  of  cam' 
pound  quantities,  I  now  pass  to  the  extraction  of  their  roots,  be- 
ginning  with  the  cube  root  of  numbers. 

In  order  to  extract  the  cube  root  of  numbers,  we  most  first  be- 
come  acquainted  with  the  cubes  of  numbers,  consisting  of  orij 
one  figure ;  these  arc  given  in  the  second  line  of  the  ibliowiBg 
table; 

*  The  formula  for  the  development  of  (x  +  a)*  answers  for  lU 
values  of  the  exponent  m,  and  is  equally  applicable  to  cases  in  which 
the  exponent  is  fractional  or  negative.  This  property,  which  b  Tsrj 
important,  is  demonstrated  in  the  Supplement  to  tliis  treatise. 
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123456789 
1         8       27       64     125     216     343      512  '  729 

and  the  cube  of  10  being  lOOO^  no  number  consisting  of  three  fig- 
ures can  contun  the  cube  of  a  number  consisting  of  more  than  one. 
The  cube  of  a  number  consisting  of  two  figures  is  formed  in  a 
manner  analogous  to  that,  by  which  we  arrive  at  the  square ;  for 
if  we  resolve  this  number  into  tens  and  units,  designating  the 
first  by  Of  and  the  second  by  bf  we  have 

Hence  it  is  evident,  that  the  cube,  or  third  power  of  a  number  com^ 
posed  (ftens  and  units,  contains  four  parts,  namely  ;  the  cube  of  ike 
tenSf  three  times  the  stpiare  of  the  tens  mulHplied  by  the  units,  three 
times  the  tens  multiplied  by  the  square  of  the  units,  and  the  cube  of 
the  units. 

If  it  were  required  to  find  the  third  power  of  47»  by  making 
a  =  4  tens  or  40,  &  =  7  units,  we  have 

a*  =  64000 
3  a'  &  =  33600 
3  ft  b*  =   5880 

6*=:      343 


Total  103823  =  47  X  47  X  47. 

Now  to  go  back  from  the  cube  103823  to  its  root  4  7,  we  begin 
by  observing  that  64000,  the  cube  of  the  4  tens,  contains  no  signifi- 
cant figure  inferior  to  tliousands ;  in  seeking  the  cube  of  the  tens 
therefore,  we  may  neglect  the  hundreds,  the  tens  and  the  units  of 
the  number  103823.  Pursuing,  therefore,  a  method  similar  to  that 
employed  in  extracting  the  square  root,  we  separate  by  a  comma, 
the  first  diree  figures  on  the  right ;  the  greatest  cube  contained 
in  103  will  be  the  cube  of  the  tens.  It  is  evi-  103,823 
dent  from  the  table,  that  this  cube  is  64,  the      64 


47 


48 


root  of  which  is  4  ^  we  therefore  put  4  in  the  39  8,23 
place  assigned  for  the  root.  We  then  subtract  64  from  103 ; 
and  by  the  side  of  the  remainder  39,  bring  down  the  three  last 
figures.  The  whole  remainder,  39823,  contains  still  three  parts 
of  the  cube,  namely,  three  times  the  square  of  the  tens  multiplied 
by  the  units,  or  3  a*  (,  three  times  the  tens  multiplied  by  the 
square  of  the  units,  or  3  a  6',  and  the  cube  of  the  units,  or  &*.  If 
the  value  of  the  product  3  a' t  were  known,  we  might  obtain  tlio 

20 
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units  hf  by  diriding  this  product  by  3  a',  which  is  aknownqoan- 
tityy  tlic  tens  being  now  found  ;  but  on  the  Mippositiony  that  the 
product  3  a'  A  is  unknown^  we  readily  peroeivey  that  it  €an  haw 
no  figure  inferior  to  hundreds,  siiux)  it  contains  the  factor  a', 
which  represents  the  square  of  the  tens ;  it  must  therefore  be  foirad 
in  tlie  part  SOS,  which  remains  on  the  left  of  the  Dumber  S98fS3« 
after  the  tens  and  units  have  been  separated,  and  whkb  ooi^nBt 
besides  this  product,  tlic  hundreds  arising  from  the  product^  S  a  A", 
of  the  tens  by  the  square  of  the  unitsy  and  from  the  cube^  ft'^  of 
the  units. 

If  wo  divide  398  by  48,  whicli  is  b*iple  tlie  square  of  the  tens^ 
3a*  or  3  x  16,  we  obtain  8  for  the  quotient ;  butfrom  whatprb- 
ce4es,  it  appears  tliat  we  ought  not  to  adopt  this  figure  for  He 
units  of  the  root  sought,  until  we  have  made  trial  of  it  by  em- 
ploying it  in  forming  the  three  last  parts  of  the  cube,  which  muil 
be  contained  in  tlie  remainder  39823.    Making  A  =  8^  we  find 

3  a'  b  =  38400 

3fl6«=:   7680 

&*=      512 


Total  46592. 

As  this  I'esult  exceeds  39823,  it  is  evident  that  the  number  8  b 
too  great  for  the  units  of  the  root.  If  we  make  a  similar  tritl 
with  7,  we  find  that  it  answers  to  the  above  conditions ;  47  thete- 
fore  is  the  root  sought. 

Instead  of  verifying  the  last  figure  of  the  root  in  the  maniMr 
above  described,  we  may  raise  the  whole  number  expressed  by 
the  two  figures,  immediately  to  a  cube ;  and  this  last  method  is 
generally  pi-eferrcd  to  tiie  other.  Taking  the  number  48  and 
proceeding  thus,  we  find 

48X48X48  =  110592. 
As  the  result  is  sweater  than  the  pro|)osed  number#  it  is  evidend 
that  the  figure  8  is  too  large. 

147.  What  we  Iiave  laid  down  in  the  above  example  may  k 
applied  to  all  cases,  where  the  proposed  number  consists  of  mat 
than  three  figures  and  less  than  seven.  Having  separated  tk 
first  three  figures  on  the  right,  \\e  seek  the  greatest  cube  in  Or 
[lart,  which  remains  on  the  left,  and  write  its  root  in  the  osinl 
place ;  wc  subtract  this  cube  from  the  number  to  which  it  relates, 
and  to  the  remainder  bring  down  tlie  three  last  figures ;  sept* 
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rating  now  the  tens  and  the  units^  we  proceed  to  divide  what 
remains  on  the  left,  by  three  times  the  square  of  the  teas  found ; 
but  before  writing  down  the  quotient  as  a  part  of  the  raot»  we 
verify  it  by  raising  to  the  cube  the  number  consisting  of  the  tens 
known,  together  with  this  figure  under  trial.  If  the  result  of 
this  operation  is  too  greats  the  figure  for  the  units  is  to  be  dimin- 
ished ;  we  then  proceed  in  the  same  manner  with  a  less  figures 
and  so  on»  until  a  root  is  found,  the  cube  of  which  Is  equal  to  the 
proposed  number,  or  is  the  greatest  contained  in  this  number,  if  it 
does  not  admit  of  ah  exact  root.  As  we  have  often  remainders, 
that  are  very  considerable,  I  will  here  add  to  what  has  been  said, 
a  method,  by  which  it  may  be  soon  discovei*ed,  whether  or  not  tiie 
unit  figure  of  the  root  be  too  small. 

The  cube  of  a  +  b,  when  i  =  1,  becomes  that  of  a  + 1 , 
or  a*  +  Sa»+3a+l, 

a  quantity,  which  exceeds  a',  the  cube  of  a,  by 

Sa*+3a  +  l. 
Hence  it  follows,  that  whenever  tlie  remainder,  after  the  cube  root 
has  l^een  extracted^  is  less  than  three  times  the  square  of  tlie  root, 
jdus  tliree  times  the  rootf  plus  unity,  this  root  is  not  too  small. 

148.  In  order  to  extract  the  root  of  105823817,  it  may  be  ob« 
Bcrvcd,  that  whatever  be  the  number  of  figures  in  this  root,  if  we 
resolve  it  into  units  and  tens,  the  cube  of  the  tens  cannot  enter  into 
the  three  last  figures  on  the  right,  and  must  consequcntiy  be  found 
in  105823.    But  the  gi-eatest  cube  contained  in  105823  must  have 
more  than  one  figure  for  its  root ;  tins  root  then  may  be  resolved 
into  units  and  tens,  and  as  the  cube  of  the  tens  has  no  figure  infe- 
rior to  tiiousands,  it  cannot  enter  into  the  three  last  figures  823. 
If,  after  these  are  separated,  thci-e  remain  more  than  tliree  figures 
on  the  left,  we  may  repeat  the  reasoning  just  employed,  and 
thus,  dividing  the  number  proposed  into  portions  of  three  figures 
each,  proceeding  from  right  to  left,  and  observing  that  the  last 
portion  may  contain  less  tiian  three  figures,  we  come  at  length 
to  the  place  occupied  by  the  cube  of  the  units  of  the  highest  order 
in  the  root  sought. 

Having  thug  taken  the  preparatory  steps,  we  seek,  by  the  rule 
given  in  the  preceding  article^  the  cube  root  of  the  two  first  por- 
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tions  on  the  left,  and  find  for  the  result  47 ;  105,823,817 


we  subtract  the  cube  of  this  number  from  the    64 


two  first  portions,  and  to  the  remainder  2000    41  8,23 
bring  down  the  following  portion  817.    The  103  823 


473 


48 


number  2000817  wU  then  contain  the  tliree  2  0008,17 
last  parts  of  the  cube  of  a  number,  the  tens  of  105  823  817 
which  arc  47,  and  the  units  remain  to  bf  found.  000  000  000 
These  units  are  tbci^efoi-e  obtained,  as  in  the  example  gifcn 
in  tlie  preceding  article,  by  separating  the  two  last  figures  on  the 
right  of  the  remainder,  and  dividing  the  part  on  the  left  by  6627, 
triple  the  square  of  47.  Then  making  trial  witli  the  quotient  S, 
arising  from  this  division,  by  raising  47S  to  a  cube,  wc  obtain 
for  tlie  result  the  proposed  number,  since  this  number  is  a  perfect 
cube. 

The  explanation,  we  have  given,  of  the  above  example,  may 
take  tlie  place  of  a  general  rule.  If  tlic  number  proposed  had 
contained  another  portion,  we  should  have  continued  tlie  opera- 
tion, as  we  have  done  for  the  third ;  and  it  is  to  be  I'ecoUected 
always,  that  a  cipher  must  be  placed  in  the  root,  if  the  number 
to  be  divided  on  the  left  of  the  remainder  happen  not  to  contain 
the  number  used  as  a  divisor ;  we  should  then  bring  down  the 
following  portion,  and  proceed  witli  it,  as  witli  the  preceding. 

149.  Since  the  cube  of  a  fraction  is  found  by  multiplying  thisfrac- 
lion  by  its  square^  or  whidi  amounts  to  the  same  thingf  by  taking  the 
cube  of  the  numerator  and  that  of  the  denominator;  reversing  this 
process,  we  arrive  at  the  root,  by  extracting  the  root  of  the  new 
numerator  and  that  of  the  neiv  denominatx)r.  The  cube  off,  for  ex- 
ample, is  {■?-!  ;  taking  the  cube  root  of  125  and  of  216,  we  find  |. 

Wc  always  pi'oceed  in  this  way,  when  the  numerator  and  de- 
nominator are  perfect  cubes ;  but  when  tliis  is  not  the  case,  "^t 
may  avoid  the  necessity  of  extracting  the  root  of  the  denomina- 
tor, by  multiplying  the  two  terras  of  tlie  proposed  fraction  by  the 
square  of  this  denominator.  The  denominator  thence  arising, 
will  be  tlie  cube  of  the  original  denominator,  and  it  will  be  only 
necessary  then  to  find  tlie  root  of  the  numerator.  If  we  have,  for 
example,  |,  by  multiplying  the  two  terms  of  this  ft-action  by  25, 

the  squai-c  of  the  denominator,  we  obtain 

75 

5X5X5' 

^hc  root  of  the  denominator  is  5 :  while  that  of  75  lies  bctwcci 
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4  and  5.  Adopting  4,  we  have  |  for  the  cube  root  or  |  to  within 
one  fifth.  If  a  greater  degree  of  accuracy  be  requiredt  we  must 
take  the  approximate  root  of  75,  by  the  method  I  shall  soon  pro- 
ceed to  explain. 

If  the  denominator  he  already  a  perfect  square,  it  will  only  be 
necessu7  to  multiply  the  two  terms  of  the  fraction  by  the  square 
root  of  this  denominator.  Thus  in  order  to  find  tlie  cube  root 
of  •},  we  multiply  tlie  two  terms  by  3,  tlie  square  rout  of  9 ;  we 
khiis  obtain 

12 
5x3x3* 

Taking  the  root  of  the  greatest  cube  8  contained  in  12,  we 
bave  I  for  the  root  sought,  within  one  thii*d. 

150.  It  follows  from  what  has  been  demonstrated  in  art  97,  that 
the  cube  root  of  a  number,  which  is  not  a  perfect  cube,  cannot 
be  expressed  exactly  by  any  fraction,  however  great  may  bo  the 
denominator ;  it  is  therefore  an  iiTational  quantity,  though  not  of 
the  same  kind  with  the  square  root ;  for  it  is  very  seldom  that 
one  of  them  can  be  expressed  by  means  of  tiie  other. 

151.  We  may  obtain  the  approximate  cube  root  by  means  of 
nilgar  fractions.  Tlie  mode  of  proceeding  is  analogous  to  that 
given  for  finding  the  square  root  (103)  ;  but,  as  it  may  be  readi- 
ly conceived,  and  is  besides  not  the  most  eligible,  I  shall  not  stop 
to  explain  it 

A  better  method  of  employing  vulgar  fractions  for  this  pur- 
|lose  consists  in  extracting  the  root  in  fractions  of  a  given  kind. 
Thus,  if  it  were  required  to  find,  for  example,  the  cube  root  of 
22,  within  a  fifth  part  of  unity,  observing  that  the  cube  of  |  is  j |  j, 
we  reduce  22  to  Wt  '  ^^^"  taking  the  root  of  2750,  so  far  as  it 
can  be  expressed  in  whole  numbers,  we  have  y ,  or  2  ^  for  the 
approximate  root  of  22. 

152.  It  is  the  practice  of  most  persons  however  in  extracting 
the  cube  root  of  a  number,  by  approximation,  to  conveii;  this 
number  into  a  decimal  fraction,  but  it  is  to  be  obsci-ved,  that  this 
fraction  must  be  either  thousandths  o?  millionths,  or  of  some  high- 
er denomination  ;  because  when  raised  to  tlie  third  power,  tenths 
become  thousandths,,  and  thousandths^  millionths,  and  in  gcner- 
nU  the  number  of  decimal Jigures  found  in  the  cube*  is  trijde  the  num- 
ber contained  in  Vie  root.  From  this  it  is  evident,  that  we  must 
place  after  the  piMpascd  nnnibrr  three  timcR  ai%  uv«\\n  c\\\\«\^>  •sich 
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there  arc  decimal  places  required  in  the  root  The  root  is  theti 
to  be  extracted  according  to  the  rules  already  given,  and  the  re- 
quisite number  of  decimal  figures  to  be  distinguished  in  the  reboH. 
If  we  would  find,  for  example,  the  cube  root  of  327,  within  • 
hundredth  part  of  unity,  we  must  write  six  ciphers  alter  thii 
number,  and  extract  the  root  of  327000000  according  to  the  nsa- 
al  method*    This  is  done  in  tlic  following  manner ; 


327,000,000 

688 

216 

108 

1110,00 
3144  32 

13872 

125  680,00 
325  660  672 

1  339  328 

Separating  two  figuiTs  on  tlie  right  of  the  result  for  decimabi 
we  have  6,88 ;  but  6,89  would  be  more  exact,  because  the  cube 
of  this  last  number,  altliough  greater  than  327,  approaches  it 
more  nearly  than  tliat  of  6,88. 

If  the  proposed  number  contain  decimals  already,  before  ire 
proceed  to  extract  the  root,  we  must  place  on  the  right  as  many 
ciphers,  as  will  be  necessai'y  to  render  the  number  of  decimal 
figures  a  multiple  of  3.  Let  tliere  be,  for  example,  0,07,  we 
must  write  0,070,  or  70  tliousandths,  which  gives  for  a  root  Oy4. 
In  order  to  arrive  at  a  root  exact  to  hundredtlis,  we  must  amies 
three  additional  cipliers,  which  gives  0,070000.  The  root  of 
the  greatest  cube  contained  in  70000  being  41,  that  of  0,07  be- 
comes 0,41,  to  within  a  hundredth. 

153.  Hitherto  I  have  employed  the  formula  for  binomial  qaM- 
tities  only  in  the  exti*action  of  the  square  and  cube  roots  of  nuni' 
bers ;  this  formula  leads  to  an  analogous  process  for  obtainiif 
the  root  of  any  degree  whatever.  I  shall  proceed  to  explaifl 
tliis  process,  after  oiTering  some  remarks  upon  the  extraction  of 
roots,  the  exponent  of  which  is  a  divisible  number. 

We  may  find  the  fourth  root  by  extracting  the  square  root 
twice  successively ;  for  by  taking  first  the  square  root  of  a  fouitb 
lK)wer,  a^f  for  example,  wx  obtain  the  square,  or  ft',  the  square 
i*oot  of  which  is  a,  or  the  quantity  sought. 

It  is  obvious  also,  that  the  eightli  i*oot  may  be  obtained  by 
extracting  the  square  root  three  times  successively,  since  the 
square  root  of  a'  is  a^,  and  that  of  a^  is  a^,  and  lastly,  that  or 
fl*  is  (I. 


Extraction  of  the  BooU  of  Compound  (fuanHHes.         159 

In  the  same  manner  it  may  be  shown^  that  all  roots  of  a  de< 
grce,  designated  by  any  of  the  numbers  2, 4,  8»  16,  S2,  &c.  that 
Isy  by  any  power  of  2^  are  obtained  by  successively  extracting  the 
square  root. 

BootBy  the  exponents  of  which  are  not  prime  numbers*  may  ba 
reduced  to  others  of  a  degree  less  elevated ;  the  sixth  root*  fior 
examfde,  may  be  found  by  extracting  the  square  and  afterwards 
the  cube  root.  Thus,  if  we  take  a*  and  go  through  this  process 
with  it,  we  find  by  the  first  step  a*,  and  by  the  second  a ;  we 
may  also  take  first  the  cube  root,  which  gives  a',  and  after- 
wards the  square  root,  whence  we  have  a,  as  before. 

154.  I  now  proceed  to  treat  of  the  general  method,  which  I 
shall  apply  to  roots  of  the  fifth  degree.  The  illustration  will  bo 
rendered  more  easy,  if  we  take  aparticular  example ;  and  by  com- 
paring the  different  steps  With  the  methods  given,  for  the  extrac- 
tion of  the  square  and  the  cube  root,  we  shall  readily  perceive,  in 
what  manner  we  are  to  proceed  in  finding  roots  of  any  degree 
whatever. 

Let  it  be  required  then  to  extract  the  fifth  root  of  SS155400r. 
Now  the  least  number,  it  may  be  observed,  consisting  of  f  figures, 
that  is  10,  has  in  itsfiftli  power,  which  is  100000,  six  figures;  we 
therefore  conclude,  that  the  fifth  root  of  the  number  proposed 
dHitains  at  least  two  figures ;  this  root  may  then  bo  represented 
by  a  +  if  a  denoting  tlie  tens,  and  b  the  units.  The  expression 
for  the  proposed  number  will  then  be 

(a  +  by  =a«  +5a*6-f-10a«i*  +&c. 
[  have  not  developed  all  the  terms  of  this  power,  because  it  is 
lufficient,  as  will  be  seen  immediately,  that  the  composition  of  tiic 
two  first  be  known. 

Now  it  is  evident,  that  as  a' ,  or  tlie  fifth  power  of  the  tens  of 
this  root,  can  have  no  figure,  that  falls  below  hundreds  of  thou- 
lands,  it  does  not  enter  into  the  five  last  figures  on  tlio  right  of 
Lhe  prcqrased  number ;  we  therefore  separate  these  five  figures. 
If  there  remained  more  than  five  figures  on  the  left,  we  should 
rqpeat  the  same  reasoning,  and  thus  separate  the  prqmsed  num- 
ier  into  portions  of  five  figures  each,  proceeding  from  the  right 
o  the  left.  The  last  of  these  portions  on  the  left,  will  contain 
he  fifth  power  of  the  units  of  the  highest  order  found  in  the  root. 
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We  find,  by  fonning  the  fifth  powers  of   2315,54007    47 
numbers  consisting  of  only  one  figure,  that    1024  ' 


1S8( 


2315  lies  between  the  fifth  power  of  4,  or  1291  5,4007 
1024,  and  tiiat  of  fiye,  or  3125.  We  take  therefore,  4  for  tb 
tens  of  the -root  sought;  tlien  subtracting  the  fifth  power  of  tlit 
number,  or  1024,  from  the  first  portion  of  the  proposed  number 
we  have  for  a  remainder  129U  This  remainder,  together  witi 
the  following  portion,  which  is  to  be  brought  down,  must  contaii 
5  a^  fr  +  10  a'  6'  -f-  &c.  which  is  left,  after  a'  has  been  subtnd 
ed  from  (a  -|-  fr)'  ;  but  among  these  terms,  that  of  the  higher 
degree  is  5  a^  6,  or  five  times  the  fourth  power  of  the  tens  mniti 
plied  by  the  units,  because  it  has  no  figure,  which  falls  below  teu 
of  thousands.  In  order  to  consider  this  term  by  itself,  we  seps- 
rate  the  four  last  figures  on  the  right,  which  make  no  part  of  Vk 
and  tlie  number  12915,  remaining  on  the  left,  will  contain  thb 
teim,  together  with  the  tens  of  thousands  arising  from  the  8■^ 
ceeding  terms.  It  is  obvious  therefore,  that  by  dividing;  12915 
by  5  a^f  or  five  times  the  fourth  power  of  the  four  tens  alrea4j 
found,  we  shall  only  approximate  the  units.  The  fourth  poKcr 
of  4  is  256;  five  times  this  gives  1280;  if  we  divide  12915^7 
1280,  wc  find  10  for  the  quotient,  but  we  cannot  put  more  tfau 
9  in  the  place  of  the  root,  and  it  is  even  necessary,  before  m 
adopt  tliis,  to  try  whether  the  whole  root  49,  which  weti» 
obtain,  will  not  give  a  fifth  power  greater  than  tlie  proposed 
number.  Wc  find  indeed  by  pursuing  this  course,  that  the  duB' 
ber  49  must  be  diminished  by  two  units,  and  that  tlic  actual  root 
is  47  with  a  remainder  2209000 ;  for  the  fifth  ix>wer  of  47  ii 
229345007 ;  that  is,  the  exact  root  of  the  proposed  number  ftlb 
between  47  and  48. 

If  there  were  anotlier  portion  still,  we  should  bring  it  down  ami  i 
annex  it  to  the  remainder,  i-csulting  from  the  subtraction  of  tbe 
fifth  power  found  as  above,  from  the  two  first  portions,  and  pro* 
ceed  with  this  whole  remainder,  as  we  did  with  the  prooedingt 
and  so  on. 

After  wliat  has  been  said,  it  will  be  easy  to  apply  the  mksi 
which  have  been  given,  as  well  in  extracting  the  square  and  cube 
root  of  fractions,  as  in  approximating  tlie  roots  of  imiierfect 
powers  of  these  degrees. 

155.  We  may  by  processes,  founded  on  the  same  princi|dcsf 
^v^i^ict  the  roots  of  literal  quantities.    The  following  exampte 
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will  be  dufficient  to  illustrate  the  method,  which  is  to  be  employed^ 
whatever  be  the  degree  of  the  root  required. 

We  foond  in  arU  143,  the  sixth  power  of  2  a;*  — •  5  a'  ;  we 
shall  now  extract  the  root  of  this  power.  The  process  is  as  fol- 
lows; 

64  ar*»  —  960a«a:*«  +  6000o«a:*»  —  20000a»a:» 

+  3750to»  »x«  — 3750  )a*  «a^ 

+  15625a»» 
—  644:»» 


^r*  —  5a* 


I92x»* 


rem.        —  960a«  x*  *  +  &c. 

The  quantity  proposed  being  arranged  with  reference  to  the 
Jetter  x,  its  iii*st  term  must  be  the  sixth  power  of  the  first  term 
of  the  root  arranged  with  reference  to  the  same  letter ;  taking 
then  the  sixth  i*oot  of  64  or*  ^i  accoi-ding  to  the  rule  given  in  art 
lS9f  we  hafe  2  x*  for  the  first  term  of  tlie  root  required. 

If  we  raise  this  result  to  tlie  sixth  power,  and  subtract  it  from 
the  proposed  quantity,  the  remainder  must  necessarily  commence 
with  the  second  term,  produced  by  the  development  of  the  sixth 
power  of  the  two  first  terms  of  the  root.    But,  in  the  expression 

{a+by  =a«  +6o»6+&c. 
this  second  term  is  the  product  of  six  times  the  fifth  power  of  the 
first  term  of  the  root  by  the  second  ;  and  if  we  divide  it  by.  6  a', 
the  quotient  will  be  the  second  term  b. 

We  must  therefore  take  six  times  the  fifth  power  of  tlie  fii*st 
term  2  x*  of  the  root,  which  gives 

6  x32a?^'  or  192a;**, 
and  divide,  by  tliis  quantity,  tlic  term  —  960  a' a:*',  which  is 
the  first  term  of  the  i*emaindcr,  after  the  preceding  operation  ; 
the  quotient  —  5  a^  is  the  second  term  of  the  root.  In  oi*der  toi 
verify  it,  we  raise  the  binomial  2x*  —  5  a*  to  the  sixth  power, 
which  we  find  is  the  proposed  quantity  itself. 

If  the  quantity  wei*e  such  as  to  require  another  term  in  the 
root,  wo  should  proceed  to  find,  after  tlie  maimer  above  given, 
a  second  remainder,  which  would  begin  with  six  times  the  pro- 
duct of  the  fifth  i)ower  of  the  two  first  terms  of  the  root  by  the 
tliird,  and  which  consequently  being  divided  by  6  (2  a:*  —  Sa^y, 
the  quotient  would  be  this  third  term  of  the  root  ^  we  should  then 
verify  it  by  taking  the  sixth  power  of  the  three  lenns.  The  same 
coarse  might  be  pui-sued,  whatever  number  of  terms  might  remain 
to  be  found. 


let  mmmH^fJMgAm. 

Of  equaHont  with  twotenm. 


t56m  EyBST  equation^  involriBg  only  one  po^nrer  of  4iie  m- 
known  qouititjry  combined  with  known  qimntitiesy  mnj  riw^ft 
be  reduced  to  two  terms^  one  of  which  is  made  up  of  all  ihmt, 
which  contain  the  unknown  qoantity,  united  in  one  axpimrieu, 
and  the  other  comprehends  all  the  known  quantities  collected  te- 
geth^.  This  has  been  already  shown  with  respect  to  eqpiatioQs 
of  the  second  degree^  art  105,  and  may  be  evrilj  proved  con- 
cerning those  of  any  degree  whatever. 
U  we  have^  for  example,  the  equation 

o*  x'  — a*  !•  =Mc'  +acx', 
by  bringing  all  the  terms  involying  x  into  one  member,  we  ob- 
tain 

a^  X*  —  ac  «•  5=  J*  c»  +  a*  h* 
or  (a*  'i~ac)x':sb*c*  +a*  J*. 

Now  if  we  represent  the  quantities 

a*  —  ac  by  p,    b^e^+a'b^    by    q, 
the  preceding  equation  becomes 

px'=:q; 
freeing  x'  from  the  quantity,  by  which  it  is  multiplied,  we  hart 

x'^1. 
P 
whence  we  conclude 

\ 

In  genera],  every  equation  with  two  terms  being  reduced  to  the 
form 

gives 

P' 

taking  the  root  then  of  the  degree  m  of  each  member,  we  have 

m 
Xsz 

157.  It  must  be  observed,  that  if  the  exponent  m  is  an  odd  num- 
ber, the  radical  expression  will  have  only  one  sign,  which  will  iie 
that  of  the  original  quantity  (131). 

When  the  exponent  m  is  even,  the  radical  expression  will  have 


-;f 
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the  douUe  sign  ±  ;  it  will  in  this  case  be  imaginary,  if  die  qnan- 
tity  1  is  negative,  and  the  question  will  be  absurd  like  those,  of 

which  we  iiaTe  seen  exam]^  in  equation!  of  the  aecond  de- 
gree (131)« 
See  flome  ezampies. 

The  equation 

a:*=  — 1024 
gives 

Cbe  exponent  5  being  an  odd  number. 
The  equation 

gives  4 

as  the  exponent  4  is  even. 

Lastly  the  equation 

or*  =—16, 

which  gives  4 

a:s=±  v^— 16, 
leads  only  to  imaginary  values,  because  while  the  exponent  4  is 
even,  the  quantity  under  the  radical  sign  is  negative. 

158.  I  shall  here  notice  an  analytical  fact,  which  deserves 
attention  on  account  of  its  utility,  as  well  In  the  remaining  part 
of  the  present  treatise,  as  in  the  BuppUmentf  and  which  is  suffi- 
eientiy  remarkable  in  itself;  it  is  ttiis,  that  all  the  expressions 
X  —  a,  a:*  —  a*,  x^  —  a*,  and  in  general  x^  —  eT  (m  being 
any  positive  whole  number),  are  exactiy  divisible  by  or  —  a. 
This  is  obvious^  with  respect  to  the  first  We  know  that  the 
second 

X*  —  a»=s(if  +  a)  (X  —  a)  (34), 
and  the  others  may  be  easily  decomposed  by  division.    If  we 
divide  of"  -^  a"*  by  a;  —  a,  we  obtain  for  a  quotient 

X"*^  +  a  «*-•  +  o*  af^  +  Ac 
the  exponent  of  or,  in  each  term,  being  less  by  unity  than  in  the 
preceding,  and  that  of  a  increasing  in  the  same  ratiot    But  in- 
stead of  pursuing  the  operation  through  its  several  steps,  I  shall 
present  immediately  to  the  view  the  equation 

A«fn  ^^^^  fl"^ 

a:— -a  •  i  *  ^ 
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which  may  be  Tmficd  by  multiplying  the  second  member  by 
X'—'O.    It  tlien  becomes     • 

af  +  aaf^^  +  a*  af^ •...+a*^a»  +oF^x 

—  aaf*-* — a'^  af*^  —  a««~-* — a^^»ap— tf»; 

all  the  terms  in  the  upper  line^  alter  the  first,  being  the  same, 
witli  the  exception  of  the  signs,  as  those  preceding  the  last  in  tiM 
lower  line,  there  only  remains  after  reduction,  o^— -i^,  that  is, 
the  dividend  proposed* 

It  must  be  observed,  that  the  term  a'  of*^,  in  the  upper  line, 
is  necessarily  followed  by  the  term  a^af^f  which  is  destroyed 
by  the  corresponding  terra  in  the  lower  line ;  and  that,  in  the 
same  manner  we  find,  in  the  lower  line,  before  the  term  aP*^  jr,  a 
term  — (T^-^o:*,  which  destroys  the  corresponding  one  in  the 
upper  line.  These  terms  are  not  expressed,  but  are  suppooedto 
be  comprehended  in  tlie  intenral  denoted  by  the  points. 

159.  This  leads  to  very  important  consequraceSf  relative  ti 

the  equation  with  two  terms  a:^  =  —• 

If  we  designate  by  a  the  number,  which  is  obtained  by  direcflj 

extracting  the  root  according  tp  the  rules  given  in  art.  154,  wb 

have 

a 

-2.  =  ii«    or   x^  =  a* ; 

P 
transposing  the  second  member  we  obtain 

The  quantity  op*"  --•  a*^  is  divisible  by  x  —  a,  and  we  have  by  the 
preceding  article 

af^ — a'^  =  (ap — a)  (pif^  +fla5~-*,..,,+  o'*^af  +  a'^*). 
This  last  result,  which  vanishes  when  or  =  a,  is  also  reduced  to 
nothing,  if  we  have 

oi^^  +  aoC^ +  fl"^a?  +  fl~^»  =  0.     (116); 

and  consequently  if  there  exists  a  valqe  of  x,  which  satisfies  thii 
last  equation,  it  will  satisfy  also  the  equation  proposed. 

These  values  have  with  unity  very  simple  relations,  which 
may  be  discovered  by  malting  x=zay;  then  the  equatioB 
ac^  —  a*"  =1 0  becomes 

^fliym  —  a^:=:0    w  Jf* — 1  =  0, 

and  we  obtain  the  values  of  x  by  multiplying  tluMse  of  if  by  the 
number  a. 
The  equation  y"*  — 1  =  0  gives  in  the  first  place 
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y»  =  l,    ^=^7  =  1; 
than  by  dividing  y*"  —  1  by  jf  — 1>  we  have 

'  tT'^  +  f^  +  tr^ +»*+J  +  l. 

Taking  this  quotient  for  one  of  the  membersy  and  zero  for  the 

other^  we  form  the  equation  on  which  the  other  values  of  y  de- 
pend ;  and  these  values  willi  in  the  same  manner,  satisfy  the 
equation 

y**  — 1=0  or  j*  =  l, 
that  la,  their  power  of  the  degree  m  will  be  unity« 

Hence  we  infer  the  (act»  singular  at  first  view,  that  unity  may 
have  many  roots  besides  itself.  These  rootSf  though  imaginary, 
are  still  of  frequent  use  in  analysis*  I  can  however  exhibit  here 
only  those  of  the  four  first  degrees,  as  it  is  only  for  these  degreeSf 
that  we  can  resolve,  by  preceding  observations,  the  equation 

y*"'+y^ +  1  =  0, 

from  which  they  are  derived. 
1.  Let  m  =  2,  we  have 

y»  — 1  =  0, 
whence  we  obtain 

3f  =  +  l,    y=  — 1. 
S.  By  making  m  =  3,  we  have 

j»  — 1=0, 
whence  we  deduce 

then 

»*+»  +  l  =  0. 
This  last  equation  being  resolved,  gives 

thus  we  have  for  this  degree  the  three  roots 

y=l,      jf= ^Y^s       »  = 2^^—. 

The  two  last  are  imaginary ;  but  if  we  take  the  cube,  forming 
that  of  the  numerator,  by  the  rule  given  in  arf.  34,  and  observing 
that  the  square  of  ^aTJ  being  —  3,  its  cube  is  —  3  \AII^  we 
still  find  y'  =  1,  in  the  same  manner  as  when  we  employ  the 
rooty=l. 

5.  Taking  m  =  4,  we  have 

1/4  —  1=0, 
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from  which  wc  deduce 

then  y»+y«+y  +  l=sO. 

We  are  not^  at  present,  ftirnblhed  with  the  Beans  of  resotfii^ 
this  equafion ;  but  observing  that 

we  have  successively 

y»  — 1  =  0,      y«  +  l=0, 
whence 

y  =  +  l,      jfrr— 1,     jfs+v'^     y  =  — v^HT 

Two  of  these  values  only  are  real  f  and  the  other  two  imagtnar}. 

This  multiplicity  of  roots  of  unity  is  agreeable  to  a  genend 
law  of  equations,  according  to  which  any  unknown  quantity  ad- 
mits of  as  many  values,  as  there  are  nnits  in  the  exponent  denot- 
ing the  degree  of  the  equation,  by  which  this  unknown  quantity 
is  determined ;  and  wtien  the  question  does  not  admit  of  so  many 
real  solutions,  the  number  is  completed  by  purely  algebraic  sym- 
bols, which  being  subjected  to  the  operations,  that  are  indicated, 
verify  the  equation. 

Hence  it  follows,  that  there  are  two  kinds  of  expressions  or 
values  for  the  roots  of  numbers ;  the  first,  which  we  shall  term 
the  arithmetical  determinationf  is  the  number  which  is  found  by 
the  methods  explained  in  art.  154,  and  which  answers  to  each 
particular  case ;  tlie  second  comprehends  negative  values  and 
imaginary  expressions,  which  we  shall  designate  by  the  term 
algebraic  detemiinatians,  because  they  consist  merely  in  the  com- 
bination of  algebraic  signs. 

Ofeqiiations,  which  may  be  resolved  in  the  same  manner  as  those  (jf 

the  second  degree, 

160.  These  are  equations,  which  contain  only  two  diflferent 
powers  of  the  unknown  quantity,  the  exponent  of  one  of  which  is 
double  that  of  the  other*    Their  general  formula  is 

p  and  q  being  known  quantities. 

Now  if  we  take  x*^  for  the  unknown  quantity,  and  make 
X*"  =  Uj  we  have 

whence 

n*  +pu=zq. 
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restoring  o^  in  the  {dace  or  ti,  ime  have 

an  eqpntkm  consisting  of  tim  tertas,  since  tke  expression 

—ip±  Vy  +  ipS 
as  it  implies  only  luiown  operations,  to  be  performed  on  given 
quantities^  must  be  regarded  as  representing  known  quantities. 
Designating  the  two  values  of  this  expression  by  a  and  of,  we  - 
have 

x^=sa  antf  sx^it^al, 
frmn  which  we  obtain 


m  m 


X:=\/a     and    X'Si^7* 

If  the  exponent  m  be  even,  instead  of  the  two  values  given 
wkmtf  we  shaU  have  four,  eiac%  each  radical  expresston  may  take 
the  sign  ±  ;  tiien 

x^  +  x/Tf  ap=:  +  v7, 

m  m 

and  these  four  values  will  be  real,  if  the  quantities  a  and  a!  are 
positive. 

An  the  values  of  x  may  be  comprehended  under  one  formula, 
by  indicating  direcfly  the  root  of  the  two  members  of  the  equa- 
tion 

which  gives 

m 

The  following  question  produces  an  equation  of  this  kind. 
161.  7b  resolve  the  number  6  into  two  such/actors,  that  the  sum 
rf  their  cubes  shall  be  35. 

Let  X  be  one  of  these  factors,  the  other  will  be  — ;  then  taking 

X 

216 
the  sum  of  their  cubes  x*  and  — -,  we  have  the  equation. 

OP* 

which  may  be  reduced  to 

X*  +216  =  35a:», 

.r*  —  S5a:«  =  —  216. 
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If  we  consider  x^  as  the  unknown  quantity,  we  obtain,  by  the 
rule  giren  for  equations  of  the  second  degree, 

a:«  =  y  ±  s/  (Y)*— 216. 
By  going  through  the  numerical  calculations,  which  are  indi- 
cated, we  find 

4md  consequenfly 

a?»  =  v  +  v  =  V  =  2r, 

whence 

t  _ 

The  first  value  gives  for  the  second  factor  |  or  2,  while  the 
second  value  presents  |-  or  3 ;  we  have  therefore  in  the  one 
case  3  and  2  for  the  factors  sought,  and  in  the  other  2  and  3. 
These  two  solutions  difier  only  in  the  order  of  the  factors  of  the 
given  number  6. 

16i2.  The  equations,,  we  have  been  considering,  are  also  com- 
prehended under  the  general  law  given  in  art  159;   for  the 


m         m 


values  of  VoT  Vo^  ^^^^  to  be  multiplied  by  the  roots  of  unity  he- 
longing  to  the  degree  denoted  by  the  exponent  m. 
Applying  what  has  been  said  to  the  equation* 

a:«_35a:»=  — 216, 
>ve  find  the  six  following  roots ; 

ar=:lx3,  a?=lx2. 


o 
O 


—  1+V— 3  — 1  +  v^  — ^ 

a;  = ^^L^x^,     a?  = ^ —  X2, 


_— 1— V/-3  —1  — \/  — 3 

X  —  —  X  3,      ^  —  ^  ^  '*'» 

of  which  the  two  first  only  arc  real, 

Cakidus  of  radical  expressions, 

163.  The  great  number  of  cases,  in  which  no  exact  root  cat 
be  found,  and  the  length  of  the  operation  necessary  for  obtalii' 
ing  it  by  approximation,  have  1^  algebraists  to  endeavour  ti 
perform,  immediately  upcm  the  quantities  subjected  to  the  radi- 
cal sign,  the  fundamental  opei*atioiis,  intended  to  be  performed 
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upon  their  roots.  In  this  way  we  simplify  the  expression  as 
much  as  possible,  and  leare  the  extracting  of  the  root,  which  is  a 
more  complicated  process,  to  be  performed  last,  when  the  quanti- 
ties are  reduced  to  the  most  simple  state,  which  the  nature  of  the 
question  will  allow. 

The  addition  and  subtraction  of  dissimilar  radical  quantities 
oan  take  place  only  by  means  of  the  signs  +  and  — •  For  exam- 
ple, the  sums 

and  the  diflRsrences 

3 «^_  S_  3__^ 

can  be  expressed  only  under  their  present  form. 
The  same  cannot  be  said  of  the  expression 

3  3  5^    8 

because  the  radical  quantities,  of  which  it  is  composed,  become 
similar,  when  they  are  reduced  to  their  more  simple  forms,  ac- 
cording to  the  method  explained  in  art.  1 30.    First  we  have 


3 


\^lQa^b  =V8a^.2*     or     2a\^2b 

i  3  3  

V'aa*  b  =  Vfl*  -52*        or      a'  V26j 
the  quantity  therefore  becomes 

4ai/2b+2a\/2b j-\^^b, 

which  gives,  when  reduced, 

6avi6 -J- V^     or     (6d — 5c)-jV2l. 

164.  With  respect  to  other  operations  the  calculus  of  radical 
«|uantities  depends  upon  the  principle  already  referred  to,  name- 
ly ;  that  a  product,  consisting  of  several  factors,  is  raised  to  any 
jnnver  by  raising  each  of  the  factors  to  this  power.  So  also,  by 
suppressing  the  radical  sign,  prefixed  to  a  quantity,  we  raise 
this  quantity  to  the  power  denoted  by  the  exponent  of  this  sign. 

7 

^or  example,  x/^  raised  to  the  seventh  power,  is  a  simply,  since 
this  operation,  being  the  reverse  of  that,  which  is  indicated  by  the 

Mign  \/    ,  merely  restores  the  quantity  a  to  its  original  state. 

According  to  the  principles  here  laid  down,  if,  for  example,  in 
Hie  expression 


r 


^  JUementi  1^  MgArtL. 

we  suppreffi)  the  radical »igns,  tlio  r&wlt  ab  will  be  Ibes 
power  of  the  above  product ;  and  taking  tbo  serenth  n 
find 

V-T  X  vs"  =  v'<Mb- 
This  reasoning,  wliicli  may  be  applied  to  all  similar  cases, 
that  in  order  to  mtdliply  two  radical  expressions  o^  fJte  sane 
togefJirr,  we  must  lake  llie  prodad  of  the  qiutMliiies  under  ti 
col  sign,  obterving  to  place  it  uvder  a  sign  of  t/te  same  digft, 
\\'e  have  by  this  rule 


21  a'  b*  Vii*  •■•  f 


4  v'a»  — 6«  XVa*  +6"  =  4  V(«*  —b»)(^a'+l,*)  = 
lan»  — o' A»  fa'  b^r'  +  b'  c'  | 


^'x'^i- (..+»., 


_     la*  b"  c'       an*  — 6* 
^     d*      ^   o»— 6«' 

since 

a*  —  6*  =  (a*  +  b*)  (a*  —  fr»). 

16S.  As  the  seventh  power  of  ^e  exprearioB  ^^,fora: 

is  -rt  it  will  be  seen,  by  taking  the  seventh  root  OS  this  b 
suit,  that 


=JI- 


Hence  to  divide  a  radical  quantity  6y  anotiur  of  the  lamei 
tve  nntst  take  the  ifHOiieiU  aristngjrom  the  divitioK  of  tite  fw 
under  the  radical  sign,  recollecting  to  place  it  vmder  a  ngn 
same  clfgrw. 
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W%  fiDd  by  this  rale,  that 


*— »*         la»-6«_    . r. 


« 


\/P7«    \ft*c*     v^«ct* 

166.  It  fi)llow5  from  the  rule,  given  in  art.  164,  for  the  multi- 

plical]0n  of  radical  quantities  of  the  same  degree,  that  to  raise  a 

radical  quantity  to  any  power  whateroerf  we  have  only  to  ram  to 

this  power  the  quantity  under  the  radical  sign^  observing  that  the 

remiUt  must  take  the  same  sign;  thus  to  raise  ^/abf  for  example,  to 

the  third  power,  is  to  take  the  product 

f f f 

\^abX  \/abX  Vf^bf 

and  as  the  radical  signs  are  all  of  the  same  degree,  the  quantities 
to  which  they  belong,  are  to  be  multiplied  together,  and  the  rad- 
ical sign  to  be  prefixed  to  the  product,  which  gives 

f 

7   

In  the  same  manner  v^a>  b^  raised  to  the  fourth  power,  gives 

7 

Va«  b^^f  which  may  be  reduced  to 

7      

ab^ab'f 
by  resolving  a^  6* »  into  a^  6^  x  o  6*,  and  taking  the  root  of  the 
factor  af  b''  (130). 

It  may  be  observed,  that  when  the  eocponent  belonging  to  the 
radical  sign  is  divisible  by  that  of  the  power ^  to  which  the  proposed 
quantity  is  to  he  raised,  the  operation  is  performed  by  dividing  the 
first  exponent  by  the  second.    For  example, 

\ya)    =  \/aj 
because  1=3. 

Indeed  ^a  denotes  a  quantity,  which  Ls  six  times  a  factor  in  a, 

a  _^ 
and  the  quantity  Va,  which  is  obtained  by  dividing  6  by  2,  being 

only  three  times  a  factor  in  a,  is  consequently  equivalent  to  the 

product  of  two  of  the  fii*st  factors,  and  is  therefore  the  second 

power  of  one  of  these  factors,  or  of  \/a^ 
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The  same  reasoning  may  be  applied  to  allainiilar  caao^  as  in 
tlie  following  example ; 

167.  If  we  reverse  the  methods  {^ven  in  the  preceding  article 
we  shall  be  furnished  with  rules  for  extracting  the  roots  of  radical 

quantities. 

We  perceive,  by  attending  to  *the  role  ffrst  stated,  that  if  tte 
exponents  (^  the  quantUks  under  the  radical  rign  are  divisible  ty 
that  of  the  root  required,  the  operation  may  bepefformed,  oi  if  Uun 
'Were  no  radical  sign,  only  Uistobe  observedf  thaltherenJt  wmit  k 
placed  under  the  original  sign. 

We  find,  for  example,  that 

4    a  

From  the  second  rule  given  in  the  preceding  article,  it  is  e?i- 
dent,  that  the  general  method  for  Jinding  the  root  rf  radical  quaMti- 
iieSf  is  to  multiply  the  exponent  belonging  to  the  radical  sign  by  that 
of  the  root,  which  is  to  be  extracted. 

By  this  last  rule,  we  find,  that 

f 

In  fact,  Va^  is  a  quantity,  which  is  five  times  a  factor  in  a^  (24, 

129)  ;  but  the  cube  root  of  Va'*,  being  also  three  times  a  factor  in 

this  last  quantity,  is  found  5x3  times  or  1 5  times  a  factor  in  the 

s 

,  Vfl*  =  Va*.    In  the  same  manner  it  might 

f 

„ ,. .., Va*  =  Va*. 

168.  Since  b}^  multiplying  the  exponent  of  a  quantity  under  a 
radical  sign,  by  any  number  (166),  we  raise  the  root,  which  is 
indicated,  to  the  power  denoted  by  this  nuniber,  and  by  multi- 
plying also  the  exponent  belonging  to  the  radical  sign,  by  the 
same  number  (167),  we  obtain  for  the  result  a  root  of  a  degree 
equal  to  that  of  the  power,  which  was  before  formed,  it  is  evi- 
dent, that  this  second  operation  reduces  the  proposed  quanti^ 
back  to  its  original  state. 
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lie  expression  y^as,  for  example,  may  be  changed  into  \/i?T, 
by  multiplying  the  exponents  5  and  3  by  7 ;  for  multiplying  tiia 
exponent  of  a*  by  7,  we  hare,  making  use  of  the  radical  sign, 

\/afl^f  the  seventh  power  of  the  proposed  radical  quantity,  ami 
multiplying  by  7  the  exponent  5  belonging  to  the  radical  sign  in 

the  expression  v^,  we  obtain  the  seventh  root  of  the  former 
result ;  this  last  process  therefore  restores  the  expression  to  its 
original  value. 

169.  By  this  double  operation,  we  rtduce  to  the  same  degree  any 
number  of  radical  quantities  of  different  degrees,  fty  mvUtph/ing,  at 
Vie  same  time,  the  exponent  belonging  to  each  radical  sign,  and  those 
of  the  quantities  under  (his  sign,  by  the  product  of  the  exponents 
belonging  toaUthe  other  radical  signs.  That  the  new  exponents, 
which  are  thus  found  for  the  radical  signs,  are  the  same,  is  obvi- 
ou«4  at  once,  since  they  arise  from  the  product  of  all  the  expo- 
nents belonging  to  the  original  radical  signs ;  and  after  what 
has  been  said  above,  it  is  evident  that  the  value  of  each  radical 
quantity  is  the  same  as  before. 

By  this  rule  we  transform 


Va^  6«      and     Vc*  rf*, 

35  35      


in'o  Va«i6**      and     Vc^^jis. 

In  the  same  manner  the  three  quantities 


\/fl6«,     X^a^c^y     \/6*cS 
become  respectively 


lOff  105 105 


If  we  meet  with  numbers,  under  the  radical*  sign^,  we  shall  be 
led,  in  applying  this  rule,  to  raise  them  to  the  power  denoted  by 
the  product  of  the  exponents  belonging  to  the  other  radical  signs. 

170*  In  the  same  way,  we  may  place  under  a  radical  sign  a 
factor,  which  is  without  one,  by  raising  it  to  the  power  denoted  by 
the  exponent,  wfUch  accompanies  this  sign. 

We  may  change,  for  example 

a*  into  \/aio,  and  ^a^b    into  \^Sa^  b, 
171.  After  having,  by  the  transformation  explained  above, 
reduced  any  radical  quantities  whatever,  to  the  same  degree,  we 
may  apply  to  them  the  rules,  given  in  articles  164  and  165,  for 
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the  multipUcatioii  and  diTision  of  radical  quautittee  of  the  sane 

d^ree. 
Let  fh^re  be  the  general  expressions 

\ o^  Ifl  X  Slfc^  ; 
we  change  (169) 

w  n  _ 

then  by  the  rule  given  in  art.  164,  we  have 

umi  mn  <wi» 

for  the  product  of  the  proposed  radical  quantities. 
We  have  also  by  the  rule,  art.  165» 


lo^  &»*-»»• 


-2 =-3 =  ^j»r<«»— \        <-». 

Remarks  an  some  peculiar  cases,  which  occur  in  the  calculus  cf 

radical  quantities. 

172.  Th£  inilesy  to  which  we  have  reduced  the  calculus  of 
radical  quantities,  may  be  applied  without  difficulty,  when  the 
quantities  employed  are  real.  But  they  might  lead  the  learner 
into  error  with  regard  to  imaginary  quantities,  if  they  are  not 
accompanied  with  some  remarks  upon  the  properties  of  equations 
with  two  terms. 

For  example,  the  rule  laid  down  in  art  164,  gives  directty 

\/^^  X  V^^  =  \/—  ax  —  a  =  Va^  ; 
and  if  we  take  +  a  for  \/a* ,  we  evidently  come  to  an  erroneous 
result,  for  the  product  x/ZT^  x  \/'^^9  being  the  square  of  v^^ 
must  be  obtained  by  suppressing  the  radical  sign,  and  is  there- 
fore equal  to  —  a. 

Bezout  has  obviated  this  difficulty,  by  observing,  that  when 
we  do  not  know  by  what  method  the  square  a^  has  been  formed, 
we  must  assign  for  its  root  both  -f  a  and  —  a ;  but  when,  by 
means  of  steps  already  taken,  we  know  which  of  these  two  quan- 
tities multiplied  by  itself  produced  a*,  wc  are  not  allowed,  in 
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going  back  to  the  root,  to  take  the  other  quantity,  ma  is  evi- 
dently the  case  with  respect  to  the  expression  \/ir^  X  x/"^^ ; 
here  we  know,  that  the  quantity  a*,  contained  under  the  radi- 
cal sign  in  the  expression  x/^,  arises  from  — *  a  multiplied  by 
—  a ;  the  ambiguity  therefore  is  prevented,  and  it  will  be  readily 
seen,  that  in  taking  the  root,  we  are  limited  to  —a. 

The  difficulty  above  mentioned  would  present  itself  in  regard 
to  the  product  Va~  X  \/ai  if  we  were  not  led,  by  the  circum- 
stance, of  there  being  no  negative  sign  in  the  expression,  to  take 

immediately  the  positive  value  of  \/a*.  In  this  case,  since  a* 
arises  from  +  a  multiplied  by  -f  it,  its  root  must  necessarily  be  4-  a. 

lliere  can  be  no  doubt  with  respect  to  examples  of  the  kind  we 
have  been  considering ;  but  there  are  cases,  which  can  be  cleariy 
explained  only  by  attending  to  the  properties  of  equations  With 
two  terms. 

173.  If,  for  example,  it  were  required  to  find  the  product 

^^^'ZTi ;  reducing  the  second  of  these  radical  expi^ssions  to 
the  same  degree  with  the  first  (169),  we  have 

4__  4  4_         4  4 

Va  X  V(—  1)«  =  \/fl  X  V+  1  =  Va, 

a  result,  which  is  real,  although  it  appears  evident,  that  the 

4  __  

quantity  Va  multiplied  by  the  imaginary  quantity  \/—  1,  ought 

to  give  an  imaginary  product.  It  must  not  be  suj^osed  howev- 
er, that  the  expression  ^^  is  in  all  respects  false,  but  only  that 
it  is  to  be  taken  in  a  very  peculiar  sense. 

In  fact,  v^^  considered  algebraically,  being  the  expression  for 
the  unknown  quantity  a?,  in  the  equation  with  two  terms, 

a;*  —  a  =  0, 
admits  of  four  different  values  (159) ;  for  if  we  make  a  =  «^,  by 

tiding  «  to  represent  the  numerical  value  of  \/^  considered 
independently  of  its  sign,  or  the  arithmetical  determination  of 
this  quantity,  we  have  the  four  values 

«X  +  1,         «x  —  U        •X+s/'^^f        •X — V"^^f 
the  third  of  whicli  is  precisely  the  product  proposed. 

By  a  little  attention,  it  will  be  readily  perceived,  whence  the 
ambiguity,  of  which  we  have  been  speaking  arises.  The  second 
power  4- 1  of  the  quantity  —  1  umler  tiie  radical  sign,  as  it  may 
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arisen  as  Well  fh>iii  + 1  x  +I9  as  from  —  1  x  --- 19  caves  tte 
quantity  vi'to  have  two  values^  which  are  not  fiHind  in  vlITI. 

m  n 

In  general^  the  process  by  which  the  product  v^a  X  V*  11 
formed,  is  reduced  to  that  of  raising  this  product  to  the  powor 
mn;  for  If  we  r^resent  it  by  %,  that  is,  if  we  make 

m  It 

by  raising  the  two  members  of  this  equation,  first  to  the  power  m, 
we  have 

again,  raising  it  to  the  power  n,  we  obtain 

o^  6*  =  «**, 
This  product  therefore,  being  determined  only  by  means  cf 
its  power  of  the  degree  m  n,  or  by  an  equation  of  this  degree 
with  two  terms,  must  have  mn  values  (159).    This  will  be  pe^ 

Hi  n  ■ 

ceived  at  once,  if  we  reflect  that  the  expressions  \/a  and  \/T^ 
being  nothing  but  the  values  of  the  unknown  quantities  x  andy, 
in  the  equations  with  two  terms 

x""  —  a=0,    y*  —  6  =  0, 
and  consequently  admitting  of  m  and  of  n  determinations,  wt 
have,  by  uniting  the  several  m  determinations  of  or,  with  the 
several  n  determinations  of  y,  m  n  determinations  of  the  product 
required. 

When  we  are  employed  upon  real  quantities,  there  is  no  difli* 
culty  in  finding  the  values,  because  the  number  of  those,  that  are 
I'eal,  is  never  more  than  two  (157),  which  dlfier  only  in  the  sign. 

174.  If  we  use  the  transformation  explained  in  art.  159,  the 
difficulty  will  be  confined  to  tiie  roots  of  +  1  and  —  1  ;  for  if  we 
make  x  =  ttt  and  y  =  fiu,m  and  /s  denoting  the  numerical  values 

m         n 

of  Va,  \/b    considered  witiiout  regard  to  the  sign,  the  equations 

a:"»  q:  a  =  0,  y»  q:  6  =  0, 
become 

«»«  T  1  =  0,  u"  q:  1  =  0, 
whence 


m  n  m 


xyz=i\±a  X  S±  6  =  */3iM  =  «i3y±  1  X\/ltA*, 
in  which  «i8  represents  the  product  of  the  numbers  y/^  \/i^  or  the 
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aritbmetical  determination  of  the  root  of  the  d^ree  ttin  of  the 
number  a"  6"*. 

If  we  would  give  a  determinate  value  to  the  product  of  the  rad- 


m 


ical  quantities  \/±  a,  %/±  6,by,  fixing  the  degree  of  the  radi- 
cal signs,  we  must  obtain  from  the  equations  I 

i"»  q:  1  =  0,     M»  T  1  =  0, 

m  ■    n  y 

the  several  expressions  tor  \/  ±  I,  \/  ±  I,  and  combine 
them  in  a  suitable  manner. 

To  conclude,  these  operations  are  not  often  required,  except 
in  some  very  simple  cases,  of  which  the  following  are  the  princi- 
pal;          _       _      

I  suppress  the  radical  sign  in  the  expression  \/irr,  and  obtain 

\/inX^'^^=^abX  —  1=  —  \/aih 

4  4 4_       4 

I  do  not  here  multiply  —  l  by  —  1,  because  this  would  lead  to 
the  ambiguity  mentioned  in  art.  173;  but  observing,  that  the 
square  of  the  fourth  root  is  simply  the  square  root,  we  have 

4 4 4 

• 6 6 8  6 3 

S.         \/  — aX\/  — 6=\/aAX(V^inO'=\/a6X\/— 1 

=  \/a6X-Tl  =  —  Vab. 

The  results  will  be  thus  found  to  be  alternately  real  and  imag- 
inary. 

Calcidiis  offraclianal  expmienU* 

175.  If  we  substitute,  in  the  place  of  the  radical  signs,  their  cor- 
responding fractional  exponents  (13^),  and  apply  immediately  the 
rules  for  the  exponents,  we  sliall  obtain  the  same  results,  as  those 
furnished  by  tlic  methods  employed  in  the  calculus  of  radical 
quantities. 

If  we  transform,  for  example, 

into 

3       8  3       3 

we  have 

23 
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\/a»  b^  X  \/a^e^  =  fi^  ^'  X  a*  C*  =: 

si.sts         ess 
flT  T-  T  ftT  c»  =  a^  6^  c^  5 

then  siDce  |.  =  1  -f  |,  and  consequently 

a^  =  a*+^  =  axa^   (25), 
and  Jl  i *  c *  is  cquiralent  to  vad«c»5  we  have 


V  a"  6«  X  V  a^  c«  =  fl  va  6*  c», 

a  result  which  is  not  only  exact,  but  is  reduced  to  its  most  i 
pie  form. 

Let  there  be  the  general  example  Vaf*}fl  x  Vft^C  ;  the  rad 
expressions  here  employed  may  be  transformed  into 

a*"  ft",    ft*c", 
we  then  have^  according  to  the  rules  for  the  exponents^  (25)j 

a*"  ft*  X  ft"  c*  =  fl"*  ft^   "  c*  • 

Now  in  order  to  add  the  fractions  -^,  — ,  we  must  reduce  f] 

m  n 

to  the  same  denominator ;  and  to  give  uniformity  to  the  resi 

we  must  do  the  same  with  respect  to  the  fractions  ^l^  —  •  we 

til  fi 

tain,  by  this  means, 

and  placing  tliis  result  uhder  the  radical  sign,  we  have 


m  fi  nm 


Va^lfi  X  Vft''c'  =  ya"^ft«9+^c~. 

176.  The  manner  of  performing  division  is  equally  simple^ 
have  for  example 


*                          3 

8 

b^ 

1  "" 

1 

\\ 

hicii 

may 

be  reduced  to 

(38), 


2 

6^ 


11  * 


cJ  c^ 
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this  placed  under  the  radical  sign  becomes 


\/a» 


5  , 

We  have  in  general. 


reducing  the  fractional  exponents  to  the  same  denominator,  in 
wder  to  perform  the  subtraction,  which  is  i*equired,  we  find 


np     nq-'^mr  mn 


Vfl^ft*      a^^h  "»"  ]a^y^9-^ 


WW  ""   ^ 


C^ 


It  is  obyious,  that  the  reduction  of  fractional  exponents  to  the 
same  denominator,  answers  here  to  the  reduction  of  radical  ex- 
pressions  to  the  same  degree,  and  leads  to  precisely  the  same 
results  (in). 

177.  It  is  also  very  evident,  by  the  rule  given  in  art.  127,  that 

and  by  the  rule  laid  down  in  art.  129,  that 


n n 

jm f    p^  p_        »»» 


The  calculus  of  fi*actionaI  ex]K)nents  affords  one  of  the  most 
remarkable  examples  of  the  utility  of  signs,  when  well  chosen. 
The  analogy,  which  prevails  among  exponents  both  fractional 
and  entire,  renders  the  rules,  that  are  to  be  followed  with  res- 
pect to  the  latter,  applicable  also  to  the  former ;  but  a  par- 
ticular investigation  is  necessary  in  each  case,  when  we  use  the 
sign.  \/~>  because  it  has  no  connexion  with  the  o^ieration  that 
is  indicated.  The  fui*ther  we  advance  in  algebra  the  more  fully 
shall  we  be  convinced  of  the  numerous  advantages,  which  arise 
from  the  notation  by  exponents,  introduced  by  Descartes. 

General  theory  of  equations. 

178.  EQUATIONS  of  the  fii"st  and  second  degree  are,  properly 
speaking,  the  only  ones,  which  admit  of  a  complete  solution  ;  but 
thore  are  general  properties  of  equations  of  whatever  degree,  by 
which  we  are  able  to  solve  them^  when  they  are  numerlc&U  ^"^^ 


i8#  Blementi  ff  Mgehrm. 

which  lead  to  many  conclusions  of  use  in  the  liigher  pariB  of 
al^bra.  These  properties  relate  to  the  particular  foraiy  which 
every  equation  is  capable  of  assuming. 

An  equation  in  its  most  general  tomn  must  contain  aU  the 
powers  of  the  unknown  quantity,  from  that  of  the  degree  of  the 
e<|uation  to  the  first  degree,  multiplied  each  hy  some  known 
quantity,  togetlier  with  one  term  wholly  known. 

A  general  equation  of  the  fifth  degree,  for  example,  contaiiii 
all  the  powers  of  the  unknown  quantity,  from  the  first  to  the  fifth; 
and  if  there  are  several  terms  involving  the  same  power  of  the 
unknown  quantity,  we  must  suppose  them  to  be  united  in  one, 
accnnling  to  the  method  given  for  equations  of  the  sefM>nd  de- 
gree, art.  108.  All  the  terms  of  the  equation  are  then  to  be 
brought  into  one  member,  as  in  the  article  above  referred  to; 
the  other  member  will  neceasarily  be  zero ;  and  when  the  first 
term  is  negative,  it  is  rendered  positive  by  changing  the  signs  of 
all  the  terms  of  the  equation. 

In  this  way  we  obtain  an  expression  similar  to  the  fiiUowiiig; 

in  which  it  is  to  be  observed,  that  the  letters  n,  p,  f ,  r,  s,  I,  may 
represent  negative  as  well  as  positive  numbers ;  then  dividuig 
the  whole  by  n,  in  onler  that  the  first  term  may  have  only  unity 
for  its  coefficient,  and  making 

t  =  P,       1  =  ^,       L  =  R,       1=8,        i.=  T, 
n  n       ^  n  n  u 

we  have 

x'  +Px*  +  qx^  +Bx*  +Sx+T=:0. 

In  future  I  shall  suppose,  that  equations  have  always  been  pre- 
parexl  as  above,  and  shall  represent  the  general  equation  of  any 
degree  w  haiever  by 

ar"  +  P  a;"-*  +  <;{  a"-* +  Tx+U=0. 

The  interval  denoted  by  the  points  may  be  filled  up,  when  tbc 
exjionent  n  takes  a  determinate  value* 

Every  quantity  or  expression,  whether  real  or  imaginaiy* 
which,  put  in  the  phice  of  the  unknown  quantity  x  in  an  equation 
pivparcd  as  above,  renders  the  fu*st  member  equal  to  zero,  and 
which  consequently  satisfies  the  question,  is  called  the  root  i^fk 
proposed  equation ;  but  as  the  impiiry  does  not  at  present  relate 
to  i)owci's,  this  acceptalio!!  of  the  term  root  is  more  genei'al,  than 
that,  in  which  it  has  hitheilo  been  used  (90,  129). 
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179.  Take  a  proposition  analogoiis  to  those  given  in  articles 
116  and  159,  and  one  which  may  be  regarded  as  fundamental. 
^the  root  of  any  eq^mtum  whatever 

x«+Px«-i  +  Qx'^ +  Tx  +  U  =  0, 

be  represented  by  a,  thejirst  member  rf  this  equation  may  be  exactiy 
divided  byx  —  a. 

Indeed^  since  a  is  one  value  of  x,  we  have  necessarily 

a"  +  Pa'^^  +  qa';-* +  Ta+  U=z  0, 

and  consequently 

U=:  —  a''^Fa''-'^'^qar^ —  To, 

80  that  the  equation  proposed  is  precisely  the  same  as 

ar»  +Px'^^  +  qat^ +Tx\_^ 

— a«  —Pa'^^  —  qa'^ —  Toj^"' 

which  may  be  reduced  to 

+  T{x^a)  J  -"• 

As  the  quantities 

af^ — a»,   atf"^  —  r^-*,   oc""*— a*^, x  —  Of 

are  each  divisible  by  ap  —  a  (158),  it  is  evident,  that  the  first 

member  of  the  proposed  equation  is  made  up  of  termSf  all  of 

which  are  divisible  by  this  quantity,  and  may  consequently  be 

divided  by  a:  —  a,  as  the  enunciation  of  the  proposition  requires.* 


*  D'Alembert  has  proved  the  same  proiiosition  in  the  following 
manner. 

If  we  conceive  the  first  member  of  the  proposed  equation  to  be 
divided  by  or  — a,  and  the  operation  continued  until  all  the  terms 
involving  or  are  exhausted,  the  remainder,  if  there  be  any,  cannot  con- 
tain 07.  If  we  represent  this  remainder  by  R,  and  the  quotient  to 
which  we  arrive  by  ^,  we  have  necessarily 

a?«  +  Po-^-i +  &c.  «  Q  (x— .  a)  +  R. 

Now  if  we  substitute  a  in  the  place  of  or,  the  first  member  is  reduced 
to  nothing,  since  a  is  the  value  of  .r;  the  term  qi^x—^a)  is  also 
nothing,  because  the  factors* — a  becomes  zero;  we  must  therefore 
have  12  =  0,  and  it  is  so,  independently  of  the  substitution  of  a ;  for 
as  this  remainder  does  not  contain  or,  the  substitution  cannot  take 
place,  and  it  still  preserves  the  value  it  had  before. 

Hence  it  follows,  that  in  every  case,  JS  n  0,  and  that  consequently 

x^  +  Pa?**-^  +  q  .r«-«,  &c. 
is  exactly  divisible  by  x — d. 
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180.  To  form  the  quotieiit  we  hare  00I7  to  sobstitiite  ftir  the 
quantities 

x^  —  fl«,   af^^  —  a'^\   af^ — a"-», x  —  a, 

the  quotients,  which  are  obtained  hy  dividing  these  quantities  by 
X — Op  and  which  are  respectively 

■*  +  a  af^  +  c«  OP""* +  a*"S 

jr-*+  aaf^ +ar^f 

x^  ^ +«"^f 


Arranging  the  result  with  reference  to  the  powers  of  x,  we  have 

ar'^+ca^^  +  tt*  af^ +    a""* 

+  Px'"-  +Pfla*^ +  Pii'»-» 

+   «a*-^ +  «fl"^ 

+  T. 

.  181.  It  is  evident  from  the  rules  of  division  simply,  that  if  the 
first  member  of  the  erjuation 

X^  +Fx^^  +  q3tf^  +  &jc^  =0, 

he  divided  by  x — a,  tlie  quotient  obtained  will  be  exhibited 
under  Uie  following  form 

P'9  (ff  &c.  representing  known  quantities  different  from  P,  Q,  &c. 
we  have  then 

X^  +P X^^  +  kc.  z=z{x—d)  (a;"-*  +  F a?«-«  +  &c.)  ; 
and  according  to  what  was  obsei-ved  in  aK.  116,  the  proposed 
equation  may  be  verified  in  two  ways,  namely,  by  making 
X  —  a  =  0    or    x^"^  + 1^  x""^  +  ice.  =z  0. 
Now  if  the  crjuation 

has  a  root  6,  its  fii-st  mojnhcr  wiil  be  divisible  by  a:  —  ft;  wc 
have  then 

o:"-^  +  P'  a;"-2  +  &c.  =  (.r  —  6)  (.r"-*  +  P"  x*"^  +  Ac.), 
and  consequently 

x^  +  P  o:"-^  +  &c.  =  (a:  —  a)  (x  —  b)  {x""-^  +  P"  xf^  +  &c,) ; 
the  equation  proposed  may  therefore  be  verified  in  three  ways. 
namely,  by  making 

X — a  =  0,  or  X  —  6  =  0,  or  a:"-*  +  P"  a;"-^  +  &c.  =  0. 
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If  the  last  of  these  eqaations  has  a  root  e,  its  first  member 
may  still  be  decomposed  into  two  factors 

X  —  c,    o:*^  +  P"' a?*"^  +  &c«  =  0; 
we  then  have 

a:»+Pa:»-*+&c. 

=  (0?— a)(a:— 6)(a:  — c)(a:^  +  F''a?'^  +  &c.); 
from  which  it  is  obvious,  that  the  proposed  equation  may  be  veri- 
fied in  four  ways,  namely,  by  making 

X  —  a  =  0,  X  —  6  =  0,   X — c  =  0,  a:*^  +  F"  0?"-*  +  &c.  =  0. 
Pursuing  the  same  reasoning,  we  obtain  successively  factors 
of  the  degrees 

n  —  4,      n-^^S,      n  — 6,  &c.  5 

and  if  each  of  these  factors  being  put  equal  to  zero,  is  susceptible 
of  a  root,  the  first  member  of  the  proposed  equation  is  reduced 
to  the  form 

(x  —  a)  (x  —  b)(x  —  c)  (x  —  d) (a: — I), 

that  is,  it  is  decomposed  into  as  many  factors  of  the  first  degree, 
as  there  are  units  in  the  exponent  n,  which  denotes  the  degree  of 
the  equation. 
The  equation 

x^  +Pa?«-*  +  &c.  =0, 

may  be  verified  in  n  ways,  namely,  by  making 
X  —  a  =  0,    or   X  —  6  =  0,    or    x  —  c  =  0,    or   x — d  =  0, 
or  lastly,  x  — 1  =  0. 

It  is  necessary  to  observe,  that  these  equations  are  to  be  re- 
garded as  true  only  when  taken  one  after  the  other,  and  there 
arise  manifest  contradictions  from  the  supposition,  that  they  are 
true  at  the  same  time.  In  fact,  from  the  equation  x  —  a  =  0, 
we  obtain  a?  =  a,  while  x  —  6  =  0  gives  a:  =  6,  results,  which  arc 
inconsistent,  when  a  and  6  are  unequal  quantities. 

182.  If  the  first  member  of  the  proposed  equation, 

ar« -f  P  a:"-*  +  &c.  =  0, 
be  decomposed  into  n  factors  of  the  first  degree 

X  •■""  u,    X  ~"-~  w,   X       •  C,   X  ■■""  It,  •  •  •  •  •  X  ""■'"  t, 

it  cannot  be  divided  by  any  other  expi'ession  of  this  degree.  In- 
deed, if  it  were  possible  to  divide  it  by  a  binomial  x —  «,  difibr- 
ent  from  the  former  ones,  we  should  have 

or"  +  P  a-"-^  +  &c.  =  (x  —  «)  (  X^-^  +p  a"-*  -f-  &c.) 
and  consequently 


184  MleiMnU  cf  MgOnu 

(X'^a)  (x — h)  (X'^c)  (x  —  d) (x — I) 

=  (a? — •)  (a:*--* -f  p  a:**^  +  &c.)  5 
now  by  changing  x  into  «y  this  becomes 

(•_a)(-i  — 6)(«  — c)(-i  — d) (•— 0 

=  (•  —  •)  (•"-I  +  p«»-»  +  &c.) 
The  second  member  ranishes  by  means  of  the  factor  «— 1«, 
which  is  nothing ;  this  is  not  the  case  with  respect  to  the  first, 
which  is  tiie  product  of  factors,  all  of  which  are  different  from 
zero,  so  long  as  «  differs  from  the  several  roots  a9h9Cpd..»L 
The  supposition  we  have  made  then  is  not  true ;  therefore  on 
equoHon  of  any  degree  whatever  does  not  admit  of  mare  bimmid 
divisors  of  the  first  degree^  than  there  are  units  in  the  expoMut 
denoting  its  degree^  and  consequently  cannot  have  a  greater  maiikr 
of  roots.^ 

183.  An  equation  regarded  as  the  product  of  a  number  of 
factors 

X — a,  a;— -6,   x  —  Cf  x — d,  &c* 
equal  to  the  exponent  of  its  degree,  may  take  the  form  of  tbt 
product  exhibited  in  art.  135,  with  this  modification,  that  tht 
terms  will  be  alternately  positive  and  negative. 
If  we  take  four  factors,  for  example,  we  have 

x^  —  ax^  +abx^  —  abc  x  +  abcdz=:0. 

—  bx^  +acx^  —  abdx 

—  c  x^  +adx^ — acdx 

—  dx*  +bcx^  — b  cdx 

+  bdx* 
+  cdx^ 

The  second  terms  of  the  binomials  x  —  a,x  —  &,  a?  —  c,&c 
being  the  i-oots  of  the  equation,  taken  with  the  contrary  sign, 
the  properties  enumerated  in  art*  135,  and  proved  generally  in 
art,  136,  will,  in  the  present  case,  be  as  follows, 

Tlie  coefficient  of  tlie  second  tenn,  taken  with  the  contrary  siffif 
wiU  be  tlie  siiin  of  tlie  roots  ; 

The  coefficient  of  the  third  term  will  be  the  sum  of  the  products  sf 
tlie  roots,  txikcn  two  and  two  ; 

The  coefficient  of  the  fourth  temi,  taJien  with  tlie  contrary  sigfh 
will  be  tlie  sum  of  tlie  products  of  the  roots,  multiplied  three  and 

*  This  demonstration  is  taken  from  the  Annates  de  MatlUmatiqueSj 
published  by  M,  Gergonne.     See  vol.  iv.  pp.  209, 210,  note. 
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three,  and  so  on*  tbe  signs  of  the  coefficients  of  flie  et6n  t^ns 
being  changed ; 

The  last  term,  subject  also  to  this  law^  wUl  be  the  product  of  all 
the  roots. 

Making,  for  example,  the  pro'luct  of  the  three  factors 

X — 5,  ap-f-4j  x  +  B, 
equal  to  zero,  we  form  the  equation 

a:  *  +  2  a*  —  22  a:  —  60  =  0^ 
the  roots  of  which  are 

+  5,  —4,  — 3« 
we  have  for  their  sum 

5—4  —  3=  —  2; 
for  tbe  sum  of  their  products,  taken  two  and  two, 

+  5x— 4  +  5X  — 3  — 4X  — a  =  — 20  — 15  +  12=  — 23# 
and  for  tbe  product  of  the  three  roots 

+  5X— 4x— 3  =  60* 
In  this  way  we  form  the  coefficients  2,  —'23,  —  60^  changing 
the  signs  of  those  for  the  second  and  fourth  terms. 
If  we  make  the  product  of*  the  factors 

X  —  2|    or  — 3    and    x  +  5, 
equal  to  zero,  the  equation  thence  arisitig 

ar« —  190:4. 30  =  0, 
as  it  has  no  term  involying  x*,  the  power  immediately  inferior 
to  that  of  the  first  term,  wants  the  second  term;  and  the  reason 
is,  that  the  sum  of  tiie  roots,  which,  taken  with  the  contrary 
sign,  forms  the  coefficient  of  this  term,  is  hero 

2  +  3  —  5, 
or  zero,  or  in  other  words,  the  sum  of  the  positive  roots  is  equal 
to  that  of  the  negatiTe.* 

184.  We  have  proved  (182),  that  an  equation,  considered  as 
arising  from  the  product  of  several  simple  factors,  or  factors  of 
the  first  degree,  can  contain  only  as  many  of  these  factors,  as  there 
are  units  in  the  exponent  n  denoting  the  degree  of  this  equation ; 
but  if  we  combine  these  factors  two  and  two,  we  form  quantities 
of  the  second  degree,  which  will  also  be  factors  of  the  proposed 
equation,  the  number  of  which  will  be  expressed  by 

n  (n  —  1) 


1  .    2 


(140), 


*  See  note  at  the  end  of  this  treatise. 
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For  example^  tlie  first  member  of  the  equation 

x^  —  ax^  +ahx^  —  ahex  +  ahcd^Q 
i— fta:*+acx*  —  abdx 
'^cx^+adx^'^acdx 
i— cla:»  +  ftca;»  — bcdx 
+  bdx^ 
+  cdx^ 
being  the  product  of 

(a:  — a)x(a:— 6)  x  (x  —  c)x(tx^d), 
may  be  decomposed  into  factors  of  the  second  degree,  in  the  sis 
following  ways ; 

(x — a)  (a? — 6)  X  (ap — c)  (x — d) 
(x — a)  (x — c)  X  (a? — V)  (x — d) 
(a?  —  a)  {x  —  i)  X  (or— 6)  {x — c) 
(x  — 6)  (ar— c)  X  (X — a)  [x — d) 
(op  —  b)  Ix  —  d)  X  (a?— a)  (x»^c) 
(x  —  c)  (x  —  d)  X  (ar — a)  (x — V)  ; 
whence  it  appears,  that  an  equation  of  the  fourth  degree  may 
have  six  divisors  of  the  second. 

By  combining  the  simple  factors  three  and  three,  we  form 
quantities  of  the  third  degree  for  divisors  of  the  proposed  equa- 
tion ;  for  an  equation  of  the  degree  n  the  number  will  be 

n(n  — l)(n  — g) 
1.2.3        ' 
and  so  on* 

CK  eliminaiion  ammg  equatitms  exceeding  the  first  degree. 

185.  The  rule  given  in  art«  78,  or  the  metliod  pointed  out  ia 
art.  84,  is  sufficient,  in  all  cases,  for  eliminating  in  two  equa- 
tions an  unknown  quantity,  which  does  not  exceed  the  first 
degree,  whatever  may  be  the  degree  of  the  others ;  and  the  rule 
of  art  78  is  applicable,  even  when  the  unknown  quantity  is  of 
the  first  degree  in  only  one  of  the  proposed  equations. 

If  we  have,  for  example,  the  equations 

aa:'  -f-ftxy  +  cy'  =w' 
a?*  -f.a;y  =  n*, 
taking,  in  the  second,  the  value  of  y,  which  will  be 
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snd  substituting  this  value  and  its  square^  in  the  place  of  y  and 
y*  in  the  first  equation,  vfe  obtain  a  result  involving  only  x, 

1S6,  If  both  of  the  proposed  equations  involved  the  second  pow- 
er of  each  of  the  two  unknown  quantities,  the  above  method  could 
be  .applied  in  resolving  only  one  of  the  equations,  either  with 
respect  to  a;  or  y. 

Let  there  be,  for  example^  the  equations 

ax*  +fta:y  +  cy*  =  m*, 
X*  +   y*  =  n«  t 
the  second  gives  * 

Substituting  this  value  of  y  and  its  square  in  the  first,  we  obtain 

ax*  ±  bx\/n*  —a:'  +c(n* — a:*)  =  m*. 

Our  purpose  appears  to  be  answer^,  since  we  have  arrived 
at  a  result,  which  does  not  involve  the  unknown  quantity  y,  but 
we  are  unable  to  resolve  the  equation  containing  x,  without 
reducing  it  to  a  rational  ibnn^  by  making  the  radical  sign,  under 
which  the  unknown  quantity  is  found,  to  disap))ear* 

It  will  be  readily  seen,  that  if  this  radical  expression  stood 
alone  in  one  member,  we  might  make  the  radical  sign  to  disap- 
pear by  raising  this  member  to  a  square.  Collecting  togetlier 
all  the  rational  terms  then  in  one  member,  by  transposing  the 

terms  ±  bx y/n*  —  x*  and m?,  we  have 

ax*^c{n*  — ar*) — m*  =  qp  hx^^n* — oc*  ; 
iaking  the  sc[uare  of  each  member,  we  form  the  equation 

which  contains  no  radical  expression. 

The  method,  we  have  just  employed  for  making  the  radical 
sign  to  disappear,  deserves  attention,  on  account  of  the  frequent 
occasion  we  have  to  apply  it ;  it  consists  in  insdating  the  quantity 
found  under  the  radical  s^i,  and  then  raising  the  tivo  members  cf 
the  proposed  equation  to  the  power  denoted  by  the  degree  of  this  sign. 

187.  The  complicated  nature  of  tliis  process,  which  increases 
in  proportion  to  the  number  of  radical  expressions,  added  to  the 
difficulty  of  resolving  one  of  the  proposed  equations  with  refer- 
ence to  one  of  the  unknown  quantities,  a  difficulty,  which  Ls  often 
insurmountable  in  the  present  state  of  algebra,  has  led  those,  who 
have  cultivated  this  science,  to  seek  a  method  of  effecting  the 
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elimination  without  this ;  so  that  the  resolution  of  the  equation 

shall  be  the  last  of  the  operations  required  for  the  solution  of  the 

problem. 

In  order  to  render  the  operation  more  simple,  we  reduce 

equations  with  two  unknown  quantities  to  the  form  of  equation! 

witli  only  one,  by  presenting  only  that,  which  we  wish  to 

inate*  If  we  have,  for  example, 

x^  +axy  +  bxz^cy*+dji+€f 

we  bring  all  the  terms  into  one  member,  and  arrange  them 

reference  to  x ;  the  equation  then  becomes 

X*  +  (ay  +  b)x — cy* — dy  —  f  =  0  j 

abridging  this,  by  making 

ay  +  b=iP,    — ,cy«— .dy  — e=% 
we  have 

x*+Px+q=:0. 

The  general  equation  of  tlie  degree  m  with  two  unknowi 

quantities  must  contain  all  the  pov^rs  of  x  and  y,  which  du  not 

exceed  this  degree,  as  well  as  those  products,  in  which  the  sm 

of  the  exponents  of  x  and  y  docs  not  exceed  m  ;  this  equatioi 

then  may  be  represented  thus ; 

a:~+<a4^y)^"'+(c+^'y4^y*).^^*+(/4*y+fcy*4*y^ 

-Kp+^y+^y^  •  •  •  +^*!r'0^'+p'-»Vy-f^y^ .  •  -  +v'y~=o. 

No  coefficient  is  assigned  to  a-^  in  this  equati  n,  because  we 
may  always,  by  division,  free  any  term  of  an  equation  we  please, 
from  the  number,  by  which  it  is  multiplied*    Now  if  we  make 
a+by  =  P,    c  +  dy  +  cy»  =  (?,   f+gy +  hy^ +ky^  z=:R, 

P  +  qy +uy^''^z=:T,  p'  +  (fy +  r'y'»=  U, 

the  above  equation  takes  the  following  form 

af^  +  P  off^^  +  ^  a?«-«  +  n  a:~-» +  Tx+tr=o. 

188,  It  should  be  observed,  that  we  may  immediately  elimi- 
uatc  X  in  the  two  equations  of  the  second  degree, 

a;»+Pa;+^=0,    x^  +1^0? +  ^  =  0, 
by  subtracting  the  second  from  the  first.    This  operation  gives 

(P  — POa:+ (?—(?'=  0, 

wlience  a;  = ^      ^ ; 

substituting  this  value  in  one  of  the  two  proposed  equations,  tli^ 
first  for  example.,  wc  find 
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naking  the  denominators  to  disaj'pear,  we  have 

hen  developing  the  two  last  terms,  and  making  tlie  reduction 

^e  liave  tlien  only  to  substitute  for  Ff  ^9  F'  and  ^,  tiie  particu- 

ar  values,  which  answer  to  the  case  under  consideration. 

I    189.  Before  proceeding  further  I  shall  show,  how  we  may 

ctermine,  whether  tlie  value  of  any  one  of  the  unknown  quanti- 

ies  satisfies,  at  the  same  time,  the  two  equations  proposed.    In 

rder  to  make  this  more  clear,  I  shall  take  a  particular  exam- 
A  le ;  the  reasoning  employed  will  however  be  of  a  general  nature. 
liet  there  be  tlie  equations 

a?«  +  3ar>y  +  3x^«  — 98  =  0 (I) 

a^  a:»+4apy — 2y*    — 10  =  0 (2) 

i^ihich  we  shall  suppose  furnished  by  a  question,  that  gives  y  =  3. 
is  In  order  to  verify  this  supposition,  we  must  substitute  3  in  the 
gi'^ace  of  i(,  in  the  proposed  equation  ;  we  have  then 

a:»+9a;«+27ar  — 98  =  0 (a) 

jf,  X*  +12ar— 28=0 (b) 

,  [nations,  which  must  present  the  same  value  of  or,  if  that,  which 
^M  been  assigned  to  2(,  be  correct  If  the  value  of  x  be  repre- 
gi;ented  by  «,  the  equation  (a)  and  the  equation  (b)  will,  accord-^ 
^dg  to  what  has  been  proved  in  art.  179,  both  of  them  be  divisible 
^,y  X  —  « ;  they  must  therefore  have  a  common  divisor,  of  which 
^;*—  «  forms  a  part ;  and  in  fact,  we  find  for  this  common  divi- 
,  IT  a:  — •  2  (48)  ;  we  have  therefore  «  =  2.  Thus  the  value  y  =  3 
i:/dfils  the  conditions  of  the  question,  and  corresponds  to  or  =  2. 
K  there  remained  any  doubt,  whether  or  not  the  common  divi- 
2»yr  of  the  equations  (a)  and  (b)  must  give  the  value  of  a:,  we 
i^ight  remove  it  by  observing,  that  these  equations  reduce  them- 

3lves  to 

(a:«  +  11  0?  +  49)  (a:—  2)  =  0, 
^  (x  +  14)(ar  — 2)  =  0, 

tim  which  it  is  evident,  that  they  are  verified  by  putting  2  in 

10  place  of  a:. 

190.  The  method  I  have  just  explained,  for  finding  the  value 
/  x,  when  that  of  y  is  known,  may  be  employed  immediately  in 

IP  elimination  of  rr. 
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Indeed,  if  we  take  the  equations  (1)  and  (ft),  and  go  through 
the  pr(>c('S8  necessary  for  determiningy  whether  they  have  a  com* 
mon  divisor  involving  x^  instead  of  finding  one,  we  arrive  at  a 
remainder,  which  contains  only  tlic  unknown  quantity  y  and 
numbers,  that  are  given ;  and  it  is  evident,  that  if  we  pat  in  the 
place  of  y  its  value  3,  this  remainder  wiU  vanish,  since  by  the 
fiame  substitution,  the  equations  (1)  and  (2),  become  the  equa- 
tions (a)  and  (b).  which  have  a  common  divisor.  Fonhtng  aa 
equation  tlici-cfore,  by  taking  this  remainder  and  zero  for  tbe 
two  members,  we  expi*css  the  condition,  which  the  values  of  j 
must  fidfil,  in  onler  that  the  two  given  equations  may  admit,  at 
the  same  time,  of  the  same  value  for  x. 

The  adjoining  table  presents  the  several  steps  of  the  opera- 
i  ion  relative  to  the  equations, 

x^  +^x^  y  +  oxy^  —  98  =  0 
x^  +Axy  —  ^y^  — 10  =  0, 
on  w  hicii  we  have  been  employed  in  the  preceding  article.    We 
find  for  the  last  divisor, 

(9  y*  +  10)  a?  —  2  !/♦  —  10  y  —  98 ; 
and  the  remainder,  being  taken  equal  to  zero,  gives 

43  y«  +  345  y*  —  1960  y »  +  750  y«  —  2940  y  —  4302  =  0, 
an  equation,  which  admits,  besides  the  value  y  =  3  given  above, 
of  all  the  other  values  of  y,  of  which  the  question  proposed  is 
susceptible. 

The  remainder  above  mentioned  being  destroyed^  that  preced- 
ing the  last  becomes  tlie  common  divisor  of  the  equations  pro- 
posed ;  and  being  put  into  an  equation,  gives  the  value  of  x  whei 
that  of  y  is  introduced.  Knowing,  for  example,  that  y  =  3,  we 
substitute  tins  value  in  the  quantity 

(9  y»  + 10)  a:  —  2  y'  —  lOy  —  98  ,• 
then  taking  the  result  for  one  member,  and  zero  for  the  other,  vr 
liave  the  ecpiation  of  the  first  degree 

91  ar — 182  =  0,    or    a:  =  2. 

191.  The  operation,  to  which  the  above  equations  have  been 
subjected,  furnishes  occiision  for  several  important  i*cniarks. 
Fii*st,  it  may  happen  that  the  value  of  y  i*educes  the  i*emainder 
preceding  the  last  to  nothing ;  in  this  case,  the  next  higlier 
remainder,  or  that,  which  involves  the  second  power  of  x^  be- 
comes the  common  divisor  of  the  two  proposed  equations.  Irt- 
troducing  then  into  this  the  value  of  j/,  and  putting  it  equal  to  zero, 


BguaiUms  exceeding  the  First  Degree. 


191 


o 

1-H 

1 

c» 

;s^ 

<¥ 

1 

r 

^ 

1 

0« 

1 

jL 

5^ 

H 

CO 

o 

«> 

1^ 

H 

+ 

M 

M 

;»% 

;»: 

CO 

Q? 

+ 

+ 

;>) 

;») 

m 

M 

H 

H 

+ 

^ 

*fi 

•» 

H 

! 

;»4 

00  c 

o  c< 

M      M 

+  + 
M      M 

1  + 


00 


00 

1 


I 

o 

+ 

•I 

I? 


I 
I 

+ 

H 


00 


I 


+ 
5* 


oo 

+ 
+. 

00 

to 

+ 


I 

I 

00 


++ 

M 

H 
^\ 

o 

+ 
I? 


13 

9 


+ 


+  + 

H 

+ 

T 


o 
o 

7 
I 

00 

1 

00   O 


-   I 


3 

CO 

+ 

o 

00 

00 

+ 

o 

1  + 

O  09 

O  9> 

oi  to 

'  + 


K.  00 

09  to 


Ob 


to  CO 


CO 

I 

00 

00 

+ 

M 

§* 

o 


5* 

CO 

+ 

o 

CO 


CO 
00 


ha 


on 

g 


II 

o 


0)  O 


S 

•g  ^ 
'S  P  o' 

s  si 


? 


s 


c 

OB    C 


to 


19£  Elements  of  MgAra. 

we  have  an  equation  of  the  second  degree,  inyolving  only  x^  the 
two  values  of  which  will  correspond  to  the  known  value  of  jl 
If  this  value  still  reduce  to  nothing  the  remainder  of  the  second 
dcgi  ce*  we  must  go  back  to  the  pi-eceding,  or  tliat  into  whki 
th  third  power  of  x  enters,  because  this,  in  the  case  under  coi- 
sideration,  becomes  the  common  diyisor  of  the  two  proposed  equa- 
tions ;  and  tlie  value  of  y  will  correspond  to  the  three  values  of  x 
In  general*  we  must  go  back  until  we  arrive  at  a  remainder^ 
which  is  not  destroyed  by  substituting  the  value  of  y. 

It  may  sometimes  happen,  that  tliere  is  no  remainder,  or  (liit 
(he  remainder  contains  only  known  quantities. 

In  the  first  case,  the  two  equations  have  a  common  divisor 

indciiendently  of  any  determination  of  y ;  they  assume  then  fhi 

following  foi*m, 

PX-D=0,  4x1^  =  0, 

D  being  the  common  divisor.    It  is  evident,  that  we  satisfy  bodi 

the  e(|uations  at  the  same  time,  by  making,  in  the  first  place 

/i  =  0 ;  and  tliis  equation  will  enable  us  to  determine  one  of  tb 

unknown  quantities  by  means  of  the  other,  when  the  factor  B 

contains  both  ;  but  if  it  contains  only  given  quantities  and  x,  this 

iiiiknown  quantity  will  be  detenu inate,  and  the  other  will  remtii 

wholly  indrtenninato.     With  respect  to  the  factors,  which  do 

not  contain  x^  they  are  found  by  what  is  laid  down  in  art.  50. 

Next,  if  we  make  at  the  same  time 

P  =  0,     (?=0, 
we  have  still  two  equations,  which  will  furnish  solutions  of  the 
question  pnipased. 

Let  tlici*e  bo.  for  example, 

{ax-^b  y  —  c)  (m x  +  ny  —  d)  =  0, 
(ji'x  +  b'y — c')  (nix  +  ny  —  d)=0; 
by  supposing,  first,  the  second  factor,  common  to  the  two  equa- 
tions, to  be  nothing,  we  have  with  resiiect  to  the  unknown  quaa- 
tities  X  and  y  only  the  eciuation 

vix  +  ny  —  (1  =  0, 
and  in  this  view  the  question  will  be  indeterminate  ;   but  if  «i 
suppress  this  factor,  we  are  furnished  with  the  equations 

ax  +  by  —  c  =  0,        a'  x  +  h'y  —  c'  =  0, 
or  ax  +  by  ^  €.9        a'  x  +  b'  y  =  if ; 

and  in  tiiis  case  the  question  will  be  determinate,  since  we  iiavf 
as  many  equations  as  unknown  quantities. 
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When  the  remainder  contains  only  given  quantities^  the  two 
proposed  equations  are  contradictorj ;  for  the  common  divisor, 
by  which  it  is  shown^  that  they  may  both  be  true  at  the  same  time^ 
cannot  exist  except  by  a  condition,  which  can  never  be  fulfill- 
ed.^^>  lliis  rase  corresponds  to  that  mentioned  in  art.  68,  rela- 
tive to  equations  of  the  first  degree.* 

192.  If  then  we  have  any  two  equations 

a:"  +  Paf^^  +  ^a'*-«  +  Ba:«-»....  +  Ta:+  17=0, 

where  the  second  unknown  quantity  y  is  involved  in  the  coeffi- 
cients P,  ^,  &c,  P',  (fj  &c.  in  seeking  the  greatest  common 
divisor  of  their  first  members,  we  resolve  them  into  other  more 
aimfde  expressions,  or  come  to  a  remainder  independent  of  x, 
which  must  be  made  equal  to  zero. 

This  remainder  will  form  the  final  equoH/m  of  the  question 
pnqioeed,  if  it  does  not  contain  factors  foreign  to  this  question ; 
but  it  very  often  begins  with  polynomials  involving  y,  by  which 
the  highest  power  of  x  in  t!ie  several  quantities,  that  have 
been  successively  employed  as  divisors,  is  multiplied,  and  we 
arrive  at  a  result  more  complicated  than  that,  which  is  sought, 
should  be.  In  order  to  avoid  being  led  into  error  with  respect 
to  the  values  of  y  arising  from  these  factoi*s,  the  idea,  wiiich  first 
presents  itself,  is  to  substitute  immediately  in  the  equations  pro- 
posed each  of  the  values  furnished  by  the  equation  involving  y 
only ;  for  all  the  values,  which  give  a  common  divisor  to  these 
equations,  necessarily  belong  to  the  question,  and  the  others  must 
be  excluded*  It  will  be  perceived  also,  that  the  final  equation  will 

•  It  will  be  readily  perceived,  by  what  precedes,  that  the  problem 
for  obtaioing  the  final  equatiun  from  two  equations  with  two  unknown 
quantities,  is,  in  general,  determinate ;  but  the  same  firtal  equation 
answers  to  an  infinite  yariety  uf  systems  of  equations  witli  two  un- 
known quantities.  Reversing  the  process,  by  which  the  greatest  com- 
mon divisor  of  two  quantities  is  obtained,  we  may  form  these  systems 
at  pleasure ;  but  as  this  inquiry  relates  to  what  would  be  of  little 
use  in  the  elementary  parts  of  mathematics,  and  would  lead  me  into 
tedious  details,  I  shall  not  pursue  it  here.  Researches  of  this  nature 
must  be  left  to  the  sagacity  of  the  intelligent  reader,  who  will  not 
bil,  as  occasion  offers,  of  arriving  at  a  satisfactory  result. 
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become  incomplete,  if  we  sap{iress  in  the  operation  any  ftdor 
inTolvingjf;  but  all  these  circumstances  together  orcam 
some  inconvenience  in  the  application  of  the  above  metliod,* 
and  lead  me  to  prefer  the  method  given  by  Culer,  which  I  shd 
explain  in  tlie  following  article. 
193.  Let  there  be  the  equations 

representing  by  a: —  « the  factor,  which  must  be  common  to  both, 
when  jf  is  determinate  in  a  proper  sense,  we  may  consider  the  (int 
as  the  product  of  ar  — «  by  the  factor  of  the  second  degrrf, 
X*  +px  +  qf  and  the  second  as  the  product  of  x  — «  by  the 
factor  of  the  third  degree  a:'  +  p'  x»  +  g'  a:  +  r',  p  and  5,  |/,  q 
and  r^  being  indeterminate  coefficients.    We  have  then 

x^+F'x^  +  q[x*  +  B!x  +  ff:=(x—m){x^+p'x^+q[x+f% 

Exterminating  the  binomial  (x — «),  in  the  same  manner  as  an 
unknown  quantity  of  the  first  degree  (84),  we  find 

{x^  +  Px^  +  qx  +  R)(x^  +p'  x^  +g'a;  +  t^  = 
{x^+T'x^+(fx^+«x  +  ff){x^-\-px  +  q); 

a  result,  which  must  verify  itself  without  any  particular  value 
being  assigned  to  x;  this  cannot  take  place  however,  unless  the 
fii'st  member  be  composed  of  the  same  terms  as  the  second  \  we 
must  therefore,  after  [wrforming  the  multiplications,  which  are 
indicated^  put  the  coefllcicnts  belonging  to  each  power  of  x  in 
one  member  respectively  equal  to  those  belonging  to  the  same 
power  in  the  other.  In  this  way  wc  obtain  the  following  equa- 
tions ; 

P+p'^r+p       Rp'  +  qq'  +  Pr'  =  S'    +R'p+((^ 
q  +  Pl/  +  (l'=q'+rp  +  q        Ilq'  +  qr'  =  H'p  +  Kq 
n  +  qp'  +  P({  +  r'  =  ir+  ((p  +  l^q  Rr'  =  ^'q. 

As  we  have  here  six  e(|uations,  and  only  five  indeterminate 
quantities,  namely  7/,  </,  ;/,  q'  anil  r\  all  of  w  hich  arc  of  the  firJt 


! 


*0n  this  subject  sec  a  memoir  of  M.  Bret,  in  the  lotli  number*  ot 
Journal  (le  VEcole  Fobjtechnique^  also  one  of  M.  Lcfcbure,  3(1  nuir- 
\iv\\  vol.  ii.  of  flic  ('(in'e:-pfmdance  of  the  same  school. 


Sguaiion$  exeuiing  the  Fhrtt  Degree.  1^9 

degree^  these  qnantaties  may  be  exterminated ;  we  shall  (has 
arrive  at  an  equation,  which»  involving  only  the  quantities  P, 
^,  EfPj  (ff  E'f  and  ^,  will  express  a  condition  necessariV  im- 
pljed  in  tlie  conditions  of  the  question,  and  which  consequently 
will  be  the  final  equation  in  y.^ 

Should  this  equation  be  identical,  it  follows,  that  the  proposed 
equations  have  at  least  one  factor  of  the  form  x —  «,  whatever  y 
may  be ;  on  the  contrary,  if  the  final  equation  contain  only 
known  quantities,  the  proposed  equations  are  contradictory. 

When  the  final  equation  takes  place,  we  obtain  the  factor  x  —  « 
by  dividing  the  first  of  the  pr(qK>sed  equations  by  the  polynomial 
x^  +px  +  q'j  we  find  for  the  quotient 

x  +  F-^p^ 

and  neglect  the  remainder,  because  it  must  necessarily  be  reduc- 
ed to  nothing,  when  we  substitute  in  the  place  of  y  a  value 
obtained  from  the  final  equation.  Putting  the  above  quotient 
equal  to  zero,  we  find 

x=:p  —  P, 

*  The  method  of  Euler,  eiplained  here,  amounts  to  multiplying 
each  of  the  proposed  equations  by  a  factor,  the  coefficients  of  which 
are  indeterminate,  putting  the  products  equal,  and  disposing  the 
coefficients  in  such  a  mannd^,  that  the  terms  containing  the  unknown 
quantity  destroy  each  other.  In  this  form  it  is  presented  in  his 
Introduction  to  the  analysis  of  infinites.  The  exponent,  which  denotes 
the  degree  of  the  products,  being  designated  by  k^  that  of  the  factors 
is  id:— *m  for  the  equation  of  the  degreo  m,  and  it —-n  for  that  of  the 
degree  n.  The  first  term  of  each  of  tliese  factors,  having  unity  for 
a  coefficient,  the  one  contains^ — m indeterminate  coefficients,  and 
the  other  k  -—  »•  The  sum  of  the  products  contains  a  number  k  of 
terms  involTing  a ;  but  it  is  necessary  to  destroy  ilr  —  1  terms 
only,  because  that,  which  contains  the  highest  power  of  jt,  vanishes 
of  itself.  It  follows  from  this,  that  the  whole  number  2  il  •— m  —  n 
of  indeterminate  coefficients  must  be  equal  to  Ar  — 1,  and  conse- 
quently k  ^m  +  n —  I;  we  must  therefore  multiply  the  equation 
of  the  degree  m  by  a  factor  of  the  degree  n  —  1,  that  of  the  degree 
n  by  a  factor  of  the  degree  m  —  1,  and  put  the  products  equal, 
term  to  term,  a  method  similar  to  that  given  in  the  text  It  may  be 
observed,  that  this  former  method  of  Euler  contains  the  germ  of  that 
developed  by  B^zoot  in  his  Th^orie  des  BquaHons  JUg^MquM. 
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and  this  value  of  x  will  be  known,  or  at  least  will  be  expmnl 
by  means  of  y,  it  we  substitute  tor  p  \U  value  deduced  from  tin 
equations  of  the  first  degree,  formed  above. 

This  expression  assumes,  in  general,  a  fractional  from,  w 


tliia  case,  that  the  values  of  y,  vliich  would  cause  M  and  (Vta 
vanish  at  the  same  time,  would  verify  the  preceding  equatiM 
independently  of  .v ;  this  takes  place  in  consequence  of  the  fact, 
that  by  means  of  these  values,  tlie  proposed  equations  wwiM 
•trguire  a  common  factor  of  a  degree  above  the  ftrst.  It  would 
not  be  difficult  to  go  back  to  the  immediate  conditions  in  which 
this  circumstance  is  implied  ;  bnt  the  limits  i  have  prescribed 
to  myself  in  t)ic  present  treatise  do  not  permit  mc  to  enter  iuln 
4i-tailjiaf  this  kind. 

194.  Now  let  there  be  the  equations 

a»  +Pa:  +  <?  =  0,     x»  +i"a;+  '^  =  0; 
the  factors,  by  which  x  —  -is  multiplied,  will  be  here  of  the  firei 
degree,  or  x  +p  and  x-\-^  simply  ;  in  this  case 

B  =  0,  IP  =  0,  S'  =  0,  (/  =  0,  9*  =  0,  r'  =  0, 
and  we  have  ^ 

P  +  j>'     =F  +  p     1       r     p-p'     ^F  —  r 
q  +  Pr'=q+F'p\ov\pp~Pp-  =  q—q 

From  the  two  fii-st  etjuations  we  obtain 

^-  p—p 

p  -  p_p' 

Substitutinif  these  values  in  the  third,  we  have 

(!•-?)■*'■— (I)-?)  «'=fr-n  J' «-(«— in « 

Now  if  hi  the  equation 

.T  =  p  — P; 
we  put,  in  the  place  of  p,  its  value  found  above,  wo  have 

195.  tn  order  to  aid  the  leniner,  1  shall  indicate  the  operatioM 
necessary  for  eliminating  x  in  the  two  equations 

x"  +  P x^  -^ qx  +  R=Q,     a;»+P'a;»  +  ^»  +  a'  =  0. 
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n  this  case^  ve  have 

iSr  =  0,      r^  =  0    (193), 
id  are  furnished  with  these  five  equations ; 

P+pT     =:F    +p, 

R  +  Pr^+q'  =9!  +i^P+?, 
R  +  qp'  +  Prf=it  +(fp  +  P'q, 
Mp'  +  q(t=iep+q[q 

hkh  may  take  the  following  form 

p-pf     =P_F, 

F'p—Ppf+    q^if    ^.q^q, 
q[p—qp'+pq—Pif^R—«, 

Xp^Rpf  +  q^q—qtf=o, 

Kq — J2g'  =  0, 
We  may,  by  the  rules  given  in  art  88,  obtain  immediately 
om  any  four  of  these  equations,  the  vaTues  of  the  unknown 
lantities  p,  j/,  q  and  g';  but  the  simple  form,  under  which  the 
ret  and  the  last  of  the  equations  are  presented,  enables  us  to 
rrive  at  the  result,- by  a  more  expeditious  method.  In  order  to 
iridge  tlie  expressions^  we  make 

p—p'^t,   q—q=:e,  n—vi^e'y 

id  proceed  to  deduce  from  the  first  and  last  of  the  proposed 
inations, 

p'^p  —  e,    «'  =  -g^; 

len  substituting  these  values  in  the  tliree  others,  and  making 
le  denominator  R  to  disappear,  we  have 

(P  —  P)Rp  +  {R    —    J50g  =  JB(«'— Pc)...(a), 

(^_^fip  +  (flP'_Pir)g  =  J2(e"— (JO. -.(»>), 
{X—B)Rp+{Rq[-^qR:)q:=z—R^e (c). 

*  DOW  we  obtain,  from  the  equations  (a)  and  (b),  the  values  of  p 
ad  q  (88),  and  suppress  the  factor  R^  which  will  be  common  to 
le  numerators  and  the  denominator,  we  have 

{e'  —P€)[RP'  —  PW)  —  {R'^R')  {e"--q€) 
^^\P'^P)  [R  P'  —  PR')  —  (R^R'){q!'^q)    ' 

^_(r-p){^'-q!^)R-R{.^-p^)Lq:-q). 

ntting  these  values  in  the  equation  (c),  we  obtain  a  final  e<iua- 
ion,  divisible  by  JK,  and  which  may  be  reduced  to 


ns  Klemmta  of  Mgdrti. 

=  _H([(i^—p){a/^—i'if}_(fl_»')((y  _(()], 

it  only  remains  then  to  siibatitu(«  for  tlie  letters  e,  e'  e"  the  quai- 
titius  tliej  represent. 

1!»G.  If  we  litive  the  tlirw  unknown  qaantitira  or,  y  and  %,  and 
UT  fiiniUheil  witli  an  erjiml  number  of  eqaationa  dUtitigtiisliiMl  h; 
( 1 ),  (2)  anil  (3) ;  in  order  to  detf rminc  these  unknown  (juantjtics, 
wc  may  romliine,  fur  cxain])lc,  the  equation  ( l )  with  [?)  and  with 
(3).  to  diniinntc  ;>:,  and  tlien  cxterminv  y  frnni  the  two  rraultsi 
which  are  obtained.  But  it  mu^tt  be  obsei'vetl,  tliat  liy  IhiH  Jtuv 
Kurive  elimination,  the  threw  pmpusod  agnations  do  not  concur, 
in  the  same  manner,  to  rorm  the  final  equation  ;  the  eijiiution  (l) 
fl  Dni|)loyDd  twice,  while  (S)  and  (3)  arc  employed  only  unre; 
kmMt  (ho  resoltt  to  which  we  arrive,  contains  a  factor  forrign  to 
ttrc  qncfition  (84.)  Ilezout.  in  his  TC^orie  des  Kqualums,  liM 
tnadcuseoranietliod,  wtilcli  is  not  subject  to  IhiH  inconvenience, 
Hnd  by  wliich  ho  proves,  that  Ihc  degree  of  thejinal  equation,  rt- 
KHlHngJrom  the  i^minaHim  amtmg  any  number  whalevtr  nf  com- 
pute equationsr  conlaiinng  an  equal  number  of  wtkiuiivn  quantiliet, 
and  quantities  of  any  degrees  whateveri  is  fl/wd  ta  Oirirroduct  o/'iAi 
toeponents,  which  denote  the  degree  ttj these  equations,  M.  Poisson, 
lias  given  a  demonstration  of  the  same  pi-opusitinn  more  direct 
and  shorter  tlian  that  of  Bezout;  but  the  preliminary  informa- 
tion, which  it  i-cquires,  will  not  {>crroit  me  to  explain  it  here;  It 
Will  be  found  in  the  Sttp^ment,  At  present  I  shall  nbserre  sim- 
ply, that  it  \»  easy  to  verify  this  proposiUon  in  the  case  of  th* 
final  equations  presented  in  articles  194  and  195,  If  wesupjxMC 
tlio  proposed  eifuations  given  in  those  articW  to  be  complete,  Uk 
unknown  quantity  y  enters  of  tlic  first  degree  into  P  and  P",  of 
tlie  second  degivc  into  (^  and  ^.  of  the  thii*d  into  S  and  if; 
hence  it  follows,  that  e  wil!  be  of  the  first  degree,  e"  of  the  scconili 
and  e"  of  the  tliii  i1.  and  that  the  terms  of  the  higliest  degree  fuuod 
in  the  products  indicated  in  the  final  equation  given  in  art,  194, 
will  have  4,  or  2 . 2,  fov  an  e.xponent,  and  those  of  the  Rnal  eqai- 
tion  art.  195  will  have  9  or  3  . 3. 
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(^  commensurable  roots^  and  the  equal  roots  (f  numerical  equations. 

197 •  Having  made  known  the  moat  important  properties  of 
algebraic  equations,  and  explained  the  method  of  eliiuinating  the 
unknown  quantities,  when  several  occur,  I  shall  proceed  to  the 
numerical  resolution  of  equations  with  only  ouc  unknown  quan- 
tity, that  is,  to  the  finding  of  their  roots,  when  their  coei&cients 
are  expressed  by  numbers.* 

I  shall  begin  by  showing,  that  when  the  proposed  eqiuition  has 
ady  ichok  numbers  for  Us  coffficienis,  and  that  of  its  first  term  is 
unity.  Us  real  roots  cannot  he  expressed  by  fractionSf  and  conse- 
quendy  can  6e  only  whole  numherSf  or  numbers,  tliat  are  incommen- 
surable. 

In  order  to  prove  this,  let  thei*e  be  the  equation 

ac»  + -P  aj"-i  +  ^  ar"-« +  Ta:+r=0, 

in  which  we  substitute  for  x  an  irreducible  fraction  -r ;  the 

tquation  then  becomes 

«*         fl«-i       ^a"-*  ^a 

jS+^6S=i+«^, +  Tj  +  V=Q', 

reducing  all  the  terms  to  tlic  same  denominator,  we  have 

fl«+Pa"-*6+^o'^6» +  Ta6«-*+r6»=0, 

which  is  equivalent  to 

a»  +  6(Pa"-*+^a»-»6 +  Taft"-«+ 176'^»)  =  0. 

The  first  member  of  this  last  equation  consists  of  two  entire 
parts,  one  of  which  is  divisible  by  6,  and  the  other  is  not  (98), 

since  it  is  supposed,  tliat  the  fraction  -=-  is  reduced  to  its  most 

0 

■irople  form,  or  that  a  and  h  have  no  common  divisor ;  one  of 
these  parts  cannot  therefore  destroy  tlie  other. 

198.  After  what  has  been  saki,  we  shall  perceive  tlie  utility  of 
making  the  fractions  of  an  er|uation  to  disappear,  or  of  render- 
ing its  cneflScients  entire  numbers,  in  such  a  manner  however. 


*  There  is  no  general  solution  for  (les;rees  liigher  than  the  fourth  ; 
properly  speaking,  it  is  only  tliat  for  the  second  degree,  which  can 
be  regarded  as  complete.  The  expressions  for  the  roots  of  equations 
of  the  third  and  fourth  de&;ree  are  very  complicated,  suhjcct  to  excep- 
tions, and  less  convenient  in  practice  than  those,  which  I  am  about 
to  give  :  I  shall  resume  tlie  suhject  in  the  Supplement. 


.,    I..    J    BU^^ 

Elemmlg  of  JlgeWa. 

fhat  the  first  ierm  may  have  only  unity  for  its  coefficient 
if  rlime  btf  making  the  vjiknovm  qwinUtij  prapmnl  equal  to  a 

I   <tmkruiwn  quantity  ilivided  by  ilie  product  of  all  f/ie  ilnwminalors  o^ 
ike  rq»atum,  tlien  i-educinR  all  tlic  terms  to  the  same  denoininatar, 

*  by  llif  nicthoil  given  in  art.  5^. 

Let  there  bf,  rorp)iaiii|)le,  the  e']iintion 


we  talce  x  = — ^ — ,  and  intraducuig  tliis  expression  for  X  into 
the  proposed  equation,  we  obtain 

I  MS  the  divisor  of  the  first  term  contains  allUie  factors  found  in  tlir 
I  ether  dtv  isors,  we  may  multiply  by  thbi  divisor  and  thus  rrduce 
well  tercu  to  its  most  simide  cxpitssion  :  we  find  then 
y'  +anpy'  +bm*  np*  y  +  c  m'  n'  />*  =.0. 
If  the  denominators  nii  n,  p,  have  common  dirisors.  it  is  onlj' 
necessary  to  divide  y  by  the  least  immbcr,  which  can  be  (liviA^ 
at  the  same  time  by  all  the  denominators.     As  these  mctlio<ls  uf 
simplifying  expressions  wiU   be  readily  pei'ccivcd.   I  shall  not 
stop  to  explain  tlicm ;  I  shall  observe  only,  that  if  all  tlie  de- 
nominators were  eiftial  to  m,  it  would   be  sufficient  to  make 


The  proiHiscd  equation,  which  would  be  in  this  case, 

then  becomes 

Biid  wc  have 

y'  +ay'  +fcniy+m'c=0. 
It  is  evident,  that  tlie  above  operation  amounts  lo  multiplying 
all  the  roots  of  the  proposed  ei^uations  by  the  number  ni,  sint* 
X  =  -^  gives  y  =  mx, 

199.  Now  since,  if  a  he  the  root  of  the  equation 

x"  +Px'~^  +  qx'^ +  Tx+V=0, 

wc  have 

I7=  — a"  — Pfl"-"  — Qfi"-^ ~Ta    (179), 
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M9B9  that  a  is  necessarily  one  of  the  divisors  of  the  entire 
r  U9  and  consequently!  when  this  number  has  but  few  divi- 
re  have  only  to  substitute  them  successively  in  the  place  of 
he  proposed  equation,  in  order  to  determine,  whether  or  not 
lualion  has  any  root  among  whole  numbers* 
'e  have,  for  example,  the  equation 

X^—^X^  +27  0?— 38  =  0, 
numbers 

1,  2,  19,  38, 
s  only  divisors  of  the  number  38,  We  make  trial  of  these, 
n  their  positive  and  negative  state ;  and  we  find,  that  the 
number  +  2  only  satisfies  the  propased  equation,  or  that 
.  We  then  divide  the  proposed  equation  by  x  —  2  ;  put- 
be  quotient  equal  to  zero,  we  form  the  equation 

x^ — 40?+  19  =  0, 
ftts  of  which  are  imaginary ;  and  resolving  this  we  find, 
le  proposed  equation  has  three  roots, 

a?=2,    x=2+v'-irT5,  a?  =  *2— v-^^^- 
.  The  method  just  explained,  for  finding  the  entire  number, 
satisfies  an  equation,  becomes  impracticable,  when  the  last 
if  this  equation  has  a  great  number  of  divisors  i  but  the 

r=— a«  —  Pa"-i— ^a"-«. . . .  —  To, 
lies  new  conditions,  by  means  of  which  the  operation  may 
y  much  abridged.    In  order  to  make  the  process  more 
I  shall  take,  as  an  example,  the  equation 

x^  +Fx^  +  qx*  +Ex  +  8^Q.  ' 

3ot  being  constantly  represented  by  a,  we  have, 

a^  +  Pa^  +^a*  +i2tt+5f=0, 
/8f=  — Ha— Qo«— Pa»  — aS 

vhich  we  obtain 

£  =  — B— Oa  — Pfl»  — a'. 
a 

evident  from  this  last  equation,  that --  must  be  a  whole 

cr. 

nging  R  into  the  first  member,  we  have 

^  +  JI  =  — .Ofl  — Pa»— a»; 
a  ^ 

26 
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abridging  the  expression  by  making  —  -f  B  =  If,  and  dividilic  , 

tlie  two  members  o(  the  equation 

«:  =  —qa—Fa*—a^ 
by  a,  Vie  have 

-'=— Q  — Po— aS 

whence  we  conclude,  that  —  must  also  be  a  whole  number.    . 

Transposing  ^,  and  making  —  +  ({  =  ^,  then  dividing  tbt 

two  members  by  a,  we  obtain 

a 

Q' 

whence  we  inrer,  that  3  must  be  a  whole  number. 

a 

Lastly,  bringing  P  into  the  first  member,  mfiking  "  +  F  =  P' , 
and  dividing  by  r,  we  have 

^'  =  -1. 

"  I 

Putting  tftgotlier  the  above  mentioned  conditions,  we  shall  per-  | 

ceivc,  that  tiie  number  a  will  be  the  root  of  the  proposed  eqiit- 

lion,  if  it  satisfy  the  equations 

-  +  fl  =  fi', 
f +  «=*?> 


in  such  a  manner,  as  to  make  If,  ^  and  P"  whide  numbers. 

Hence  it  follows,  that  in  order  to  determine,  whether  one  of  tl* 
divisors  a  of  the  last  term  S  can  be  a  i-oot  of  the  pi-oposed  equt- 
tion,  we  must, 

Ist.  JHvide  the  last  term  by  the  ilirisftr  a,  and  add  to  the  ^ 
tUnt  lite  coeffiriettt  of  the  term  invdving  x  ; 

2d.  IHriile  this  sum  Ity  the  divisor  a,  and  add  to  tlie  quotient  tft 
coefficient  of  the  term  involving  x'  ; 

3d.  Divide  this  sum  by  tlie  divisor  a,  and  add  to  the  qnatietdli^i 
coeffident  of  tlie  term  involving  x* ,- 


4tb.  Divide  Ms  sum  hf  the  dicisor  a,  and  add  to  the  quotient 
mniti/f  or  the  coefficient  rf  the  term  involvingx^  ;  the  result  wiU 
tecome  equal  to  zero,  if  a  is,  infadf  the  root. 

The  mks  giTen  abeTe  «re  applkable,  whatever  be  the  degree 
of  the  equation ;  it  must  be  observed  however,  that  the  result 
will  not  become  equal  to  zero^  untU  we  arrive  at  the  first  term 
of  the  proposed  equation.* 

201.  In  applying  these  rules  to  a  numerical  example,  we  may 
bondiict  the  operation  in  such  a  manner  as  to  introduce  the  sev- 
eral trials  Willi  all  the  divisors  of  the  last  term,  at  the  same  time* 
For  the  equation 

a?*  —  9  a:» +23  ar»  —  20  a:  + 15  =0, 
flie  operation  is,  as  follows ; 

+  15,  +  5,  +  3,  +  1,  —  1,  ~  3,  —  5,  —15, 
+  1,  +  3,  +  5,  +  15,  — 15,  —  5,  —  3,  —  1, 
— 19,— ir,_15,  —   5,  —35,  —25,  —23,  —21, 

—  5,  —  5,  +  35, 
+  18,  +18,  +  58, 
+    6,  +18,  —58, 

—  3,  +   9,  —67, 

—  I5  +    9,  +  67, 
0. 

All  the  divisors  of  the  last  term  15  are  arranged,  in  the  order 
«f  magnitude,  both  with  the  sign  +  and  — ,  and  placed  in  the 
same  line ;  this  is  the  line  occupied  by  the  divisors  a. 

The  aecond  line  contains  the  quotients  arising  from  the  num- 
ber 15  divided  successively  by  all  its  divisors ;  this  is  the  lin^ 

fortheqaantitiesf. 
The  third  line  is  formed  by  adding  to  the  numbers  found  in  the 


*  It  would  not  be  difficult  to  prove  by  means  of  the  formula  for  th^ 

^uotiMiis  given  in  bxL  180,  that  the  quantities  -^,  — ,  ^,  taken  with 

the  contrary  sign,  and  with  the  orider  inverted,  are  the  coefficients  of 
ike  quotient  arising  from  the  polynomial 

x^  +  Px^  +  qx*  +  Rx  +  8 
DMAtd  hj  x-^Of  and  which  is  consequently 

a?'— -^  x^  -^  —x  —  —. 
a     -       a  a 


pneedlng  the  co^ctent  —  20,  li;  which  x  is  multiplied  ;  tku  it 

the  line  for  tliB<|u3ntities /f^  — +  il. 

T)ir.  t'oiirtli  lino  roiituiiis  the  f[uotienb  of  llie  sercral  numben 
iu  Ute  [tnxriMling  divitlt'il  by  tlic  cuiTcHjuiiicling  ilivlsui-s ;  tliis  is  Ibe   I 

line  for  the  rjuiiiititifs  —.     In  forming  this  line,  we  negltxtidl   ' 

the  numbers,  wbirh  arc  not  tntire. 

'I'lw  fiith  line  rvKiilU  from  the  nimihci-a.  written  in  the  prered^ 
itigi  Hdtleil  ta  the  number  S3,  ity  vvhii:h  x*  is  niulLiplicd  ;  tliia  line 
cuntiunH  tlie  ijuHntities  f^. 

The  sixth  lino  coatainti  the  quoticiitfl  arising  fivm  the  numbers 
in  the  pi-ctcding ill* ided  by  the  correDpuuding  divisors ;  it  com- 

pivhends  the  quantities  — . 

The  Bcvrnth  line  comprehends  the  several  suma  of  the  ntim- 
hc!"8  in  tlie  pi-eceding,  addrd  to  the  coefficient  —  9,  hy  which  x* 
\s  multiplied ;  in  tbii  line  are  (band  the  quantities  ^  -f  P. 

Lastly,  the  eighth  line  ia  formed  by  dividing  the  several  nura-    j 
hers  in  the  preceding  by  the  corre^wndiug  divisors;  it  is  the 
line  for  —     As  we  Cnd  —  1  only  in  the  column,  at  the  head  of    i 

which  +  3  stands,  we  conclude,  that  the  projMtscd  ei]imtiun  has 
only  one  commensurable  i-oot,  namely  +  3  ;  it  is  therefore  divi- 
sible by  X —  3.* 

The  divisors  +  I  and  —  1  may  be  omitted  in  the  table,  as  it 
is  easier  to  make  trial  of  them,  by  substituting  tiicni  immediatelf 
in  the  jtroposed  equation. 

203,  Again,  let  there  be,  for  example, 

.v'  — 7x*  +36  =  0. 

Having  ascertained,  that  the  numbers  -f- 1  and  —  1  do  not 
satisfy  this  equation,  we  form  the  table  subjoined,  according  to 
the  preceding  rules,  observing  that,  as  the  term  involving  x  is 
wauling  in  this  equation,  .t  must  be  regarded  as  having  0  furl 
coefficient;  we  must  therefore  suppress  the  third  line,  and  cl^ 
ducc  the  fourth  immediately  from  the  second, 

'  Forming  tlie  quotient  according  to  the  preceding  note,  we  fimi 


CommensurtMe  Hoots  and  eqwd  Boots  ofMSmmcal  Equations*  205 

+«S+lt,+  M,  +  ©,  +  6,+  4,+   3,+  a,-   2,-   3,-4,-fl,-9,-ll,-18,-36 
+   1,+   2,+   3,  +  4,+  «,  +  9,+  lS,+  18,-18,-12,-9,-6,-4,-  3,-   2,-   1 

+  1,     +4,  +  9,  +  9,  +  4,     +1 
—  6,   _3,  +  2,  +  2,— 3,  '— 6 
~1,    —1,         — 1,+  1,     +1 
0,         0,  0. 

We  find  in  this  example  three  numbers,  which  fulfil  all  the 
conditions,  namely,  4.  6  +  3  and  —  2.  Thus  we  obtain,  at  the 
same  time,  the  three  roots,  which  the  proposed  ecjuation  ad- 
mits of ;  we  conclude  then,  that  it  is  the  product  of  three  simjde 
fkctoTBy  or— *6,ar — 3  and  a: -f- 2, 

203.  It  may  be  observed,  that  there  are  literal  equations, 
which  may  be  transformed,  at  once,  into  nnmeiical  ones, 

K  we  have,  for  example, 

y3  +  2p y«  —  33 p»  y  +  14p»  =  0, 
making  y  =p  or,  we  obtain 

p*  x^  +2p^  X*  —  33 p'  a:+14p*  =  0, 
a  result^  which  is  divisible  by  p',  and  may  be  reduced  to 

ar«  +  2  a:*  —  33  a:  +  14  =  0. 
As  the  commensurable  divisor  of  this  last  equation  is  a:  +  r, 
which  gives  or  =  —  7,  we  have 

y  =  —  7p. 
The  equation  involving  y  is  among  those,  which  are  called 
homogeneous  equations,  because  taken  independently  of  the  numer- 
ical coefficients,  the  several  terms  contain  the  same  number  of 
factors.* 

204.  When  we  have  determined  one  of  the  roots  of  an  equa- 
tion, we  may  take  for  an  unknown  quantity  the  difference 
between  this  root  and  any  one  of  the  othcra  ;  by  this  means  wo 
arrive  at  an  equation  of  a  degree  inferior  to  that  of  the  equation 
proposed,  and  which  presents  several  remarkable  properties. 

Let  there  be  the  general  equation 

or +  Pa*»"»  +  qaf^"^  +  R  ar*"-* +  Tx+  r=  0, 

and  let  a,  ft,  c,  d,  &c.  be  its  roots ;  substituting  a  +  y  in  the  place 
of  x,  and  developing  the  powei-s,  we  have 


*  For  a  more  full  account  of  tlie  commensurable  divisors  of  equa- 
tions, the  reader  is  referred  to  the  third  part  of  the  EUmens  d^JllgS- 
ftre  of  Clairaut.  This  geometer  has  treated  of  literal  as  well  as 
itQinerical  equations. 
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«»  +iiia«~*y 


m(m— 1) 


af^»-|^-+jr 


SB 


^^d. 


+7V*      +IV 

The  first  column  of  this  result,  being  sinular  to  fiie  proposed 
equation,  vanishes  of  itself,  since  a  is  one  of  the  note  of  tkk 
equation ;  we  may  therefore  suppress  this  column,  and  divide  all 
the  remaining  terms  by  y ;  the  equation  tiien  becoowB 

+  T 

Tills  equation  has  evidently  for  its  m  —  1  roots 

y^b — a,   y  =  c — 0,   jf^d^— a*..*.  &c. 
I  shall  represent  it  by 

•^  +  fy+~y' +y«^*  =  0 (d), 

abridging  the  expre^ions,  by  making 

wa"»-*  +  (m  — l)Pa»»"»  +  (m— 12)  Qa«-* +  T=zJi 

m  (in  —  1)  a*"-*  +  (m  —  l)  (m—  2)  Pa"^ =  JJ 

&c. 

and  I  shall  designate  by  Ftlie  expression 

ii^  +  Pa~-i  +  ^a'"-^ +  Ta+U. 

£05«  If  the  proposed  equation  has  two  equal  roots ;  if  we  baTe, 
for  example,  a=zb,  one  of  the  values  of  y,  namely,  b  — a,  becomes 
nothing ;  the  equation  (d)  will  therefore  be  verified,  by  suppos- 
ing y  =  0 ;  but  upon  this  sup[K)8ition  all  tiie  terms  vanish,  excqit 
the  known  term  A ;  this  last  must  therefore  foe  nothing  of  itself; 
the  value  of  a  must  therefore  satisfy,  at  the  same  time,  the  tiro 
jp4}uations 
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'^  F=d    and    •^=0. 

When  the  proposed  equation  has  three  roots  equal  to  a^  namelj^ 
A  =  k  =  Cf  two  of  the  roots  of  the  equation  (d)  become  nothing, 
at  the  same  time,  namely^  ft — a  and  c-^  a.  In  this  case  tto 
equation  (d)  will  be  divisible  twice  successively  by  y  —  0  (179) 
or  y ;  but  this  can  happen,  only  when  the  coefficients  Ji  and  B 
are  nothing ;  the  value^of  a  must  then  satisfy,  at  the  same  time^ 
the  three  equations 

r=o,   •^=0,   j?=o. 

Parsaing  the  same  reasoning,  we  shall  perceive,  that  when 
tte  proposed  equation  has  four  equal  roots,  the  equation  (d)  will 
hate  fluree  roots  equal  to  zero,  or  will  be  divisible  three  times 
nooeiBively  by  y  ^  the  coefficients  J,  B  and  C  must  then  be 
■ofldngf  at  the  same  time,  and  consequently  the  value  of  a  must 
sattofy  At  once  the  four  equations 

F=0,     Ji  =  0,     B=:Of     C=0. 

By  means  of  what  has  been  said,  we  shall  not  only  be  able  to 
ascertain,  whether  a  given  roof  is  found  several  times  among  the 
roots  of  the  proposed  equation,  but  may  deduce  a  method  of  de- 
termining, whether  this  equation  has  roots  repeated,  of  which  we 
are  ignorant. 

For  this  purpose,  it  may  be  observed,  that  when  we  havo 

m 

•fsOy  or 

m  a«^»  +  (m — 1 )  P  aP^  +  (m — 2)  ^  a«-» . . .  +  T  =  0, 
we  may  consider  a  as  the  root  of  the  equation 

iiiac^*  +  (m  —  l)Pa-»-«  +  (m  —  2)  ^af^ • . .  +  T=  0, 
X  rq^resenting-,  in  this  case,  any  unknown  quantity  whatever  ; 
and  since  a  is  also  the  root  of  the  equation  Vss  0,  or 

a:*  +  Pa:«-»  +  &c  =  0, 
it  firilows,  (189)  that  a:  ~-a  is  a  factor  common  to  the  two  above 
mentioiied  equations. 

Changing  in  the  same  manner  a  into  x  in  the  quantities  By  Cr 
&c.  the  binomial  x  —  a  becomes  likewise  a  factor  of  the  two  new 
equations  J}  s  0,  (7  =  0,  &c,  if  the  root  a  reduces  to  nothing  the 
(Nriginal  quantities  B,  C,  &c. 

What  has  been  said  wiUi  respect  to  the  root  a  may  be  applied 
to  every  other  root,  which  is  several  times  repeated ;  thus  by 
aaekiiig^  according  to  the  method  given  for  finding  the  greatest 
flftmnwn  divisor,  the  fiactors  common  to  the  equations 

FsO>        AszO,       i?  =  0,        Cs:0,&C» 


2iu  EkmenU  ^Mgehra. 

y=ztif  we  shall  havef  at  the  same  tiiDe,  y  =  —  «.  Uence  it  foDowBf 

that  this  equation  must  be  made  up  of  terms  involving  only  even 

powers  of  tlie  unknown  (|uantity ;  4br  its  first  member  must  be 

the  product  of  a  certiun  number  of  factors  of  the  second  degree 

of  the  form 

y*—**=(y— )(»+-)  (184); 
it  will  therefore  itself  be  exhibited  under  the  form 

1^+pf^  +  qf^ +/y»+tt  =  0. 

If  we  put  y*  =  969  this  becomes 

cc*+p  »""*  +  q  »^*  .••••  +  f»  +  tt=0; 
and  as  the  unknown  quantity  %  is  the  square  of  y,  its  values  will 
be  the  squares  of  the  difierences  between  the  roots  of  the  pro- 
posed equation. 

It  may  be  observed,  that  as  the  diflTcrences  between  the  fed 
roots  of  the  proposed  equation  are  necessarily  real,  their  squares 
will  be  positive,  and  consequently  the  equation  in  »  will  have 
only  positive  i-oots,  if  tlic  projiosed  equation  admits  of  those 
only,  which  are  i*eaK 

Let  thei*c  he,  for  example,  the  equation 

putting  0?  =  a  +  y,  we  have 

a^  +  ^a^  yi-Say*  +y^'^ 
—  7a  — 7y  >  =  0. 

+  r  J 

Suppressing  tlie  terms  a^  —  7  a +  7,  which,  from  their  identity 
with  the  proposed  equation,  become  nothing  when  united,  and 
dividing  tlie  i*emainder  by  y,  we  have 

Sa^  +3ay  +  y»  —7  =  0; 
eliminating  a  by  means  of  this  equation  and  the  equation 

a^— 7  a +  7  =  0, 
we  have 

y«  — 42  y4  +441  y* — 49  =  0; 
putting  »  =  y*,  this  becomes 

«*— 42«»  +441«  — 49  =  0. 
209.  Tlie  substitution  of  a  +  y  in  the  place  of  a-  in  tlie  equatioii 

x^  +  Px'^^  +  qaf^ +  Uz^o  (204), 

is  sometimes  resorted  to  also  in  onler  to  make  one  of  the  tenw 
of  this  e(|uation  to  disappear.  We  then  arrange  the  result  witfc 
i-efercnce  to  the  powers  of  y,  which  takes  the  place  of  the  un- 
known quantity  x,  and  consider  a  as  a  second  unknown  quan- 
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5  a*4  —  52  a:»  +  201  a;*  ~  542  a;  +  216  s  0 ; 
the  diTisor  common  to  this  and  the  proposed  equation  is 

a:»— 8ar*  +  21a:— 18. 
As  fUs  diviiBor  is  of  the  third  degree,  it  must  itself  contain  ser- 
eral  factors ;  we  must  therefore  seek,  whether  it  does  not  contain 
8oii;e9  that  are  common  to  tlie  equation  B:=:0,  which  is  here 

20  or*  — 156  a:»  +402aJ — 342  =  0. 
We  find*  in  fact,  for  a  result  x-^S;  the  proposed  equation 
then  has  tliree  roots  equal  to  3,  or  admits  of  (x  —  3)'  among  the 
number  of  its  factors.  Dividing  the  first  common  divisor  hy  x  —  3^ 
as  many  times  as  possible,  that  is,  In  this  case  twice,  we  obtain 
»— >8.  As  this  divisor  is  common  onlj  to  the  proposed  equa- 
OoUf  and  to  the  equation  .4  =  0,  it  can  enter  only  twice  into  the 
proposed  equation.  It  is  evident  then,  that  this  equation  is  equiv- 
alent to 

(a?  — 3)»(a:  — 2)»  =  0. 

908.  As  the  equation  ((f)  gives  the  difference  between  b  and 
the  several  other  I'oots,  when  b  is*  substituted  for  a,  the  difference 
between  e  and  the  otht^rs,  when  c  is  substituted  for  a,  &c.  and 
undergoes  no  change  in  its  form  by  these  several  substitutions^ 
retaining  the  coefficients  belonging  to  the  equation  proposed,  it 
may  be  converted  into  a  general  equation,  which  shall  give  all 
the  differences  between  the  several  roots  combined  two  and  two. 
For  this  puipose,  it  is  only  necessary  to  eliminate  a  by  means  of 
tlie  equation    ' 

ir  +Pa«-i+Qa'»-« +  Ta+U=zO; 

for  the  result  being  expressed  simply  by  the  coefficients,  and  ex- 
hibiting the  root  under  consideration  in  no  form  whatever, 
answers  alike  to  all  the  roots. 

It  is  evident,  that  the  final  equation  must  be  raised  to  the  de- 
greem  (m— ^  1)  ;  for  its  roots 

a-— 6,    a — c,    a  — d,    &c. 
•  b  —  a,    6  —  c,     b — df    &c. 

c  —  a,    c  —  b,     c — d,    &c. 
are  equal  in  number  to  the  number  of  arrangements,  whicli  the 
n  letters  OfbfCf  &c.  admit  of  when  taken  two  and  two.    More- 
orer,  cAnce  the  quantities 

a— ft  and  ft— -a,  a — c  and  c  —  a,  6  —  c  and  c — 6,  &c. 
difficr  only  in  the  sign,  the  roots  of  the  equation  are  equal,  when 
taken  two  and  two  independently  of  the  signs ;  so  that  if  we  liave 

27 


It  is  not  difficult  to  discoter  the  reason  at  this  simUarity.  By 
making  the  last  tenn<tf  the  equation  in  y  equal  to  serOf  we  sup- 
pose, that  one  of  the  values  of  this  unknown  quanti^  is  sero ; 
and  if  we  admit  this  supposition  with  respect  to  the  equatioB 
x^y  +  Ofit  follows  that  or  ==  a;  that  is,  the  quantity  a»  In  thif 
case,  is  necessarily  one  of  the  values  of  Xm 

210.  We  have  sometimes  occasion  to  resolve  equations  into 
factors  of  the  second  and  higher  degrees.  I  cannot  here  esc^alB 
in  detail  the  several  processes,  which  may  be  employed  for  tUs 
purpose ;  one  example  only  will  be  given. 

Let  there  be  the  equation 

a:»— 24a:»  +12a:«  —  llap  +  7=sO, 
in  which  it  is  required  to  determine  the  fkctors  of  the  third  de- 
gree ;  I  shall  represent  one  of  these  fiM^tora  by 

x^  +px*  +qx  +  r9 
the  coefficients  p,  q  and  r  being  indeterminate.    They  most  bo 
such,  that  the  first  member  of  the  proposed  equation  will  be  ex- 
actly divisible  by  the  factor 

X*  +px*  ^qx  +  r, 

independently  of  any  particular  value  of  a; ;  hut  in  making  ai 
actual  division,  we  meet  with  a  remainder 

—  (^3  —  2pq  —  24p  +  r  — 12)  x' 

—  Ip*9 — P^ — 9*  — 245  +  11)0: 
—  (jP*  r  —  qr  —  24r  —  7), 

an  expression,  which  must  be  reduced  to  nothing  independent 
of  Xf  wlien  we  substitute  for  the  letters  p,  g,  and  r,  the  valuei 
that  answer  to  the  conditions  of  the  question.    We  have  then 

p3  —  2pq  —  2Ap  +r — 12  =  0 
p«  q^pr  —  q*  — 249  +  11  =  0 
p*  r  —  qr — 24r — 7=0. 

These  three  equations  furnish  us  with  the  means  of  determifl- 
ing  the  unknown  quantities  7?,  (/,  and  r ;  and  it  is  to  a  resolution 
of  these  that  the  proposed  question  is  reduced. 

(yf  the  resdution  ^  numerical  equalums  by  appraxinuMHmu 

Sll.  Haviitu  completed  the  investigation  of  commensurable  di* 
visors,  we  must  have  recourse  to  the  methods  of  finding  roots  by 
approximation^  which  depend  on  the  following  principle ; 
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Fhmwe  anrvoe  at  two  qutuUUies which  iubstihUed  in  the  place  of 
wfikmoivn  quantUy  in  an  equatiant  lead  to  two  reouUs  with  con- 
y  signs,  we  may  iitfer,  that  one  (f  the  roots  ^^  proposed  equa- 
lies  between  these  two  qnaniiiieSf  and  is  consequenUy  reaL 
let  there  be,  for  exampk,  the  equation 

a:*  —  lSa:*  +  7a?  — 1  =  0; 
e  substitute  successirely  £  and  SO  in  the  place  of  x,  in  the 
i  member,  instead  of  being  reduced  to  aero,  this  member 
naen,  in  the  former  case,  equal  to  —  31,  and  in  the  latter,  to 
939 ;  we  may  therefore  conclude,  that  this  equation  has  a 
[  root  between  2  and  20,  that  is,  greater  than  two  and  less 
iSO. 

in  Aere  will  be  frequent  occasion  to  express  ttiis  relation,  I 
II  emjdoy  the  signs  ^  and  •<,  which  algebraists  have  adopted 
lenote  the  inequalily  of  two  magnitudes,  placing  the  greater 
wo  quantities  opposite  the  opening  of  the  lines,  and  the  less 
inst  the  point  of  meeting.    Thus  I  shall  write 

jp  >*  £,  to  denote,  that  x  \a  greater  than  2, 
or  <<  20,  to  denote,  that  x  is  less  than  20. 
fow  in  order  to  prove  what  has  been  laid  down  above,  wo 
f  reason  in  the  following  manner.  Bringing  together  the  jK)6i- 
terms  of  the  proposed  equation,  and  also  those,  which  are 
ative,  w^  have 

a:3+7a:— (13»«+1), 
lantity,  which  will  be  negative,  if  we  suppose  or  =  2,  because 
n  fliis  supposition, 

x*  +  Tx  ^13a;»  +1, 

which  becomes  positive,  when  we  make  x  =  20,  because  in 
case 

x^  +7x  >►  ISx^  +1. 

reover  it  is  evident,  that  the  quantities 

x^+7x    and    13  a:* +  1, 

li  increase,  as  greater  and  greater  values  are  assigned  to 
and  that,  by  taking  values,  which  approach  each  other 
f  nearly,  we  may  make  the  increments  of  the  proposed 
ntlties  as  small  as  we  please.  But  since  the  first  of  the  above 
ntities,  which  was  originally  less  than  the  second,  becomes 
ater,  it  is  evident,  that  it  increases  more  rapidly  than  tiie 
er,  in  consequence  of  which  its  deficiency  is  made  up,  and  it 
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comes  at  length  to  exceed  the  other ;  thei%  must  therefore  be  a 
pointy  at  which  the  two  magnitudes  are  eqiial. 

The  value  of  x,  whatever  it  be,  which  renders 

x^  +7x=:\Sx*  +1, 
and  such  a  value  has  been  proved  to  exist,  gives 

X*  +7x— (13  a;*  +  1)  =  0, 
or  X*  —  I3x*+7x — 1=0, 

and  must  necessarily,  therefore,  be  the  root  of  the  equation  pro- 
posed. 

What  has  been  shoTivn  viith  respect  to  the  particular  equation 

ars  —  isx*  +ra?— 1  =  0, 
may  be  affirmed  of  any  equation  whatever,  the  positive  terms  of 
which  I  shall  designate  by  P,  and  the  negative  by  JVl  Let  a 
be  tlie  value  of  x,  which  leads  to  a  negative  result,  and  h  that 
which  leads  to  a  positive  one ;  these  consequences  can  take  place 
only  upon  the  supposition,  that  by  substituting  the  first  \iilae, 
we  have  P  ^  JV,  and  by  substituting  tlie  second,  P  >>  JV*;  P 
therefore  from  being  less,  having  become  greater  than  wV,  vst 
conclude  as  above,  that  there  exists  a  value  of  x  between  a  and 
b,  which  gives  P  =  JV\* 

*  The  above  reasoning,  though  it  may  be  regarded  as  sufficientlj 
evident,  when  considered  in  a  general  view,  has  been  developed  bj 
M.  Encontrc  in  a  manner,  that  will  be  found  to  be  useful  to  those, 
who  may  wish  to  see  the  ]>roof8  given  more  in  detail. 

1.  it  is  evident,  that  the  increments  of  the  polynomials  P  and«V 
may  be  made  as  small  as  \vc  please.     Let 

P  =  «a"»  +  ^a'«....  +  ^a'^, 
TO  being  the  highest  cxjwnent  of  a* 5  if  we  put  a  +  y  in  the  place  of  x, 
tliis  polynomial  takes  the  form 

A  +  By+Cif- +  Tr» 

the  cocfRcicnts  «/i, /^,  C',.. ..  T,  being  ftnite  in  number  and  having t 
Unite  value ;  the  first  term  Jl  will  be  the  value  the  polynomial  t 
assumes,  when  .v  =  a ;  the  remainder 

will  be  the  quantity,  by  wiiich  the  same  polynomial  is  increased  whei 
we  augment  by  y  .the  value  .r  =  a.    This  being  admitted,  if  (9  d^ 
signate  the  greatest  of  the  coefllcients  Z^,  C, . .  • .  T,  we  have 
B+Cy....  +  T7j^^  <S{l+y....  +  yf'^i); 


now 


i  +  y-^+r-'^^Ti^  c^^®)5 
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The  statement  bei'e  given  seems  to  require,  that  the  values  as- 
signed to  X  should  be  both  positive  or  both  negative,  for  if  they 
have  diflTerent  signs,  tltat  which  is  negative  produces  a  change  iu 
the  signs  of  those  terms  of  the  proposcil  equation,  which  contain 
odd  powers  of  the  unknown  quantity,  and  consequently  the  expres- 
sions P  and  JV*  are  not  formed  in  the  same  manner,  when  we 
substitute  one  value,  as  when  we  substitute  the  other.  This  diffi- 
culty vanishes,  if  we  make  a;  =  0;  in  this  case,  the  proposed 
equation  reduces  itself  to  its  last  term,  which  has  necessarily  a 
sign  contrary  to  that  of  the  result  arising  from  the  substitution 
of  one  or  the  other  of  the  above  mentioned  values.  Let  there  be, 
for  example,  the  c(|uation 

X*  —  2x^ — 3  a:*  —  15  a?  —  3  =  0, 
the  first  member  of  which,  when  wc  put 

x  =  —  1     and    x=z2, 
becomes  +  12  and  —  45.    If  we  suppose  a;  =  0,  tliis  member  is 
reduced  to  —  3  ;  substituting  therefore 

therefore 

and  consequently  the  quantity,  by  which  the  polynomial  P  is  increased, 

will  be  less  than  any  given  quantity  m,  if  we  make  ^  less 

S  If 
than  this  last  quantity ;  this  is  effected  by  making  - — —  =  m,  be- 

if 

cause  in  this  case  v  =  -rr-. —  beina:  <  1,  the  quantity  — ILi— ZIJl) 

equal  to  - — : ^    ,  will  necessarily  be  lesa  than  the  quantity 

m,  which  is  indefinitely  small. 

2.  If  we  designate  by  ^  tiie  increment  of  the  polynomial  P  and  by 
kj  that  of  the  polynomial  JS%  the  change,  which  will  be  produced  in 
the  value  of  their  difference  will  be  h — Ar,  and  maybe  rendered 
smaller  than  a  given  quantity  by  making  smaller  than  this  same 
quantity  the  increment,  whicii  is  the  greater  of  the  two ;  we  may 
therefore  in  the  interval  between  x  =  a  and  or  s  6,  take  values, 
iivhich  shall  make  the  difference  of  the  polynomials  Pand  JV*  change 
by  quantities  as  small  as  we  please,  and  since  this  difference  passes  in 
this  interval  from  positive  to  negative^  it  may  be  made  to  approach 
SIS  near  to  zero  as  we  choose.  S«e  ^innales  de  J^IathSmatiqiies  pnres  et 
^tppllquies^  published  by  M.  Ocrgonue,  vol.  iv.  p.  ^\0. 


316  ElementB  ^f  JBgekra. 

XssO    and    nr  s  — 19 
we  aiTive  at  two  results  with  contrary  signs ;  bat  putting  —  y 
in  the  place  of  x,  the  proposed  equation  is  changed  to 

y4+2y»_8y«+15y  — S  =  0, 
and  we  have 

P  =  j*  +  2jf«  +  15y,    JV=Sy«+3, 
whence 

P  -<  JV;  when  jf  =  0, 
P  >^  JV;  when  y  =  !• 
Reasoning  as  before^  we  may  conclude,  that  the  equation  in 
y  has  a  real  root  found  between  0  and  -f  1 ;  whence  it  follows^ 
that  the  root  of  the  equation  in  x  lies  between  0  and  — •  1,  and 
consequently  between  +  2  and  —  1. 

As  every  case  the  pro})osition  enunciated  can  present,  may  be 
reduced  to  one  or  the  other  of  those,  which  have  been  examinedi 
the  truth  of  this  propr>sition  is  sufficiently  established. 

212*  Before  proceeding  further,  I  shall  obsciTe,  that  whaUver 
be  the  degree  of  an  equutionf  and  whatever  its  coefficientSf  we  Mf 
always  assign  a  number^  which  tnibsHtutedfar  the  u/nknorcn  qwm' 
tity  will  render  the  first  term  greater  than  the  sum  of  all  the  otheru 
The  truth  of  this  proposition  wiU  be  immediately  apparent  fron 
what  has  been  intimated  of  the  rapidity,  with  which  the  severd 
powers  of  a  number  greater  than  unity  increase  (126)  ;  since  tte 
highest  of  these  powers  exceeds  those  below  it  more  and  more  in 
proportion  to  the  increased  magnitude  of  the  number  employedf 
so  that  there  is  no  limit  to  the  excess  of  the  first  above  each  of  the 
others.  Observe  moreover  the  method,  by  which  we  may  find  t 
number  that  fulfils  the  condition  required  by  the  enunciation. 

It  is  evident,  that  the  case  most  unfavourable  to  the  supposi* 
tion  is  that,  in  which  we  make  all  the  coefficients  of  the  equatioa 
negative,  and  each  equal  to  the  greatest,  that  is,  when  instead  of 

xr  +  Poif^^  +  (tiXf^ +  Tx+U=:0, 

we  take 

af^^Sx'^-^  —  Saf^ —  iSa:— i8r=0, 

8  representing  the  greatest  of  the  coefficients  P,  ^, . . . .  T|  K 
Giving  to  the  first  member  of  this  equation  the  form 

af^^a(af^^+af^ +  1), 

we  may  observe,  that 

««-»+««-*. ...  +  l=^^l=li  (158); 
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^ceding  expression  then  may  be  changed  into 

X* i — -^,  OP  into af* H ;. 

a?  — 1  jp— 1     a:  — 1 

flobstitiite  M  for  a;^  this  becomes 


ntity>  which  evidently  becomes  poeitivey  if  we  make 

if  we  divide  each  member  of  this  equation  by  Jf",  we  have 

ibstituting  therefore  for  x  the  greatest  of  the  coefficients 
.  in  the  equatioUf  augmented  by  unity,  we  render  the  first 
greater  than  the  sum  of  all  the  others, 
smaller  number  may  be  taken  for  J\£f  if  we  wish  simply 
ader  the  positive  part  of  the  equation  greater  than  the  nega- 
for  to  do  this  it  is  only  necessary  to  render  the  first  terra 
xrfhan  the  sum  arising  from  all  the  others*  when  their 
dents  are  each  equal  not  to  the  greatest  among  all  the 
cientsy  but  to  the  greatest  of  those*  which  are  negative ;  wt 
flierefore  merely  to  take  for  JIf  this  coefficient  augmented  by 
.♦ 

snce  it  follows*  that  the  positive  roots  of  the  proposed  equa- 
ire  necessarily  comprehended  within  0  and  S+U 
the  same  way  wo  may  discover  a  limit  to  the  negative  roots; 
his  purpose  we  must  substitute  —  y  for  x,  in  the  proposed 
tion*  and  render  the  fii-st  term  positive*  if  it  becomes  nega- 
^178).  It  is  evident*  that  by  a  transformation  of  this  kind* 
odtive  values  of  y  answer  to  the  negative  values  of  x*  and  tlie 
rae.  If  JZ  be  the  greatest  negative  coefficient  after  this 
ge*  JZ  -f- 1  win  form  a  limit  to  the  positive  values  of  y ;  con- 
ently  —  II  —  1  will  form  that  of  the  negative  values  of  x, 
istly*  if  we  would  find  for  the  smallest  of  the  roots  a  limit 
oaching  as  near  to  zero  as  possible*  we  may  arrive  at  it  by 

in  the  Ri$oluHon  des  ifuations  numSriqueSf  by  Lagrange*  there 
formulas*  which  reduce  this  number  to  narrower  limits,  but 
has  been  said  above  is  sufficient  to  render  the  fundamental 
isitioBS  for  the  resolution  of  numerical  equations  independent  of 
:oniideration  of  infinity. 
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substituting  —  for  x  in  the  proirasod  equation^  and  preparing  tk 

equation  in  y,  which  is  thus  obtained^  according  to  the  direc- 
tions given  in  art.  178.  As  the  values  of  tf  are  the  reverse  of 
those  of  Xf  the  greatest  of  the  first  will  correspond  to  the  leait 
of  the  second^  and  reciprocally  the  greatest  of  the  second  to  the 
least  of  the  first.    If  therefore  ff  +  l  represent  tlie  highest  finit 

to  the  values  of  y,  that  is,  if 

y  ^S'  +  U 
which  gives 

X 

we  shall  have  successively 

Indeed,  it  is  ver^'  evident,  that  we  may,  without  altering  tke 
i*elative  magnitude  of  two  quantities  separated  by  the  nip 
*<  or  >* ,  multiply  or  divide  them  by  the  same  quantity,  and  that 
wc  may  also  add  the  same  quantity  to  or  subtract  it  from  cvk  ^ 
side  of  the  signs  ^  and  >• ,  which  possess,  in  this  respect,  tb 
same  pi*opei*tics  as  the  sign  of  equality. 

213.  It  follows  from  what  precedes,  that  every  equatian  eft 
dv^te  denoted  by  an  odd  number  has  necessaiily  a  real  root  affedti 
with  a  sign  contrary  to  that  of  its  last  term ;  for  if  we  take  the 
number  .Vsuch,  that  the  sign  of  the  quantity 

.¥»« +PJf'»-i  +  ^JIf'»-» +  TM±  U 

depends  solely  on  that  of  its  first  term  wV",  the  exponent  m  b^ 
ing  an  odd  number,  the  term  M"^  will  have  the  same  sign  sis  the 
number  .^f  (128).  This  being  admitted,  if  the  last  term  V  hu 
the  sign  +,  and  we  make  x  =  —  M^  we  shall  arrive  at  a  residt 
affected  with  a  sign  coiiti'ary  to  that,  which  the  supposition  of 
a?  =  0  would  give ;  fmin  which  it  is  evident,  tliat  the  pro|)osed 
equation  has  a  I'oot  between  0  and  —  Jf,  tliat  is«  a  negatife 
root  If  the  last  term  27  has  the  sign — ,  we  make  a:=+.V; 
the  result  will  then  have  a  sign  contrary  to  that  given  by  the 
supposition  of  a:  =  0,  and  in  this  case,  the  root  will  be  fomrf 
between  0  and  +  »V«  that  Ls,  it  will  be  positive. 

214.  Wlien  the  proiiosed  e<iuation  is  of  a  degree  denoted  h; 
an  even  number,  as  the  fii*st  term  M^  remains  |H)sitive,  whatever 
sign  we  give  to  Mf  we  are  not,  by  the  preceding  observatioost 
AirniiLhed  with  the  means  of  proving  the  existence  of  a  real  rm>(' 
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if  the  last  term  has  the  sign  -f,  since,  whether  we  make  x=sO, 
or  xsz  ±  MfWc  have  always  a  positive  result  But  when  this 
term  is  negative^  wie  find,  by  making 

x=:+J^  a?  =  a,  07  =  —  M, 
three  results  affected  respectively  with  the  signs  +,  —  and  +, 
tnd  consequently  the  proposed  equation  has,  at  least,  two  real 
roots  in  this  case,  the  one  positive  found  between  M  and  0,  the 
other  negative  between  0  and  •—  Jf ;  therefore  every  equation 
if  an  even  degree^  the  last  term  of  which  is  negative,  has  at  least 
two  real  roots,  the  one  positive  and  the  other  negative. 

2\S.  I  now  proceed  to  the  resolution  of  equations  by  approxi- 
mation ;  and  in  order  to  render  what  is  to  be  offered  on  this 
subject  more  clear,  I  shall  begin  with  an  example* 
Let  there  be  the  equation 

a?*  —  4x^  —  3  a:  +  27  =  0 ; 
the  greatest  negative  coefficient  found  in  this  equation  being 
—  4,  it  follows  (212),  tliat  tlie  greatest  positive  root  will  be  less 
than  5.    Substituting  — « y  for  x  we  have 

y*+4y»+3y  +  27  =  0; 
and  as  all  the  terms  of  this  result  are  positive,  it  appears*  that 
y  niist  be  negative ;  whence  it  follows,  that  x  is  necessaiily  posi- 
tive»  and  that  the  proposed  equation  can  have  no  negative  roots ; 
its  real  roots  are  therefore  found  between  0  and  +  5. 

The  first  method,  which  presents  itself  for  reducing  the  limits, 
between  which  the  roots  are  to  be  sought,  is  to  suppose  succcs- 

sivdy 

xzzl,    a?  =  2,    a:  =  3,    0^  =  4; 

and  if  two  of  these  numbers  substituted  in  the  proposed  equation^ 

lead  to  results  with  contrary  signs,  they  will  form  new  limits  to 

the  roots.    Now  if  we  make 

xzszl,  the  first  member  of  the  equation  becomes  +  531, 

Xs^2 • ...+    5, 

X=3 —  9, 

j:=4 +13; 

it  18  evident  therefore,  that  this  equation  has  two  real  roots,  the 
one  found  between  2  and  3,  and  the  other  between  3  and  4.  To 
approximate  the  first  still  nearer,  we  take  the  number  2,5,  which 
occupies  the  middle  place  between  2  and  3  (jatrith.  129)«  the 
present  limits  of  this  root;  making  then  07=  2,5,  we  arrive  at 
tte  result 
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+  39^0625  —  62,5  —  r,5  +  27 = — i  9^9575  ; 
as  this  result  is  negitive,  it  is  evident,  that  the  root  soughtii 
between  2  and  295.  The  mean  of  these  two  unmbers  is  2,25 ; 
taking  x  =  2,3  we  have  the  root  sought  within  about  ens  tntt 
of  its  value,  and  shall  approximate  the  true  root  rtrj  Cut  ly 
the  following  process,  given  by  Newton. 

We  make x=2,3  +y;  it  is  evident,  that  the  unknown  qusi- 
tity  y  amounts  only  to  a  very  small  fraction,  the  aqnare  asi 
higher  powers  of  which  may  be  neglected ;  we  have  then 

ar^=         (2,sy+   4(2,S)»y 

—  4  a:»  =  —  4  (2,3)»  —  12  (2,3)«  9 

—  3;r   =s  — 3(2,3)   —   3y; 
substituting  these  values,  the  proposed  equation  becomes 

—  0,1839  —  ir,812  y  =  0, 
which  gives 

0,5839 
^  17,B12* 

Stopping  at  hundredths,  we  obtain  for  flie  result  of  the  iirrt 
operation 

y  =  —  0,03  and  a;  =  2,3  ^^  0,03  =  2,27. 
To  obtain  a  new  value  of  x  more  exact  than  the  preceding,  we 
suppose  X  =  2,27  +  y' ;  substituting  this  value  in  the  proposed 
equation  and  neglecting  all  the  powers  of  y'  exceeding  the  firs^ 
we  find 

—0,04595359  •^  18,046468y'  =  0, 
whence 

,^_  0,04595359^ _ 
^  18,046468  '         ' 

and  consequently  x  =  2,2675.    Wc  may,  by  pursuing  this  pie- 
cess,  approximate,  as  nearly  as  we  please,  the  true  value  of  x. 
If  we  seek  the  second  root,  contained  between  3  and  4,  by  tbs 
same  method,  we  find,  stopping  at  the  fourth  decimal  place» 

X  =  3,6797. 
216.  We  may  ascertain  the  exactness  of  the  method  above 
explained,  by  seeking  the  limit  to  the  values  of  the  terms,  which 
are  neglected. 
If  the  proposed  equation  were 

or  +  P  x^^  +  qaf*-* +Tx+U=0, 

substituting  a  -f-  y  for  x,  we  should  have  for  the  result  the  first  of 
the  equations  found  in  art.  204,  because  o  being  not  the  root  of 
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Ike  eqnatioiiy  but  only  an  aj^roximate  value  of  x^  cannot  re- 
iace  to  nothing  tht  quantity 

a?»+Po"^»  +  ^fl»»-« +Ta  +  U. 

■qnamting  this  last  by  K,  we  have^  instead  of  the  equation  (d) 
ibove  referred  to^  the  following 

^+T^+ri9*  +  T^sy* +!'*'=0' 

Iran  which  we  obtain 

^         Ji     \.2A     i.e.3,tf A* 

N^^fecting  the  powers  of  y  exceeding  the  first,  we  have 

_       V 

and  this  yaJoe  diflTers  from  the  real  value  of  y  by 

Jgy*  Cy^  _y** 

If  a  differs  from  the  true  value  of  x  only  by  a  quantity  less 
ttan  — Oy  the  above  mentioned  error  becomes  less  than  that, 

wUch  would  arise  from  putting  —  a  in  the  place  of  y,  which 
wooUgive 


B     fay  C       fay  ^lfl\ 


* 


Finding  the  value  of  this  quantity,  we  shall  be  able  to  determine, 

whether  it  may  be  neglected  when  considered  with  reference  to 

V 

J,  and  if  it  be  found  too  large,  we  must  obtain  for  a  a  number, 

vUch  i^roaches  nearer  to  the  true  value  of  x. 

To  conclude,  when  we  have  gone  through  the  calculation  with 
•everal  numbers  y,  y',  y^,  &c.  if  the  results  thus  obtained,  form 
%  decreasing  series,  an  approximation  is  certain. 

tl7«  The  method  we  have  employed  above,  is  called  the 
MeUuA  hy  suceesrive  Substitutions.  Lagrange  has  considerably 
ininnved  it.*    He  has  remarked,  that  by  substituting  only 


*  See  Risotutioii  des  Eqiwiiom  nwnMsfues. 
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entire  numbers^  we  may  pass  over  several  roots  wilhout  peiteif- 
ing  them.    In  factf  if  we  have,  for  examplef  the  equation 

(x_|)(a;-i)(a:  — 3)(a:— 4)  =  0, 
by  substituting  for  x  the  numbers  0,  If  2,  Sy  &c«  we  shall  psfl 
over  the  roots  |  and  ^,  without  discovering^  that  they  exist ;  lor 
we  shall  have 

(0_i)(0-i)(0-3)(0  — 4)  =  +  ixiX3X4 
(1— ^)(l— i)(l— 3)(l-4)  =  +  fxiX2X3, 
results  affected  by  the  same  sign.  It  will  be  readily  perceived, 
that  this  circumstance  takes  place  in  consequence  of  the  fact, 
that  the  substitution  of  1  for  X  changes  at  the  same  time  tbe 
signs  of  both  the  factors  x — \  and  x — \f  which  pass  from  tbe 
negative  state^  in  which  tliey  are  when  0  is  put  in  the  place  A 
Xn  to  the  positive ;  but  if  we  substitute  for  x  a  number  between 
\  and  \n  Iho  sign  of  the  factor  x  —  \  alone  will  be  changed,  asi 
wc  sltall  ohlu'u  a  negative  result, 

M  c  shall  necessarily  meet  with  such  a  number,  if  we  substi- 
tuto»  in  (he  place  of  or,  numbers,  which  differ  from  each  other  by 
a  quantity  less,  than  the  difference  between  the  roots  <^  and  f 
If,  for  example,  we  substitute  |,  f ,  4,  ^9  |f  &c«  there  will  be  tm 
chatiges  of  the  sign. 

It  may  be  ob Jecle<l  to  the  above  example,  that  when  the  frac- 
tional coeflicients  of  an  equation  have  been  made  to  disappear! 
the  equation  ran  liavc  for  roots  only  either  entire  or  irrattonal 
ntnnbcrs,  and  not  fractions ;  but  it  will  be  readily  seen,  that  the 
irrational  numbers,  for  which  we  have,  in  the  example,  substitnt- 
ed  fractions  for  the  purpose  of  simplifying  the  expressions,  may 
differ  from  each  other  by  a  quantity  less  than  unity. 

In  general,  the  t*esults  will  have  the  same  sign,  whenever  tbe 
substitutions  produce  a  change  in  the  sign  of  an  even  number  of 
factors.^  To  obviate  this  inconvenience  we  must  take  tlie  noD- 
hers  to  be  substituted,  such,  that  the  difference  between  the  smallest 
limit  and  the  greatest,  will  be  less  than  the  least  of  the  differcncfSf 
which  can  exist  between  the  roots  of  the  proposed  equation ;  bj 
this  means  the  numbera  to  be  substituted  will  ncc^tsarily  bO 

*  Equal  roots  cannot  be  discovered  by  this  process,  when  their  dvd- 
ber  is  even ;  to  find  these  we  must  employ  the  method  given  in  artt 
205. 
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ktween  the  successive  roots,  and  will  cause  a  change  in  the 
sign  of  one  factor  only.  This  process  does  not  pi-csuppose  the 
smallest  difference  between  tlie  roots  to  be  known,  but  requires 
only  that  the  limit,  below  which  it  cannot  fall,  be  determined. 

In  oi-dcr  to  obtain  this  limit,  we  form  the  equation  involving 
tiac  squares  of  the  diffeivnccs  of  the  roots  (208)« 

Let  there  be  the  equation 

to  obtain  the  smallest  limit  to  the  roots,  we  make  (212)  x  =  — ^ 
we  have  then  the  equation 

OTf  reducing  all  the  terms  to  tlie  same  denominator, 

1  +pv  +  qv^ +tv^^  +  uv^  =0, 

then  disengaging  t", 

v^+lrf^^ ...  +5.r*  +^T  +  1  =  0: 

U  tt  tt  tt 

and  if  —  represent  the  greatest  negative  coefficient  found  in  this 

equation,  we  shall  have 

1 

^%. 

u 
It  is  oiily  necessary  to  consider  here  the  positive  limit,  as  this 
alone  relates  to  the  real  roots  of  tlie  pro[>o8cd  equation. 
Knowing  the  limit 

1       __        M 

9 


-  +  1   ""  +  " 

u 
less  than  the  square  of  the  smallest  diffei-cnrc  between  the  roots 
of  the  proposed  ecjuation,  we  may  find  its  sc|narc  i*oot,  or  at  least, 
take  the  rational  number  next  below  tliis  r(H)t ;  this  number, 
which  I  shall  designate  by  fc,  will  represent  the  difference,  which 
must  exist  between  the  several  numbers  to  be  substituted.  We 
thus  form  the  two  series, 

0,  +kf  +9.  k,  +  3  /r,  &c. 
—  fc,  —  2kf  —  3/i",  &c. 
from  which  we  are  to  take  only  the  terms,  comprehended  be- 
tween the  limits  to  the  smallest  and  the  gi*eatcst  positive  i-oots, 
and  those  to  the  smallest  and  the  greatest  npji^tive  i*oots  of  the 
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proposed  equalioti.     Sabstituting  fhese  different  mUnben,  vc 
shall  arriTe  at  a  series  of  results,  which  will  show  by  tte 
changes  of  the  sign  that  take  place^  the  aeyeral   real  roti% 
wltether  positive  or  negative. 
dl8»  Let  there  be,  for  erample,  the  equation 


a:»  — 7a:  +  7  =  0, 


f 


from  which  in  art  208  was  derived  the  equation 

««_4£«*+441»— 49  =  0; 

making  »  s  — ,  and,  after  substituting  this  valne^  arrangiiig  the 
result  with  reference  to  t,  we  have 

from  which  we  obtain 

V  -^10,  %^  tV; 

we  must  therefore  take  ft  =  or  ^  — =•    This  condition  will  k 

fulfilled,  if  we  make  ft  =  ^ ;  but  it  is  only  necessary  to  anppoie 
fc  =  I ;  for  by  putting  9  in  the  place,  of  v  in  the  precediig 
equation,  we  obtain  a  positive  result,  which  must  become  greater, 
when  a  greater  value  is  assigned  to  v,  since  the  terms  v*  ani 
9  v^  already  destroy  each  otlier,  and  ^|  v  exceeds  ^^^. 
The  highest  limit  to  the  positive  roots  of  the  proposed  equatioa 

a?*— ra?  +  r  =  o, 

is  8,  and  that  to  the  negative  roots  —  8 ;  we  must  thereibre  sub- 
stitute for  X  the  numbers 

^9        ¥>        T>        T»        T» T  > 

"^'o  may  avoid  fractions  by  maldng  x  =  —■ ;  for  in  this  case 

the  diflercnces  between  the  several  values  of  a/  will  be  tri|de 
of  those  between  the  values  of  x,  and  consequently  will  exceed 
unity ;  we  shall  then  have  only  to  substitute  successively 

0,       1,      2,      3, 24, 

in  the  equation 

a?'»  — 63a/  +  189  =  0. 
The  signs  of  the  results  will  bo  changed  between  -f  4  and  -f  5, 
between  +  5  and  +  6,  and  between  —  9  and  — - 10,  so  that  wc 
shall  have  for  the  positive  values. 
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^>  4  and  ^5  Uhencef^S^  ^  '^"^  <i 
x^>^  5  and  ^  6  J  I  a:  >^  4  and  ^  « 

and  the  negatiTe  value  of  x'  will  be  found  between  —  9  and  —  lO, 

that  fk  X  between  —  |  and  —  y  • 

Knowing  now  the  several  roots  of  the  proposed  equation 
within  •},  we  may  approach  nearer  to  the  time  value  by  the 
loethod  explained  in  ai-t.  215. 

219.  llie  methods  employed  in  the  example  given  in  art.  215^ 
mnd  in  tlie  preceding  article^  may  be  applied  to  an  equation  of  any 
degree  whatever^  and  will  lead  to  values  approaching  tlie  several 
real  roots  of  thb  ecjuation.  It  must  be  admitted  however,  that 
the  operation  becomes  very  tedious^  when  the  degree  of  the  pro- 
{losed  equation  is  very  elevated ;  but  in  most  cases  it  will  be  un- 
necessary to  resort  to  the  equation  (/>),  or  rather  its  place  may 
be  snpplied  by  methods^  with  which  the  study  of  the  higher 
branches  of  analysis  will  make  us  acquainted."* 

I  shall  observe  however^  that  by  substituting  i^ccessively  the 
■maben  Of  h  2, 3,  &c.  in  the  place  of  Xf  we  shall  often  be  lead 
to  suspect  the  enstence  of  i*(K)ts9  that  differ  from  each  other  by 
a  quantity  less  than  unity.    In  tlic  example,  upon  which  we  have 

been  employed,  the  results  are 

+  7,  +1,  +1,  +13, 

which  begin  to  increase  after  having  dcci'cased  from  -f  7  to  + 1. 

From  this  order  being  reversed  it  may  be  supposed,  that  between 

the  numbers  + 1  and  +  2  thei*e  arc  two  roots  either  equal  or 

nearly  equal.   To  verify  this  supposition,  tlie  unknown  quantity 

should  be  multiplied.   Making  x  =  ^,  we  iind 

y  8  —  700  y  +  7000  =  0, 

an  equation,  which  has  two  positive  roots,  one  between  13  and 
14,  and  the  other  between  16  and  17. 

The  number  of  trials  necessary  for  discovering  these  roots  is 
Hot  great ;  for  it  is  only  between  1 0  and  20,  that  we  are  to 
Search  for  y ;  and  the  values  of  tliis  unknown  quantity  being 


*  A  very  elegant  method,  given  by  Lagrange  for  avoiding  tlie 
Use  of  the  equation  (D),  may  be  found  in  the  Traite  de  la  PA^filuihv 
^ts  Equations  nnmtriques. 
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determined  in  Hfliole  nsmbersi  we  may  find  tllOBe  of  x  withiii  one 
tenth  of  unity. 

220.  When  tlie  oooficionts  in  the  eqattion  proposed  for  reio- 
lution  are  very  lai^,  it  will  be  fomid  coBTenient  to  transtoni 
this  eqaation  into  another,  in  ¥iitch  the  ooeffidents  Aall  be 
reduced  to  smaller  numbers.    If  ^m  have,  for  example, 

X*  —  80  a:»  + 1998  a:«  —  1493r  x  +  5000  =  O, 
we  may  make  ar=  10«;  the  equation  then  becomes 

je4  _  8  «;*  + 19,98  x«  — 14,957  g$  -f  0,5  =  0. 
If  we  take  ttie  entire  numbers,  which  approach  nearest  to  the  co> 
efficients  in  this  result,  we  shall  have 

95*  —  8 «'  -f  20  »*  — 15  »  +  0,5  =0. 
It  may  be  readily  dicovered,  that  %  has  two  real  Taloes,  one 
between  0  and  1,'  the  other  between  1  and  2,  whence  it  fisBevi^ 
that  those  of  the  proposed  equation  are  between  0  aad  !•,  mk  10 
and  20. 

I  shall  not  here  enter  into  the  investigation  of  ima|^nary  rooto» 
as  it  dqiends  on  princqiles  we  cannot  at  present  stop  to  iBv- 
trate ;  I  shall  pursue  the  subject  in  the  Bitpfkmtfid. 

221.  Lagrange  has  given  to  the  successive  subetitotioBS  t 
form,  which  has  this  advantage,  that  it  shows  immediately,  wiul 
approaches  we  make  to  the  true  root  by  each  of  the  several  qxr- 
ations,  and  which  does  not  presuppose  the  value  to  be  kmnm 
within  one  tenth. 

Let  a  represent  the  entire  number  immediately  below  the  rost 
sought  ^  to  obtain  this  root,  it  will  be  only  necessary  to  augmcit 

a  by  a  fraction ;  we  have  therefore  a:  =  a  -| — •     The  eqnatios 

y 

involving  i/,  with  which  we  are  furnished  by  substituting  this 
value  in  the  proposed  equation,  will  necessarily  have  one  root 
greater  tlian  unity ;  taking  b  to  represent  the  entire  number  is- 
mediately  below  this  root,  we  have  for  the  second  approximatitB 

rvrra  -f--^*    But  i  having  the  same  relation  to  y,  which  a  lias 

to  a:,  we  may,  in  the  equation  involving  y,  make  i/  =  b  -f  _,  and 

y'  will  necessarily  be  greater  than  unity ;  representing  by  V  tlie 
entire  number  immediately  below  Uie  root  of  the  equation  in  jr^< 

A\c  have 

,  ,    1      U'+l 
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■ubstituting  tliis  value  in  the  expression  for  x,  we  have 

for  the  third  approximation  to  x.  We  may  find  a  fourth  b> 
iwkiiig  ^  =  V  +  -y,;  for  if  V  designate  the  entire  number  im- 
mediately  below  ijf',  we  sliall  have 

whence 

-ft         ^"      _bl/l/'  +  b''  +  b 

*""    ■'"5'fc"  +  l""       b'b"  +  l      ' 

b'b^'+l 
x^a  + 


•adM  on. 
888.  I  shall  apply  this  method  to  the  equation 

Websve  already  seen  (SI 8),  that  the  smallest  of  the  positive 
roots  of  this  equation  is  found  between  ^  and  {,  that  is,  between  1 

and  2 ;  we  make  therefore  a?  =  1 4-  —  :  we  shall  tlicn  have 

y 

J*— 4y«+Sy  +  l=:0. 
The  limit  to  the  positive  roots  of  this  last  equation  is  5}  and  by 
subslitating  successively  0^  1,  2»  3,  4,  in  the  place  of  jft  we 
immediately  discover,  that  this  equation  has  two  roots  greater 
than  Qiiityt  one  between  1  and  8,  and  the  other  between  2  and  3. 
Hence 

.T=sl-f4    and     a?;=l-f^9 
that  is 

or  =  2    and    ar=r|. 
These  two  values  correspond  to  those,  wiiich  were  found  above 
between  |  and  |,  and  between  |  and  |,  and  which  differ  from 
Mch  oOer  by  a  quantity  less  than  unity. 

In  order  to  obtain  the  first,  which  answers  to  the  supposition 
of  jf  s=  1,  to  a  greater  degree  of  exactness,  we  make 

we  then  have 

y"— 2y"— j'+i  =  o. 

^e  find  in  this  equation  only  one  root  greater  than  unity,  and 
that  is  between  3  and  3j  which  gives 


288  Aemaib  of  JUgAra. 

wbence 

Again,  if  we  suppose  y'  =  2  +  -^i  we  shall  be  fiirnished  with  flu 

equation 

y"»_Sy"*— 4y"— 1=0; 

we  find  the  value  of  y''  to  be  between  4  and  5 ;  taking  flie  smalM 
of  these  numbers  4,  we  have 

It  would  be  easy  to  pursue  this  process,  by  making  y^  =  4  *f  -^ 

and  so  on. 

I  return  now  to  the  second  value  of  x»  which,  by  the  first  ap- 
proximation, was  found  equal  to  |,  and  which  anawen  to  the 

•upposilion  of  y  =  2.    Making  y  =  2  -f  --;,  and  substituting  tius 

expression  in  the  equation  invdving  y,  we  have,  after  changiBf 
the  signs  in  order  to  render  the  first  term  positive, 

y^'+y*— 2y'— 1=0. 

Thid  equation,  like  the  corresponding  one  in  the  above  opera- 
tion,  has  only  one  root  greater  than  unity,  which  is  found  be- 
t\ieen  1  and  2  j  taking  j'  =  1,  we  have 

y  =  3,        a;  =  ^. 
Again  assuming 

we  are  furnished  with  the  equation 

in  which  y"  is  found  to  be  between  4  and  5,  whence 

t,'  =  f ,        2/  =  V,        a;  =  \i. 

Vc  may  continue  the  process  by  making  y"  =  4  +  -y^^^  and  so  oh. 

The  equation  x^ — 7  0^  +  7  =  0  has  also  one  negative  root 
between — Sand — 4.     In  order  to  approach  it  more  nearlf» 

we  make  a:  =  —  3  —  -  ;  which  crives 

if'  ^ 

y 3  _  00  y*  _  9  y  _  1  =  0,  y  >^  20  and  <!j  21, 

whence 

tC    —  O  —  -^-^   —  ^-|y. 
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To  proceed  farther^  we  may  suppose  y  =  20  -|-  -;,  &c.  we 

shaU  then  obtain  successively  values  more  and  more  exact. 

The  several  equations  transformed  into  equations  in  y,  y,  y", 
&C.  will  have  only  one  root  greater  than  unityf  unle-ss  two  or 
more  roots  of  the  proposed  equation  are  comprehended  witliin 
Che  same  limits  a  and  a+1;  when  this  is  the  case,  as  in  the 
above  example^  we  shall  find  in  some  one  of  the  equations  in 
y,  y»  &c.'  several  values  greater  than  unity.  These  values  will 
introduce  the  diflTerent  series  of  equations,  which  show  the  sev- 
eral roots  of  the  proposed  equation,  that  exist  within  the  limits 
a  and  a  +  1. 

The  learner  may  exercise  himself  upon  the  following  equation 

ap3  —  2  X  —  5  =  0, 

Hie  real  root  of  wUch  is  between  2  and  3 ;  we  find  for  the 
entire  values  of  y,  y',  &c. 

10,  1,  1,  2,  1,  3,  1,  1,  12,  &c. 
and  fbr  the  qiproximate  values  of  a?, 
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Of  proportion  and  progresrion. 

223.  ARrrKMETic  introduces  us  to  a  knowledge  of  the  defi- 
nition and  fundamental  properties  o(  proportion  and  eqwdifferenctp 
or  of  what  is  termed  geometrical  and  arithmetical  proportion.  I 
now  proceed  to  treat  of  the  application  of  algebra  to  the  princi- 
ples there  developed ;  this  will  lead  to  several  results,  of  which 
frequent  use  is  made  in  geometry. 

I  shall  begin  by  observing,  that  equidiflTerence  and  proportion 
may  be  expressed  by  equations.  Let  j9,  B^  C,  D^  be  the  four 
terms  of  the  former,  and  a,  b,  c,  d,  the  four  terms  of  the  latter ; 
we  have  then 

^lialions,  which  are  to  be  regarded  as  equivalent  to  the  expres- 
sions 

J.B:  C.Dp        a:b::c:dp 

and  which  give 

tif  +  HsJi-fff,        ad=:bc. 
Hence  it  follows,  that  in  equidiffertnce  the  mm  of  the  extreme 
terms  is  equal  to  that  of  the  means,  and  in  proportion  the  product 


of  the  exiretMs  is  tqwal  in  llie  product  oj  Ihe  mtaiiSj  iu 
Bhowu  in  Aj-ifhmetic  (127,  113),  by  reasonings,  of  which  ibt 
above  equations  are  only  a  translation  into  algebraic  expreseioDs 
The  reciprocal  of  each  of  the  preceding;  propositions  maybt 
easily  demonstrated ;  for  from  the  equations 

.i+D=B+C,        ad=bc, 
■wc  return  at  once  to 

and  conseiiucntly,  ivlua  four  quantities  are  siicli,  that  two  among 
thrm  give,  the  taiae  sum,  or  the  saiiu  product,  as  the  otha-  hvo,  &t 
first  tire  the  means  and  tlie  second  tlie  extremes  (itr  the  fionverw) 
of  an  eqaxdifferenct  or  proportion. 

When  U  =  C,  llic  equidiflcrence  is  said  to  be  continued ;  tU 
aatne  is  said  oF  proportion,  when  ft  =r.    We  have  in  this  can 

J  +  D  =  2B,         ttd=ih*  : 
that  is,  in  continued  cquidifferemx  the  sum  of  the  exlremfs  is  t^ual 
to  double  the  nuan ;  and  tn  proportion,  the  product  of  Ute  extremes 
is  equal  to  ihe  square  ef  the  mran.     From  this  wc  dcditCB 

the  quaniiiy  B  'v^  the  midtUc  or  mean  arithmetical  jn-oportional 
between  .1  and  D,  and  the  quantity  h  the  mean  geometrical  prgper- 
Uottol  between  a  and  d. 
The  fufldatoeiital  equations  .  - 

B-J=fl-C,        -  =  -,  * 

a       c 

Icad  also  to  the  following ; 

It  b 
from  wliich  it  is  evident,  that  we  may  change  the  relative  placa 
of  the  means  in  the  expressions  A.  B  •.€,.!},  a:b::r.:d,  and  in 
this  way  obtain  Ji.C:  B .  D,  a:C::b:d.  In  general,  we  m»; 
maliG  any  transposition  of  the  terms,  which  is  consistent  with  the 
equations 

A  +  D  =  B+C  ani  ad  =  b c {Jrith.  114.) 
I  have  now  done  with  equidiflerence,  and  shall  proceed  to 
consider  proportion  simfdy. 
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224.  it  18  erident,  that  to  the  two  members  of  the  equation 

b      d 

—  =  —  we  may  add  the  same  quantily  m,  or  subtract  it  from 

them  ;  so  that  we  have 

^  _._  ^^ 

a  e 

reducing  the  terms  of  each  member  to  the  same  denominator, 

we  obtain 

b  ±  ma     d  ±  mc 

— — ^—  — , 

a  c 

aa  eqnatioDy  which  may  assume  the  form 

e  ^d±mc 

a  ^ b±ma 
and  may  be  reduced  to  the  following  proportion, 

%         b  ±  ma:d±fnci:aic^ 

and  as  —  =  -r9  we  have  likewise 
a       0 

d±mc^d 
b±  ma ""  b 
or  b±ma:d±mc:ib:d» 

These  two  proportions  may  be  enunciated  thus ;  Tlu  first  const- 
fMeiU  jhu  or  nAnus  its  antecedent  taken  a  given  number  of  timeSf 
istoike  oecond  consequent  plus  or  minus  its  antecedent  taken  the 
same  number  of  times,  as  the  first  term  is  to  the  third,  or  as  the 
second  is  to  the  fourth. 

Taking  the  sums  separately  and  comparing  them  together  and 
also  the  differences,  we  obtain 

d  +  mc^c  d'^mc ^  c 

b  +  mm''  a*  b-^ma'^  a* 

whence  we  conclude 

d  +  me  ^d  —  mc 

ir  +  m  a  ""  6  —  III  a' 
that  is 

b+ma:d  +  mc::b — maid  —  mc; 

or  rather,  by  changing  the  relative  places  of  the  means 

b  +  ma:b  —  ma::  d-fmc:d  — mc; 

and  if  we  make  m  =  1,  we  liave  simply 

b+a:b — a:  :d+c:d  —  c, 

vhich  may  be  enunciated  tlius ; 

The  sum  of  the  two  first  terms  is  to  their  difference  as  the  sum  (f 

the  two  last  is  to  their  diff'tirence. 
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225.  The  proportion  a;  6: :  c:dmKy  be  vritten  thus; 
a,c::b:d; 
weharetheo 

c  d 

whence 

c  ±  ma _d  ±  mh 
~~R  ft      ' 

and  lastly  I 

c±ma:d±mb::a:b     or  ::C:d,  \ 

from  which  it  t'uliows,  that  tlie  second  aniecedejit  ptm  or  minus  &t 
Jirst  taken  advert  number  nflivtes,  is  to  the  srcotuj  conseq^imt ^m» 
or  minui  t/iejirst  laktn  ttte  same  number  of  times,  as  ang  one  t^  lit 
aniecrdenls  vhatcver  is  to  its  amaiqiienl. 

This  proposition  may  atdo  be  deduced  immediately  from  tfai, 
given  in  tlie  procciling  article  j  fop  by  changing  the  order  of  U» 
means  in  tlie  original  proportion 

a:b::c:d, 
and  applying  the  proposition  rererred  to,  we  obtaia  Bucccasl?elf 
a:c::b:d, 
c  ±  ma-.d  ±  mb::a:b    or     ::c:d, 
and  denominating  die  letters  a,b,c,d,  in  this  last  proportion, 
according  to  tlie  place  they  occupy  in  the  original  proportion,  wc 
may  adopt  the  preceding  enunciation. 

Making  m=  ],  we  obtain  the  proportions 
c  ±.  a\d  ±b::a:b 
■.-.c-.d, 
c  +  a-.c  —  a'.:d  +  b:d  —  6; 
whence  it  appears,  that  the  sum  or  difference  of  the  untccedents  ii 
to  the  mini  or  difference  of  the  eoiuHeipients,  as  one  anteceilcnt  itit 
its  amseqwent,  and  that  Ihc  sum  of  the  aniecrdents  is  to  tlidr  in- 
ference as  that  of  the  consequents  is  to  tlieir  difference, 
in  general,  if  wc  have 

,,  '       '       '      s 

and  make  —  =g,  we  shall  have 


=L~q,        =q,  &c. 


which  gives 

b  =  aq,    d  =  cq,  f=eg,    h  =  gq,kc. 
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lien  by  adding  these  equations  member  to  member,  we  obtain 

b  +  d+f+h=zaq+cq  +  eq+gq 

3P  b  +d+f+h=zq(a  +  c  +  e+g), 

whence  it  follows  that 

b+d+f+h  b 

a  +  c +e  +g  a 

This  result  is  enunciated  thus ;  in  a  series  of  equal  ratios, 

a  :  b  : :  c :  d : :  e  :  f : :  g :  by  &c. 

the  sum  of  any  number  whatever  of  antecedents  is  to  the  stim  of  a 

Uke  number  of  consequents,  as  one  antecedent  is  to  its  consequent. 

2£6.  If  we  have  the  two  equations 

b       d  A      f      h 

—  =  — ,    and     2L=-_ 

a       c  ^       S 

and  multiply  the  first  members  together  and  the  second  together, 
the  result  will  be 

bf     dh 

ae      eg^ 

an  equation  equivalent  to  the  proportion 

ae  :  bf ::  eg  :  dhf 
which  may  be  obtained  also  by  multiplying  the  several  terms  of 
the  proportion 

a:b  ::  Cid, 
by  the  correq[ionding  ones  in  the  proportion 

e  :f:  :g  :  h. 
Two  proportions  multiplied  thus  term  by  term  are  said  to  be 
muUi^ied  in  order ;  and  the  products  obtained  in  this  way,  are, 
as  will  be  seen,  proportional ;  the  new  ratios  are  the  ratios  com- 
pounded  of  the  original  ratios  (^rith»  123). 

It  wOl  be  readily  perceived  also,  that  if  we  divide  two  pro- 
portions term  by  term,  or  in  order,  the  result  vrill  be  a  proportion. 

227.  K  we  have  — =  — , 

a      c 

we  may  dednce  from  it 

which  gives 

whence  it  follows,  that  the  squares,  the  cubes,  and  in  general  the 
similar  powers  of  four  proportional  quantities  are  also  proportional. 
The  same  may  be  said  of  fractional  powerBi  for  mv^ 
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i(a:b::c:di  (lial  is,  ihe  rmAs  <^  Uie  same  degree  of  Jimr  prDfOr- 
tiowd  qaanlitirsi  arr  tilxo  proporHaruil. 

Such  arc  tli«  teHiling  principles  in  tlic  tlienry  oT  [importiDn. 
This  tlieory  whs  invented  for  the  piirpnae  of  disrorering  cprtwn 
quHnlities  by  comiiaring  tliom  witli  otlif^n*.  L^ttin  names  Vitn 
foi'  a  long  time  used  to  express  the  different  changes  ur  traiu- 
fornifttions,  uhich  a  proportion  adtnlLs  uf.  We  are  heginning 
to  reJieve  tlie  raemory  uf  tlic  mathematical  student  I'mm  sn  uitrw> 
cessarj  a  burden  ;  and  tins  parade  of  proportions  might  be  en- 
tii-ely  auprrsedcd  by  substituting  the  corresponding  cquatiunSi 
whicli  wotil<l  give  greater  uniformity  to  our  methods,  and  moit 
precision  to  our  ideas. 

228.  ^'e  pass  from  proportion  to  progression  by  an  ewy 
transition.  After  we  have  acquired  the  notion  of  three  qiiand- 
ticB  in  continued  equldilfcrence,  the  last  of  which  exceeds  the 
second,  as  much  as  tliis  exceeds  the  tirst,  we  sliall  be  able  vritli- 
out  difficulty  to  represent  to  ourselves  an  indefinite  numberoT 
r[MaiititieH  a,  b,  c,  d,  &c.  such,  that  eacii  shall  exceed  the  preced- 
ing one,  by  the  same  quantity  f,  so  that 

b  =  a  +  S;  c  =  b  +  3,  d  =  c  +  3^,  e  =  d  +  i,  &c. 
A  series  of  t)iese  quantities  is  written  thus ; 
-^a.b.c.d.e.f.  kc. 
and  is  termed  an  arithmetical  progression ;  I  tiavi*  tliongbt  it  pn- 
per  however  to  change  this  denomination  to  that  of  progressim 
by  d^ei-ences,     [See  .Srilh.  art.  127,  note,) 

^Ve  may  determine  any  terra  whatei  er  of  this  pmgre-ssion  with- 
out employing  the  intermediate  ones.  In  fact,  if  we  substitiitt 
for  b  its  value  in  the  expression  for  c,  we  have 
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by  means  of  this  la<^  we  find 

d  =  a  +  dJ,  tbon  e=za  +  4if 
und  so  on  ;  whence  it  is  evident,  t*iat  representing  by  I  the  term^ 
the  place  of  which  is  denoted  hy  n*  we  have 

Let  there  be,  for  example,  the  progression   - 

-T- 3.  5.  7.  9.  11.  13.15.  17,  &C. 
here  the  first  term  a  =  3,  the  difference  or  ratio  ^  =  2 ;  we  find 
for  the  eighth  term, 

3+ (8  — 1)2  =  17, 
the  same  result,  to  which  wo  arrive  by  calculating  the  several 
preceding  terms. 

The  progression  we  have  been  considering  is  called  increanng ; 
by  reversing  the  order,  in  which  the  terms  are  written,  thus, 

-f-  17  .  15  .  13  .  11 .  9  .  7  .  5 .  3  .  1  .  —  1  .  —  3,  &c. 
wt  form  a  decreasing  progression.  We  may  still  find  any  term 
vhatever  by  means  o(  the  formula  a  +  (n  —  1)  J,  observing  only, 
tiitt  '  is  to  be  considered  as  negative,  since  in  this  case  we  must 
■ubtittet  the  diffvence  from  any  particular  term  in  order  to  ob- 
latn  the  following. 

te9.  We  may  also,  by  a  very  simple  proce^ss,  determine  the 
aam  ef  any  number  whatever  of  terms  in  a  progression  by  dif- 
ferences.   This  progression  being  represented  by 

^T~  C».v.C.......*..»..l.fC.», 

and  S  denoting  the  sum  of  all  the  terms,  we  have 

8s:a  +  b  +  c +i  +  k  +  L 

BflfMBing  flie  order,  in  which  the  terms  of  the  second  member 

of  ttlB.eqnatkm  are  written,  we  have  still 

8z=:l+k  +  i +c  +  b  +  a. 

If  we  add  together  these  equations,  and  unite  the  corresponding 

tmoSf  we  obtain 

«flr=s(a+r)+(6+*)+(c+i)....+(i+c)+(fc+6)+('+fl); 

but  by  the  nature  of  tlic  progression,  we  have,  be^nning  with  the 
first  term, 

a  +  S^b,  b  +  ^=sc, i  +  Jsfc,  k  +  i  =  l9 

and  consequently  beginning  with  the  last 

*—#  =  *,  ft  — J  =  i, c~^=ft,  ft  — i  =  a; 

by  adding  the  corresponding  equations,  we  shall  perceive  at 
once^tbat 


EUitunts  ^AlgHnrA, 

d  consequently  that 
whence  it  foUovra 

Applying  this  formula  to  the  progression 
-=-  3 . 5  . 7 . 9  &c. 
I  we  find  for  the  sum  of  tlie  first  eight  terms 

(i±in_«=«o. 

230.  Thp  oqimtion 
together  with 


fiirnishes  uh  with  the  means  of  finding  any  two  of  the  five  quan- 
tities a,  i,  n,  I  and  8.  when  the  other  three  are  known ;  1  shall 
'  not  stup  to  treat  oi  the  several  cases,  which  may  bo  presented. 
231.  Prnm  proporlion  is  derived  progression  by  q\uAiadi9 
geometrical  progression,  which  consists  of  a  series  of  terras  Bucbi 
that  the  quotient  arising  from  the  division  of  one  term  by  that, 
which  precedes  it^  is  ihe  same,  from  whatever  part  of  the  seria 
the  two  terms  are  taken.     The  scries 

H-    2  :    6:  18:  54  :  163:&c. 
:-^45  :  15:    5  :    |:      J  :  «tc. 
are  progressions  of  this  kind  ;  the  quotient  or  ratio  is  3  in  tbc 
first,  and  4  in  the  other  ;  the  first  is  increasing,  and  the  second 
decreasing.     Each  of  these  progressions  forms  a  series  of  equal 
ratios  and  for  this  reason  is  written,  as  above. 
Let 

a.b.cd k,l, 

be  the  terms  of  a  progression  by  quotients ;  making  ^  =  q,  n 
have  by  the  nature  of  the  progression, 


or  b=.aq,  c  =  bq,  d^cq,  e  =  dq, . ,  .t=^kq. 

Biihstituting  successively  the  value  of  b  in  the  expression  forfi 
and  the  value  of  c  in  the  cxpi-ession  for  d,  &c.  we  have 
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h:=zaqf  c  =  aq^f  d  =  aq*f  e^aq^f...l:=a^^, 
taking  n  to  represent  the  place  of  the  termT,  or  the  number  of 
terms  considered  in  the  proposed  progression. 

By  means  of  the  formula  ^  =  a  q'^^  we  may  determine  any 
term  whatever,  without  making  use  of  the  several  intermediate 
ones.    The  tenth  term  of  the  progression 

•ir  2  :  6  :  18  :  &c. 
for  example,  is  equal  to  2  x  3*  =  39366. 

23£*  We  may  also  find  the  sum  of  any  number  of  terms  we 
please  of  the  progression 

::  aibicidf  Sue* 
by  adding  together  the  equations 

b=iaq9  czizbq,  d^cq,  e^dq,m.»l:=zkq; 
for  the  result  will  be 

b+c  +  d  +  e.. .  +lz=: (a  +b  +  e+d . . .  +k) q ; 
and  representing  by  8  the  sum  sought,  we  have 

b  +  c  +  d  +  e....+l  =8 — a 
a+b  +  c  +  d....+k=:z8 — I, 
whence  8  —  a^q(^8 — I), 

and  consequently 

.  .■ —  -  —  —      -      -  ■  -  -    

t  The  truth  of  this  result  may  be  rendered  very  evident,  indepen- 
dently of  analysis.    If  it  were  required,  for  example,  to  find  the  sum 

of  the  progression 

Tf  2:6:  18:54  :  162, 

multiplying  by  the  ratio  we  have 

-6:18:54:  162:486. 

The  first  series  being  subtracted  from  this  gives  486— 2,  equal  to  so 

many  times  the  first  series,  as  is  denoted  by  the  ratio  minus  one,  that  is 

2  +  6  +  18+54+162='*^  ♦ 

If  we  multiply  by  the  ratio  q  the  general  series 

-^aibicidie I 

we  have  -tt    aq:bq:cq:dq:eq Iq* 

Then,  because  bs^aq,  &c.  the  second  series  minus  the  first  is  Z  ^  —  a, 
equal  to  so  many  times  the  first  series,  as  is  denoted  by  the  ratio 
minus  one. 

Hence         a+6  +  c  +  cZ  +  e +  ?  =  -^ — r 

y— 1 


In  the  above  example,  we  find  for  the  snm  of  the  ton  first 
terms  of  the  progression 

.    -H  2:6:18:&c. 

Z2l± ?  =  3 » «  —  1  =  59048. 

235.  The  two  equations 

comprehend  the  mutual  relations^  which  exist  among  tiie  five 
quantities  a,  q,  n,  I  and  <9  in  a  progression  iiy  quotients,  and 
enable  us  to  find  any  two  of  these  quantities,  when  the  otbo* 
three  are  given. 

234.  If  we  substitute  a  (f^  in  the  place  of  I  in  the  expressios 
for  89  we  have 

When  q  is  a  whole  number,  the  quantity  ^  will  become  greater 
and  greater  in  proportion  to  the  increased  magnitude  of  the 
number  n ;  and  8  may  be  made  to  exceed  any  quantity  wbit- 
ever,  by  assigning  a  proper  value  to  n,  that  is,  by  taking  t 
sufficient  number  of  terms  in  the  proposed  progression.     But  if 

A  is  a  fraction  represented  by  — ,  we  have 

m 

^      al 1)'    am{\ )     am ~ 

8^      \m*' /__ \         m"/  fii»»-i 

""      JTZTi       ""         w— I        ■"      m —  1       ' 

and  it  is  evident,  that  as  the  number  n  becomes  greater,  the  tern 
will  become  smaller,  and  consequently  the  value  of  i9  wifl 

approach  nearer  and  nearer  to  the  quantity ,  from  whick 

it  wiU  differ  only  by 

a 

^ • 

therefore,  the  greater  the  number  of  terms  we  take  in  the  pr^ 
posed  progression,  the  more  nearly  will  their  >s;um  approach  ti 


t  Multiplying  the  numerator  and  denominator  by  -i-*  fa. 
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•    It  may  even  differ  from by  a  quantity  less  than 

t»— —  1  HI  ^  1 

any  assignable  quantity!  without  ever  becoming  in  a  rigorous 
sense  equal  to  it« 

The  quantity     ,  which  I  shall  designate  by  L,  forms^  we 

perceive,  a  limit,  to  which  the  particular  sums  represented  by 
89  ajqiroach  nearer  and  nearer. 
Applying  what  has  been  said  to  the  progression 

-H   l:i:i:i:VT»&c. 

we  hate 


wheaoe 


^      1 

«=!•  «  =  -  =  ¥» 


_        _        a  111         ^ 
fit  =  09      X=— . — ^2=2; 

«i—  I 


■lii  tbe  greater  the  number  of  terms  we  take  in  the  above  pro> 
gnmkm,  the  nearer  their  sum  will  i^proach  to  an  equality 
wttha. 
We  have^  in  fact  .  .^ 

1  =1  =2  —  1 

1+i  +  i  =|=2-i 

&C. 

The  expression  for  L  may  be  considered  as  the  sum  of  the 
decreasing  progression  by  quotients,  continued  to  infinity,  and  it 
is  thus,  that  it  is  usually  presented ;  but  in  order  to  form  a  dear 
idea  of  it,  we  must  represent  it  in  a  limited  view. 

235.  We  may  obtain  from  the  expression 

J— I 

all  the  terms  of  the  progression,  of  which  it  denotes  the  sum ; 
for  if  we  divide  ^" —  1  by  ^f —  1  (158),  we  find 

which  gives 

iSf  =  a  +aq  +  aq* +  a q'^K  ■ 

We  may  employ  the  value  of  L  for  the  same  purpose ;  in  this 
case  m  is  to  be  divided  by  m  —  1^  aa  toLow^  \ 
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—  m  +  1 


m— 1 


m 


&c. 
We  begin  by  clividing»  according  to  the  usual  metliod,  by  the 
first  term^  and  find  1  for  the  quotient ;  we  multiply  tliis  quotient 
by  the  divisor  and  subtract  the  product  from  the  dividend ;  then 
dividing  the  remainder  by  the  first  term  of  the  divisor,  we  ob- 
tain —  for  the  quotientf  and  have  —  for  a  remainder ;    we  go 

in  111  " 

through  the  same  process  with  this  remainder  as  with  the  pi»- 
ceding.  Pursuing  this  method,  we  soon  discover  ttie  law,  to 
which  the  several  particular  quotients  are  subjected,    and  per- 

ceivo  that  the  expression is  equivalent  to  the  series 

1+-+— ,+— a+^C- 
rn      in*      m^ 

continued  to  infinity*  Substituting  for  m  its  value  —,  and  multi- 

plying  by  a,  we  find  as  before 

tt-fag+ag*+ag'+&c. 
for  the  progression,  of  which  L  represents  the  limit. 
236.  The  series 

is  considered  as  the  value  of  the  fraction •  whenever  it  b 

m  —  1 

convergingf  that  is,  when  the  terms,  of  which  it  is  composed,  be- 
come smaller  and  smaller  the  further  they  are  removed  from  tiie 
first 

Indeed,  if  we  make  the  division  cease  successively  at  the  first, 
second,  third remainder,  we  have 


FraparHm^  and  Pregremon.  fUl 


qaotieiits 


% 

and  the  remainders  1 

1 


1 


1+1 

111 

i+i.+i. 

wi      m* 
&c.  j  &c. 

ihe  former  of  which  ajq^roach  the  true  valae^  exactly  in  propor- 
tion as  the  latter  are  diminished;  and  this  takes  place,  only 
when  m  exceeds  imity.  In  all  other  cases  we  must  have  regard 
to  the  remainders,  wluch,  increasing  without  limit,  makeitevi* 
dent,  that  the  quotients  are  departing  further  and  further  from 
the  true  value. 

To  rendur  this  clear,  we  have  only  to  make  successively 
iiis8,iii  =  l,  m=:|.    Upon  the  first  supposition,  we  have 

and  it' has  been  shown  (234),  that  the  series,  which  constitutes 
the  second  member,  approaches,  in  fact,  nearer  and  nearer  to  2. 
Hie  second  supposition  leads  us  to 


m 


=  i  =  l+l  +  l  +  l+l+l  +  l&c. 


m— 1 

ds  result^  l+l+l-f-l-fl,  &c.  continued  to  infinity,  presents 
in  reality  an  infinite  quantity,  as  the  nature  of  the  expression  ^ 
implies ;  yet  if  we  neglect  tlie  remainders  in  this  exam^e,  we 
are  led  into  an  absurdity ;  for  since  the  divisor,  multiplied  by  the 
qaotient,must  produce  the  dividend,  we  have 

l=fl-f.l  +  l  +  l+ )0; 

but  flie  second  member  is  strictly  reduced  to  nothing,  we  have 
therefore  1  =  0. 

The  third  supposition  leads  to  consequences  not  less  absurd,  if 
we  nei^ect  the  remainders,  and  consider  the  series,  which  is  ob- 
tained, as  expressing  the  value  of  the  fraction,  fh>m  which  it 
is  derived.    Making  m  =  •^,  we  find 


m 


=  _l  =  l-f2+4  +  8  +  16  +  &c. 


in—  I 
which  is  evidently  false. 

There  will  be  no  contradiction  of  this  kind,  if  we  observe,  that 
in  the  second  case,  the  remainders 

1    ^  M      ^      &c 
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are  each  eqaal  to  l\  and  that  since  they  do  not  dindniaK,  tboj 
can  never  be  neglected,  to  whatever  extrat  the  series  is  con- 
tinued* If  we  add  therefore  one  of  these  remainders  to  the 
second  member  of  the  equation 

the  equatiM  becomes  true.    In  the  third  case,  the  remaindeis 

-111. 
^'5?  i;?'  m^'  *^- 

form  the  increasing  progression  1,  2, 4,  8,  I69.  &c.  and  if  we  add 
to  the  several  quotients  the  fractions,  arising  from  tlie  cofr» 

ponding  reroaindersy  the  «cact  expressions  for will  be- 

la-*  1 

*+s:^i 

^     m    ^m(m  — 1) 
l+-i_  +  ±  + I 

&c* 
each  of  which  gives  —  1,  when  m= j. 

If  we  take  ms=  —  n,  the  fraction—^  becomes     ^  -  2   IIib 

series,,  which  is  produced  by  developing  this  fraction^ 
the  form 

1  — -+i.  — ~+&c. 

and  making  n  =:  1,  we  have 

1— .1  +  1^1  +  1— .1  +  ftc. 

a  series,  which  becomes  alternately  1  and  0,  and  winch 

seqnently  as  often  exceeds,  as  it  falls  bdow  the  tme  Taine  of 
n 

--— -r,  equal  in  this  case  to  4 ;  but  as  the  above  series  is  not 

a  -7"  1 

converging,  it  cannot  give  this  true  value ;  and  we  moat  thciV' 
fore  take  into  consideration  the  remainder,  at  whatever  tens 
we  stop. 
If  we  suppose,  in  the  preceding  series,  n  =  2,  we  have 

1— i  +  i— I  +  tV^  — &c. 
a  series,  in  which  the  particular  sums  1,  |,  |,  4,  &c  are  altn^ 

nately  smaller  and  greater  than  the  true  value  of  --^,  whicB  tf 

n+  1 
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.^f  but  to  which  they  approach  continudly,  because  the  proposed 
«erie9  i0  conyerging. 

Althouigh  drM'^nf  seriesy  that  Is,  these,  the  terms  of  which  go 
on  increasing,  continue  to  depart  further  and  further  from  the 
true  value  of  the  expressions  from  which  they  -are  derivedf  yet 
coQsid^ned  as  developments  of  these  expressions,  they  may  serve 
to  show  such  of  their  properties,  as  do  not  depend  on  their  sum- 
mation. 

23T.  If  we  continue  any  process  of  division  in  algebra,  accord- 
ing to  the  method  pursued  above  {%Si)  with  respect  to  the  quan- 
tities m  and  m —  l,  the  quotient  wiD  always  be  expressed  by  an 
infinite  series  composed  of  rimfU  Umu.  Infinite  series  are  also 
formed  by  extracting  the  ixiots  of  imperfect  powers,  and  contin* 
4iing  tlie  operation  upon  the  several  successive  remainders ;  but 
they  are  obtained  more  easily  by  means  of  the  formula  for  bino- 
mial quantities,  as  will  be  shown  inliie  SuppUmtidf  where  I  shsB 
treat  of  the  more  common  series. 

Theory  cf  eocponeiUial  quantUiei  and  (^U^rithmL 

288.  In  the  several  questions,  we  have  resdved  ttius  Cbu*,  flie 
wiknown  quantities  have  not  been  made  subjects  of  considenu 
4ion  as  exponents  $  this  will  be  requisite  however,  if  we  would 
'determine  ttie  number  of  terms  in  a  progression  by  quotient^ 
-of  which  the  first  terra,  the  last  term,  and  the  ratio  are  given. 
In  fact,  we  are  furnished  by  a  question  of  ibis  kind  with  the 
'equation 

f  =  af*-*(231), 
in  which  n  will  be  the  unknown  quantity ;  abridging  flie  expres- 
sion, by  making  n^^l^^p  we  have  I  =  a  9^.  This  equation 
cannot  be  resolved  by  the  direct  methods  hitherto  explained  5 
«nd  quantities  like  x  cannot  be  represented  by  any  of  the  signs 
already  employed.  In  order  to  present  this  subject  in  a  more 
clear  light,  I  shall  go  back  to  state  according  to  Euler,  the  con- 
nexion, which  exists  between  the  several  algebraic  operations, 
and  the  manner,  in  which  they  give  rise  to  new  species  of  quan- 
tities. 

S39.  Let  a  and  &  be  two  quantities,  which  it  is  required  to  add 
together ;  we  have 

a  +  bzzc; 
axid  in  seeking  a  or  (  from  this  equation,  we  find 


4  ^emeiUs  qfJlgcbra. 

a  =  e  —  b,    6  =  e — a; 
nee  the  ori$;in  of  Hubtraction  ;  t)ut  nhcn  this  last  operation  caa* 
>t  be  pei-rormcd  in  cbc  order  in  nhicb  it  is  indicated,  the  result 

imcs  ne^tivc. 
'i'kc  repeated  ad'litinn  of  tJie  samp  ()iiantity  gives  rise  to  mul- 
tiplicaUun :    a  representing  the  multiplier,  b  tlic  multiplicand, 
and  r  the  pi-odiict.  we  have 

ah  =  c, 
whence  we  obtain 


and  hence  an3e<i  dirinion,  and  fractions,  in  which  this  divisim 
tcrminatcfi,  wlien  it  cannot  be  performed  without  a  remainder. 

The  repeated  multiplication  of  a  quantity  by  itself  produces 
the  powers  of  tiiix  quantity ;  if  b  irescnt  the  number  of  timcA 
a  is  a  factor  in  tlie  power  unilcr  c<»>.->idcration,  we  have 

a"  =c. 
This  cqnation  differs  essentially  from  the  preceding,  as  the  qnan- 
titiesnandbdonotboth  enter  into  it  of  the  same  form,  and  henci 
the  equation  cannot  be  resolved  in  the  same  way  with  respect  to 
hntli.  If  it  br  r«|uircd  to  find  a,  it  may  be  obtained  by  simply 
extracting  the  root,  and  this  <q)cration  ^ves  rise  to  a  new  species 
of  qnantitie.s,  denominated  irrational ;  but  b  must  be  determin- 
ed by  peculiar  methods,  which  1  sliall  proceed  to  illustrate,  alter 
having  c]q)lapned  tlie  leading  properties  of  the  equation  tf=c 

S4t).  It  is  evident,  that  if  we  assign  a  constant  value  greater 
than  unity  to  a,  and  suppose  that  of  b  to  vary,  as  may  be  r^oi- 
aite,  we  may  obtain  successively  for  c  all  possible  numbers. 
Making  6=0,  we  have  c  =  1  ;  then  since  b  increases,  the  cor- 
responding values  of  c  will  exceed  unity  moi-e  and  more,  and 
may  be  rendered  as  great,  us  we  please.  The  contrary  will  be  the 
case*  if  wc  supposed  negative;  the  equation  a^=c  being  Ukii 

changed  into  ar*=  c,  w  ~,_~  c,  the  values  of  c  will  go  on  de- 
creasing, and  may  be  rendered  indefinitely  small.  We  maj 
therefore  obtain  from  the  same  equation  all  possible  positive 
numbers,  whether  entire  or  fractional,  upon  the  supposition,  that 
a  exceeds  unity.  The  same  is  true,  if  we  have  a  <  1  ;  only  the 
order,  in  which  the  values  stand,  will  be  reversed ;  but  if  «« 
suppose  (i=],we  shall  always  fmdf:=l,  whatever  value  bt 
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ftssigned  toft;  we  must  therefore  consider  the  observations^ 
which  followy  as  applying  only  to  cases^  in  which  a  AiSen  essen- 
tially firom  unity. 

In  order  to  express  more  clearly,  that  a  has  a  constant  valoe, 
and  that  the  two  other  quantities  6  and  c  are  indeterminate^  I 
shall  represent  them  by  the  letters  x  and  y ;  we  then  have  the 
equation  a'  =  y,  in  which  each  value  of  y  answers  to  one  value  of 
X9  so  that  dther  of  these  quantities  may  bo  determined  by  means 
of  the  other. 

£41.  HThis  fact,  that  all  numbers  may  be  produced  by  means 
of  the  powers  of  one,  is  very  interesting,  not  only  when  con- 
sidered in  relation  to  algebra,  but  also  on  account  of  the  facility, 
with  which  it  enabks  us  to  abridge  numerical  calculations.  In- 
deed, if  we  take  another  number  y',  and  designate,  by  x!  the  cor- 
responding value  of  Xf  we  shall  have  a**  =  y',  and  consequently, 
if  we  midtij^y  y  by  y,  we  have 

yy'  =  a'xa*'  =  a'+''; 
if  we  divide  the  same,  the  one  by  the  other,  we  find 

i-=  — =0*-*: 
y      «* 

lastly,  if  ¥Fe  take  the  m^  power  of  y,  and  the  n^  root,  we  have 

for  the  one,  and 

y"  =  (a»)»  =sfl* 
for  the  other. 

It  follows  from  the  two  first  results,  that  knowing  the  exponents 

X  and  otf  belonging  to  the  numbers  y  and  y,  we  may,  by  taking 

their  sum,  find  the  exponent,  which  answers  to  the  product  yy', 

and  by  taking  their  difierence,  that  which  answers  to  the  quo- 

tient  ^.  From  the  two  last  equations  it  is  evident,  that  the  ex- 
ponent belonging  to  the  m^  power  of  y  may  be  obtained  by  sim- 
ple multiplication,  and  that,  which  answers  to  the  n^  root,  by 
simple  division* 

Hence  it  is  obvious,  that  by  means  of  a  table,  in  which  against 
the  several  numbers  y,  are  placed  the  corresponding  values  of 
X,  y  being  given,  we  may  find  a:,  and  the  reverse ;  and  the 
mnUiplication  of  any  ttvo  numbers  is  reduced  to  xtrnpfe  addiiionf 
because,  instead  of  employing  these  numbers  in  the  operation, 
we  may  add  the  corresponding  values  of  x,  and  then  seeking 
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\n  tlic  tabic  tlic  Dumber,  t<t  wliicli  tlib  sum  ftnawers,  ne  oblaU 
the  product  riMimred.  The  quotient  or  the  proposed  nutnbfn^ 
may  be  lounrl,  in  the  same  tabic,  opposite  the  (liflcrence  bt- 
tween  the  corrcspomltug  vxIuch  of  x,  and  therefore  divisimii 
petfitrmed  by  means  of  subtradimi. 

These  two  ciampleB  wilt  be  sufficient  to  enable  us  te  form  u 
idea  of  the  utility  of  tables  of  the  kind  here  described,  nbiti 
liave  been  ajiplicd  to  many  other  purpones  since  tiie  time  of  >'»■ 
pier,  by  wlium  they  were  invented.  The  values  o(x  are  termed 
logarithms,  and  consequently  logarithms  are  the  expontnts  ^  Ik 
pQwcrt,  to  -which  a  conslanl  number  vtitst  be  raised,  in  order  tiii 
ail  possiMe  numbers  laay  be  sitccessivtlg  dtducedfrom  it.  \ 

Ttie  conslanl  number  is  eailed  the  base  of  tlte  table  or  syttem  ^ 
iagarilhms. 

I  shall,  in  future,  represent  the  loganthmof  y  by  ly  ;  wehait 
then  X  =  I  y,  and  since  if  =  a",  we  ar«  furnished  willi  the  etjnt 
tion  t/  =  a^''. 

343.  As  the  properties  of  logarithms  are  independent  of  kif 
particular  value  uf  the  number  a,  or  of  tlieir  base,  we  may  form 
An  infinite  variety  of  different  tables  by  giving  to  this  number  all 
possible  values,  except  unity.  Taking,  for  example,  a  =  l1i, 
we  have  i/  =  (10)'^,  and  wediscmer  at  once  tliat  the  numbers 

1,     10,     100,     1000,     10000,     100000,     &C. 
"which  are  all  powers  of  10,  liavo  for  logaritlims,  the  aumbers 
0,       1,        3,  S,  4,  5,  &c. 

The  properties  mentioned  in  the  {acceding  article  may  be 
■verified  in  this  series ;  thus  if  we  add  together  the  logariUini 
«f  10  and  1000,  which  are  1  and  3,  we  perceive,  that  tbear  bu 
4  is  found  directiy  under  10000,  which  ia  the  product  of  the  pro- 
posed numbers. 

243.  The  logai-itbms  of  the  intermediate  numbers,  bctweti 
1  and  10,  10  and  100,  100  and  1000,  &c.  can  be  found  onlyb; 
approximation.  To  obtain,  for  example,  the  logarithm  of  S,  vf 
must  resolve  the  equation  (10)-'  =  2,  by  the  method  given  in  art. 
231,  finding  first  the  entire  number  approaching  nearest  to  tbe 
value  of  .T.  It  is  obvious  at  once,  that  x  is  between  0  and  l. 
since  (10)"  =  1,(10)'  =  10;    we  make  therefore  ar=  i,  tbe 

equation  then  .becomes  (10)'    =  2,  or  10=  2*;  now  »  is  founi 
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between  3  and  4;  we  suppose  therdbre  «  =  d  ^ --  and  hence 

10  =  2  ^^=  2»  X  2*^  =  8  X  2*^ 

ir  2*'=V=4, 

orlas%  2  =($)«'. 

Af  the  value  of  s/  is  between  3  and  4»  we  make 

!«'  =  3  +  «"; 
ive  have  then 

whence  we  obtain 

and  after  a  few  trials  we  discover  that  %"  is  between  9  and  10^- 
The  operatbn  may  be  continued  further ;  but  as  I  have  exhibited' 
Biis  process  merely  to  show  the  possibility  of  finding  the  loga-- 
rithmsofall  numbers^  I  shall  confine  myself  to  the  supposition- 
ef  s/'  =  9 ;  we  have  then,  going  back  through  the  several  stepsy- 

%'=V^  «=w»  ^=u- 

This  value  of  x^  reduced  to  decimalsi  is  exact  to  flie  fourth' 

figure^  as  it  gives 

X  =  0,30107. 

By  calculations  carried  to  a^  greater  degree  of  exactness  it  is- 

found,  that 

Xisz  0,3010300^ 

Hie  decimal  figures  being  extended  to  seven  places. 

Hoarding  this  value  of  a:  as  an  exponent,  we  must  conceive 
the  number  10  to  be  raised  to  the  power  denoted  by  the  number 
3010300,  and  the  root  of  the  result  to  be  taken  for  the  degree  de- 
noted by  10000000 ;  we  thus  arrive  at  a  number  approaching 

3  0  1  0  S  d  0 

rcry  nearly  to  2 ;   that  is  (10)  TrinnnrTnr  —  g^  very  nearly  ;  the 

first  member  is  a  little  greater  than  2;  but  (10)  ^^^"^^^  is 
smaller.* 

*  The  method  explained  in  this  article  becomes  impracticable, 
when  ti)e  numbers,  ttie  logarithms  of  whieh  are  required,  are  larg;e ; 
mother  method  however,  which  may  be  very  usefnl,  is  given  by  Long, 
an  English  geometer,  in  the  PhUoBophical  Transactions  for  the  year 
1724,  No.  339. 


Elements  <^  JSlgehra. 


^ 


244.  By  multipljing  tlie  logarithm  of  S  successively  by  2,  J, 
4t  &c,  we  obtain  logarithms  of  the  numbers  4,  8,  Id,  &c.  wlucji 
are  the  a"",  S"",  4'",  &c.  powers  of  2. 

By  addinj^to  the  logarithm  of  a  the  logarithms  of  10,  IDD, 
1000,  &c,  wc  obtain  those  of  20,  300,  3000,  &c.  it  is  eWdent 
therefore,  that  if  we  have  the  logarithms  of  tlie  Former  nutnbei^ 
wo  may  find  the  logarithms  of  all  numbers  composed  of  thqii 
which  latter  can  be  only  powers  or  products  of  the  fardfl 
The  number  210,  for  example,  being  equal  to 

2  X  3  X  5  X  r, 
its  logarithm  is  equal  to 

12+13+15  +  17, 
and  since  5  =  V,  we  have 

I5  =  U0  — 13. 

As  the  process  for  dateriniuing  x  in  the  equation  (10)'  =y'% 
Tery  laborious,  we  uiay,  reversing  thu  order,  furnish  ourselves  wilk 
the  several  expressious  for  .r,  theu  furmiDg  a  table  of  the  valueiefy 
corresponding  to  those  of  .r,  we  sliall  afterwards,  as  will  be  perceivd, 
be  ^le,  in  any  particular  case,  to  determine  :r  by  means  of  y. 

We  take  (irst  foi-  jc  the  values  comprehended  between  0,1  and   I 
0,9;  we  have  then  only  todetcrniiae  the  value  of  y,  which  answcrilo 

.T  =  0,1,  or  (10)^^,  because  the  several  other  values  of  y,  naracl/ 

CI0)TS,        (lO)"''',  &c. 
arc  the  S"*,  5*.  &c.  powers  of  the  hrst. 

By  extracting  tlie  square  root,  we  discover  at  once,  tliat 
[10)^      or      (10)^'"^  =  3,163277660; 
then  taking  lite  fifth  ruul  uf  tliis  result,  we  have 

(10)^'"  =  l,2J8Q£541S. 
By  a  similar  process,  ive  deduce  from 

(10)  '^^  =  1,258925412 
the  vaiuc  .if 

\(l0]"''«f  =  (10)''"  =  (lO)T^  =  1,123016454; 
then  taking  the  tilth  ruot,  uc  liave 

(lO)Teni^  1^0232^992; 

and  raising  tlte  result  to  the  S'',  ^'' 9^^  powers,  we  obtain  the 

valuesofj/,  corresponding  to  those  of.)?  comprehended  between  0^1 
and  0,09. 

It  will  be  readily  seen,  that  by  this  metiiod,  we  may  also  find  tht 
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245.  Logarithmsy  which  are  alwayB  expressed  bj  decimals^ 
)  composed  of  two  partSf  namely,  the  units  placed  on  the  left 
die  commaf  and  the  decimal  figures  found  on  the  right    The 


lies  of  y  for  those  of  or  between  0,001  and  0,009,  between  0,0001 
1 0,0009;  dms  we  shall  be  furnished  with  the  following  table* 


Lof. 


Nat.  Num. 


0»09 
8 

7 
6 
5 

4 


0,9  r,94d!28SS4r 
8  6,309573445 
7  5,011872336 
6  3,981071706 
5  3,162277660 
4  2,511886432 
3  1,995262315 
2  1,584893193 
1  1,258925412 


Loff. 


Nst*  NniBa 


S  1,071519305 


9 
1 


1,230268771 
1,202264435 
1,174897555 
1,148153621 
1,123018454 
1,0964781961 


1,047128548 
1,0232929921 


0,00911,020939484 
8  1,018591388 
7  1,016248694 
61,013911386 
51^)11579454 
4  1,009252886 
3  1,006931669 
21,004615794 
1 1,0023052381 


8 
7 
6 
5 

4 
S 


1 


0,00009  1,000207254 
8  1,000184224 
7  1,000161194 
6  1,000138165 
5  1,000115136 
4  (,000092106 
3  1,000069080 
2  1,000046053 
1 1,000023026 


0,0008|1/)02074475 
1,0018437661 
1,001613109 
1,001382506 
1,001151956 
l/)00921459 
1,000691015 
2|  1,000460623 
1,0002302851 


0,000009  1,000020724 
6  1,000018421 
71,000016118 
6  1,000013816 
5  1,000011518 
4  1,000009210 
3  1,000006908 
2  1,000004605 
1  1,000009302 


0,0000009 
8 

7 


0,00000001^ 


1,000002072 
1,000001842 
1,000001611 
611,000001381 
5  1,000001151 
4  1,000000921 
3  1,000000690 
2  1,000000460 
1  1,000000230 


1,000000207 
811,000000184 
7  1,OOOOOOl6f 
6  1,000000138 
51,000000115 
4  1,000000092 
3  1,000000069 
2  1,000000046 

1,000000023 


J  flMBs  of  this  table,  we  may  find  the  logarithm  of  any  number 
tevety  by  dividing  it  by  10  a  sufficient  number  of  times.  To  obtain, 
ixample^  the  logarithm  of  2549^  we  first  diyide  this  number  by 

32 


i 
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first  of  these  is  called  the  charademtie,  because  in  the  logaritlav 
under  consideration^  which  are  adapted  to  the  auppoeition  tf 
a  =:  10,  and  which  are  called  common  logarUhms,  this  part  shfimtf 

„,^— ^M— — ^^— ^— ^H^i^— — M— — — — — ^—    ■  '  ■  ^1  Ml  III  »^— ^^"^ 

(10)^  or  1000,  which  is  the  greatest  power  of  10  it  contains ;  le 

have  tlien 

2549  =  (10)3  X  2,549  5 

wc  then  seek  in  the  table  the  power  of  10  immediately  below  2,549, 
aod  find 

(10)«'*  =2,511886432; 
dividing  2,549  by  this  last  number,  we  have 

2,549  =(10)®»*  X  1,014775177. 
Again  seeking  in  the  table  the  power  of  10  immediately  bdow 
1,014775177  we  find 

(10)°»o««  =  1,013911886  5 
then  dividing  the  preceding  quotieat  1,014775177  by  this  nnmber, 
wc  obtain  a  third  quotient  1,000851742. 

This  process  is  to  be  continued,  until  we  arrive  at  a  quotientf  whick 
differs  from  unity  only  in  those  decimal  places  we  {Nropoae  to  neglect 
If  we  consider,  in  the  present  case,  the  third  quotient  as  equal  to 
unity,  tiie  proposed  number  will  be  resolved  into  factors,  which  vili 
be  powers  of  10,  for  we  shall  have 

2549  =  {lOy  X  (10)0,*  X  (10)0'Oo«  =  (10)»»*»«, 
from  which  it  is  evident,  that  3,406  is  the  logarithm  of  the  number 
^3^49.   By  extending  tiie  divisions  to  7  in  number,  this  logarithm  will 
be  found  to  be  5,40C3G9. 

The  same  table  enables  us  with  still  more  ease  to  find  a  number bj 
means  of  its  logarithm,  as  in  the  following  example. 

Let  2,547  be  the  given  logarithm ;  the  number  souglit  wiM  be 
(10)«.**7  ^  (io)«  X  (lO)O'*  X  (10)<>'«*  X  (10)o*««^  ; 
it  will  therefore  be  equal  to  tlie  product  of  the  numbers 

(I0)a        =  100 
(10)^«     =  3,162277660 
(10)0,0*  =1,096478196 
(10)o,'oo7  ^  1,016348694 
lukcu  Iroin  the  table;  and  will  consequently  be 

2,547  =  1 .  35£,357. 
A  table  of  tlie  saine  kind  with  tlie  above,  but  much  more  extemlei 
hm  been  published  in  England,  by  Dodson,  the  object  of  wliich  ii  t> 
iurniflh  the  means  of  finding  the  number  answering  to  a  given  Itp' 
nihwu 


\ 
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to  what  order  of  units  the  nnniber  corresponding  to  the  loga- 
rithm belongs.  The  several  logarithms  of  the  numbers  between 
1  and  lOy  as  they  are  between  0  and  If  have  necessarily  0  for 
their  characteristic ;  those  of  the  numbers  between  19  and  100 
have  1  for  their  characteristic ;  those  of  the  numbers  between 
100  and  1000  have  2 ;  in  general,  the  characteristic  of  a  loga- 
rithm contains  as  many  units,  as  the  proposed  number  has  figureSf 
minus  one. 

d46.  It  is  important  also  to  remark,  that  the  decimal  part  of 
the  logarithms  of  numbers,  which  are  decuple  the  one  of  the 
other,  is  the  same ;  for  example, 
the  logarithm  of     543G0       is      4,7352794, 


5436 

3,7352794, 

543,6 

2,7352794, 

54,36 

1,7852794, 

5,436 

0,7352794 ; 

for  as  each  of  these  numbers  is  the  quotient  of  that,  which  pre- 
cedes it,  divided  by  10,  the  logarithm  of  the  one  is  found  by  tak- 
ing an  unit  from  the  characteristic  of  that  of  the  other  (241,242). 
247.  According  to  what  has  been  said  in  art.  240,  the  loga- 
rithms of  fractional  numbers  arc,  ujion  our  present  hypothesis, 
negative ;  and  we  may  easily  deduce  them  from  those  of  entii*c 
numbers,  if  we  observe  that  a  fraction  represents  the  quotient 
arising  from  the  di? ision  of  the  numerator  by  the  denominator. 
'When  the  numerator  is  less  than  the  denominator,  its  logarithm 
is  also  less,  than  that  of  the  denominator,  and  consequently  if  we 
subtract  the  latter  from  the  former,  the  result  will  be  negative. 
In  order  to  obtain  the  logarithm  of  the  fraction  |,  for  exam- 
ple, we  subtract  from  0,  which  denotes  the  logarithms  of  1,  the 
fraction  0,3010300,  which  rqir^ents  that  of  2  ;  the  result  is 

— .  0,3010300. 
If  ¥Fe  subtract  fram  0  the  number  1,3010300,  which  is  the  loga- 
rithm of  20,  we  have  the  l(>garitbm  of  ^^^,  equal  to 

—  1,3010300. 
^rhe  logarithm  of  3  being  0,4771213,  that  of  4  "will  be 
0,3010S0Q  — -  0,4771213  =  —  0,1760913. 
248.  It  is  evident  from  the  manner,  in  which  the  logarithms  of 
ft'actions  are  obtaiaed,  that,  considered  independently  of  their 
signs,  they  belong  (241)  to  the  quotients,  arising  from  the  divis- 
ion of  the  denominator  by  the  numerator,  and  consequently  au« 
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swer  to  the  number,  bj  which  it  is  necessm-y  to  divide  unity  ia 
order  to  obtain  the  proposed  fraction.  Inileeil,  |,  fur  example 
may  be  exhibited  under  the  fomi  t.  and  1 1  =  Is  — 13  =  0,1760913, 

It  would  be  inconvenient  in  order  to  6nd  Iho  value  of  a  frac* 
tioni  to  wbirhi  a  given  negative  logarithm  beloiigSi  to  rmploj 
thn  number  to  which  the  Rame  logarithm  ansuors  when  positivni 
since  it  would  be  necesHarj  to  divide  unity  by  this  number ;  but 
if  wo  subtract  this  logarithm  from  !,  2.  3.  &c.  units,  the  remain- 
der will  be  the  logarithm  of  a  number,  which  exprsHses  the  frac- 
tion sought,  when  reduced  to  dccitaala,  since  Uiis  subtractinn 
answers  to  the  division  of  the  numbers  10.  lOO.  lOOti,  &c.  by  the 
number  to  which  the  proposed  loguiithm  belongs. 

Let  there  be,  for  example, — 0,3010300;  if  without  regard, 
ing  tlie  sign,  we  take  this  logarithm  from  1,  or  1>0000000,  tbc 
remainder  0,  69S9700,  being  the  logarithm  of  5,  abows,  that  tlie 
fraction  sought  is  equal  to  0,5,  since  we  supposed  unity  to  be 
composed  of  10  parts. 

If  in  seeking  the  logarithm  of  a  fraction,  we  conceive  unity  tn 
be  made  up  of  lO,  or  100,  or  1000,  &c.  parts,  or  which  amounts 
to  the  same  thing,  if  we  augment  the  characteristic  of  the  loga- 
rithm of  the  numerator  by  a  number  of  units  sufficient  to  eaal>le 
us  to  subtract  that  of  the  denominator  from  it,  we  obtain  in  tliis 
way  a  positive  logarithm,  which  may  be  employed  in  the  place  ot 
that  indicated  above. 

In  order  to  introduce  uniformity  into  our  calculations,  wo 
mret  frequently  augment  tlie  chai-acteristic  of  the  logarithm  of 
the  numerator  by  10  units.  If  we  do  this  with  respect  to  tbs- 
firaction  f,  for  example,  we  have 

10,3010300  —  0,4r71S13  ±=  9,SS39087. 

It  will  be  readily  seen,  thtU  this  logarithm  exceeds  tfie  nega- 
tive logaritiim  —  0,1760913  by  10  units,  and  that  conseqiiently, 
whenever  we  add  it  to  others,  we  introduce  10  units  too  muck 
into  the  result ;  but  the  subtraction  of  these  ten  nnits  is  easily 
performed  and  by  performing  it  we  effect  at  the  same  time  the 
subtraction  of  0,1760913.  Let  JV*  be  the  numbw,  to  which  we 
add  the  positive  logarithm  9,8239087  ,*  the  result  of  (he  operatiDa 
will  be  rapresented  by 

JV+ 10  — 0,1760913; 


md  if  ive  sabtract  10,  we  have  simply 

JVr_  0,176091 3. 
According  to  the  preceding  observations,  we  cause  addition  to 
take  the  place  of  subtraction,  by  employing,  instead  of  the  num- 
ber to  be  subtracted,  its  arithmetical  complement,  that  is,  what 
remainsy  when  this  number  is  subtracted  from  one  of  the  num- 
bers 10»  lOOy  1000,  &c.  a  result,  which  is  obtained  by  taking 
the  Quits  of  the  proposed  number  from  10  and  tlic  several  other 
flgures  from  9*  We  add  this  complement  to  the  number, 
from  which  the  proposed  logarithm  is  to  bo  subtracted,  and  from 
the  sum  subtract  an  unit  of  tlie  same  order  as  the  complement. 

It  is  evident,  that  if  the  complement  is  repeated  scvei*al  times, 
ve  most  subtract  after  the  addition,  as  many  units  of  the  same 
onkr  with  the  complement,  as  there  are  in  the  number,  by  which 
it  is  multiplied ;  and  for  the  same  reason,  if  several  complements 
are  employed,  we  must  subtract  for  each  an  unit  of  the  same 
order,  or  as  many  units  as  there  are  complements,  if  they  are 
iD  oi  the  same  order. 

Sometimes  this  subtraction  cannot  be  cifccted ;  in  this  case, 
the  result  is  the  arithmetical  complement  of  the  logarithm  of  a 
fractkmy  and  answers  in  the  tables  to  the  expression  of  this  frac- 
tion reduced  to  decimals*  If  10  units  remain  to  be  taken  from  the 
chaficteristic,  as  is  most  frequently  the  case,  the  i-esult  is  the 
aaine  as  if  we  had  multiplied  by  10000000000  the  numerator  of 
the  fraction  sought,  in  order  to  render  it  divisible  by  the  denom- 
inator ;  the  characteristic  of  the  logarithm  of  the  quotient  shows 
the  Ughest  order  of  the  units  contained  in  this  quotient,  consider- 
ed with  reference  to  those  of  the  dividend.  In  9,8239087,  the 
characteristic  9  shows,  that  the  quotient  must  have  one  figure 
less  than  the  number,  by  which  we  have  multiplied  unity ;  and 
conseqpiently  if  we  separate  10  figures  for  decimals,  the  fii*st 
significant  figure  on  the  left  will  be  tens ;  and  we  shall  find  only 
bondredthSf  thousands,  &c*  for  the  numbers  the  arithmetical 
oompkments  of  which  have  8,  7,  &c.  for  their  characteristics. 

849.  What  has  been  said  respecting  the  system  of  logarithms, 
in  which  a  =  10,  brings  into  view  tlie  general  principles  neces- 
lary  for  understonding  tlie  nature  of  the  tables ;  for  more  particu- 
lar information  the  learner  is  referred  to  tlie  tables  themselves, 
wiiich  usually  contain  tlie  requisite  instruction  relating  to  their 
sirangemcnt  and  t!io  method  of  using  them.     I  will  mereU- 


AM  Semettta  n/  JB^tbru. 

mention  tbe  tables  of  Callel,  atppeotype  edition,  and 
Bnrda.  as  very  comjiliite  and  very  conveniont. 

250.  If  WP  have  tlie  logaritlim  of  a  mimber  y  for  a  [larticulir 
value  of  o.  or  for  a  giarticular  base,  it  is  easy  to  obtain  the  logi- 
ritlim  of  0>e  Baniii  number  in  any  other  system.  If  wc  lian 
a*  =  y ;  for  another  baae  Jl,  wc  liavt  J»  =  y,  JT  being  rfiffcmit 
flrom  X ;  henro  we  AvAwx  Ji^  =:  a'.  Ttdting  tbc  logarithms  k- 
eordiog  to  tliu  systtrn  the  baac  of  which  in  u,  we  liave 

ni>wl(r'  =  aT  by  liypolhcsis,  nml  l./i»  =.n  J  (£ll);   tliererore 

XX't  —  XtUT  X=~:  hut  if  wc  consider  .tf  asabasc,  A"  will  be 

tttf!  logaritlim  of  y  in  the  system  founded  on  thin  ba.se ;  if  tba«- 
fore  wc  dcHigoatn  this  last  by  L^.  in  urdor  to  disUngaioh  itfron 
the  other,  we  have 

■'»=^. 

«nd  we  find  tlic  hfrarithm  ofy  »»  the  necowl  system,  by  dividittg  ib 
togarWna  lakm  in  the  first  b^  Uu  tvgimthm  ^  Ihe  base  if  tt 

The  preceding  equation  givra  also  ^  =  U ;  from  which  it  ii 

evident,  that  whatever  he  Ihc  number  y,  tlierc  is  hetwcwtbc 
logaritlims  I  y  and  Ltf,  a  ratio  invariably  i-eprcsentcd  by  U. 

351.  In  every  system  the  logarithm  of  1  is  always  0,  stmt 
whatever  be  the  value  of  a  we  have  always  a'  =  1.  As  lo^ 
rithuis  may  go  on  iiinreasini;  indetinitely,  tliey  are  said  to  be- 
come infinite  attbe  tjame  tinif  with  Ibe  coiTcsponding  numbecs; 

and  as,  when  y  is  a  fractional  number,  we  have  y  =  —  =£ s~','i 

ifl  evident,  that  in  pi-ojjortioii  as  y  becomes  smaller,  x  in  iU  ntpr 
tive  statv  beitnoes  greater,  but  we  can  never  assi^  fur  x  i 
number,  which  shall  lender  y  strictly  nothing.  In  this  sense  li 
is  said,  that //jj" /'ii'rt/-it/im  pJ  ~rri)  h  equal  la  an  infinite  negatixf 
qnantiiy»  as  wc  iinil  in  many  tables. 

252.  I  now  pi-iiceed  to  give  some  examples  of  tlic  use,  wbich 
may  be  made  of  i'lgarillinis  in  fmiling  the  numerical  ralueof 
formulas.  It  fulh'ws  fiiim  wiiat  is  said  in  art.  241,  aiul  froinAe 
definition  of  logarilbms,  by  >thich  wc  ai'e  furninhcil  with  lli> 
eijuatiun  a'^  =:  n,  tiiat 
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Applying  these  principles  to  the  formula 


Z 9 


Cy/IPEF 
which  is  Very  complicated,  we  find 


1  {A^  %/B^  —  C«)  =  1  [^»  V(l^  +  C)  {B—  C)]  c= 

2l^  +  |l(B  +  C)+|l(B— C), 
f 

ind  consequently 

\     C\/D^EF   / 
SlJl+|l(JJ  +  C)+|l(Z?— C)— iC— |1D  — jli  — |1F. 
If  we  take  tiie  arithmetical  complements  of  I C,  1 1  i>;  1 1 JK,  |  IF, 
designating  them  by  C,  ly,  E^,  F'y  instead  of  the  preceding  re- 
sult, wo  have 

SL\A  +  \\{B  +  C)  +  \\(B  —  C)  +  C'  +  I/  +  E  +  F', 
only  we  must  observe  to  subtract  from  the  sum  as  many  units  of 
the  same  order  with  the  complements,  as  there  are  complements 
takeiif  that  is  4.  When  we  have  foimd  the  logaiithm  of  the  pro- 
posed formula,  the  tables  will  show  the  number,  to  which  this 
logarithm  belongs,  which  w^ill  be  the  value  sought. 

U^.    liOgarithms  are  of  most  frequent  use  in  finding  the 
fourth  term  of  a  proportion.    It  is  evident,  that  if  a :  6  : :  c :  d  we 

have 

he 
d  =  — ,    whence    l(I  =  lb+lc  —  la: 
a 

that  is,  ihe  logarithm  of  the  fourth  term  sought  is  equal  to  the  sum 
tftheh^rithms  of  the  two  meanSf  diminislied  by  the  logarithm  of 
the  known  extreme,  or  rather  to  the  sum  of  the  logarithms  of  the 
means  plus  the  arithmetical  complement  of  the  logarithm  rf  the 
kmawn  extreme* 

ft54.  If  we  take  the  logarithms  of  each  member  of  the  equa- 
tion —  =  »,  which  presents  the  character  of  a  proportion,  we 

have 

lft_Ia==:lc{  — lc(252); 
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wbieoce  it  foUowBt  that  the  four  logariihrnii 

laAbilc.ld 
form  aneqnidiflferraice  (S2S). 
The  serieB  of  cquatioiiB 

abed 

bads  also  to 

lb_lasle— Usld— lc=:le— Id  kc 
and  hence  we  infer^  that  the  progression  by  qootienta^ 

H-  a :  A :  c :  d :  f  9  kc 
corre^onds  to  the  pn^gression  by  diflTerenceSy 

-^laAh  AeAd  ACf  kc. 
and  consequentty  the  logarithms  flf  numbeninprdgreukmkg  fn^ 
HenlSffarm  a  progression  fry  differmces. 

S55.  If  we  have  the  equation  fr*=C9  we  may  easily  n- 
sdve  it  by  means  of  logarithms  ;  for  as  1  fr*  is  equal  to  « IK 

le 
we  bare  %\b^lc,  and  consequently  »  =s  .-r*  The equatioi 

X 

br=zd  may  be  resolved  in  the  same  manner ;  making  c*  =  %  iw 
have 

b^'^^d,      ulb=ild,       u=TT*      ^^     ^=TT» 

again  taking  the  logarithms,  we  find 

*         (rsj  ^      —  *^ '  * 

In  this  last  expression,  11  fr  represents  the  logarithm  of  the  loga- 
rithm of  fr,  and  is  found  by  considering  this  logarithm  as  a  nam- 

K 

her.     Tlie  quantities  fr*,  fr^ ,  and  all  which  are  derived  from 
them,  are  called  exponential  quantities. 

Questions  relating  to  the  interest  of  monej/. 

256.  The  principles  of  progression  by  quotients  and  of  loga- 
rithms will  be  found  to  occur  in  the  calculations  relating  ts 
interest  To  understand  what  I  have  to  offer  on  this  subject  it 
must  be  recollected,  that  the  income  derived  from  a  sum  of  monqf 
employed  in  trade  or  in  executing  some  productive  work  will  be 
in  proportion  to  the  frequency  with  which  it  is  exchanged  is 
either  case.  Hence  it  follows,  that  he,  who  borrows  a  sum  of 
money  for  any  p\uvQ^)  ^sa^  ^x^xl  TvX^^rossiii^thia  uoioney  at  the 


Formuliu  relating  to  Merest.  SL57 

iration  of  a  given  time  to  allow  the  lender  a  premium  equiv- 
it  to  the  profitSf  which  he  might  have  received,  if  he  had 
ployed  it  himself.  Such  is  the  view  in  which  tlie  subject  of 
srest  presents  itself.  In  order  to  determine  the  interest  of 
r  sum,  we  compare  this  sum  with  100  dollars  taken  as  unity, 
ring  fixed  the  premium,  which  ought  to  be  allowed  for  this 
t  at  the  end  of  a  particular  term,  one  year  for  examjde.  I 
11  not  here  consider  those  things,  which  in  the  different  Icinds 
(peculation,  occasion  the  rise  and  fall  of  interest ;  this  belongs 
the  elements  of  political  and  commercial  arithmetic,  which 
•uld  be  preceded  by  some  account  of  the  doctrine  of  chances. 
r  object  in  what  follows  is  simply  to  resolve  certain  questions, 
ich  refer  themselves  to  progression  by  quotients. 
To  present  the  subject  in  a  general  point  of  view,  I  shall  sup- 
e  the  annual  premium,  allowed  for  a  sum  1,  to  be  represented 
r,  r  being  a  fraction  ;  it  is  evident,  that  the  interest  of  a  sum 
,  for  the  same  time,  will  be  lOOr,  that  of  any  sum  whatever 
ill  be  denoted  by  a  r ;  if  we  designate  this  last  by  «,  we  have 

91  =  ar. 
means  of  this  formu1a»  it  is  easy  to  find  the  interest  of  any 
1  whatever,  when  that  of  100  or  ofany  other  sum,  for  a  known 
e»  is  given ;  questions  of  this  kind  belong  to  what  is  called 
pU  interest, 

\57.  But  if  the  lender  instead  of  receiving  annually  the  inter- 
of  his  money,  leaves  it  in  the  liands  of  the  borrower  to  ac- 
Bulate,  together  with  the  original  sum,  during  the  following 
0*,  the  value  of  the  whole  at  the  end  of  this  year  may  be 
nd  in  the  following  manner.  The  oHginal  sum  being  a,  if 
add  to  it  the  interest  a  r,  it  becomes  at  the  end  of  the  first 

IT 

a  +  arz=:a(\  +r)» 
»w  if  we  make 

a(l+r)  =  a', 
!  intprest  of  the  sum  a'  for  one  year  being  afr,  that  of  the  sum 
1  +  r)  will  be,  for  a  second  year,  a  r  (1  -f  r)  ;  and  as,  at  the  end 
the  first  year,  the  principal  o,  augmented  by  the  interest,  be- 
iBes  a  (1  +  r),  the  principal  a!  amounts,  at  the  end  of  the 
i^nd  year  to, 

a'(l+r)=a(l+r)«=a". 
S3 
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If  tlic  lender  docs  not  now  wHhdniw  the  auth  a",  but  Ie«TM  IfW 
accumulate  during  a  thh-fl  year,  at  tlie  mH  of  tliU,  ft  wUI  become, 
I  according  to  what  prcccJcs, 

fl"(l+r)  =  aC'+0'  =  «"'- 
It  will  be  rcaiUly  perceivEil,  tliid  a'"  will  Iwcome  at  tUc  end  of  tbi 
fourtli  year 

«"'(l+r)  =  n(l+r)S 
and  w  on ;  and  tUat  ci>nw«|uently  tiic  sum  first  lt>ntf  and  Ibi 
ficvenil  »uni8  due  at  the  end  of  the  tirst,  s«:oDdi  third)  fburlhr  /u. 
years,  fumi  the  fiillawin);  progrc§Hian  by  tiuotienls ; 

Sil:a(l+r):a(l  +r)':aCi+r)»:fl(l+r)-':ftc. 
<if  which  tlic  quotient \s  I  +r,  and  the  general  term 

fl(l  +  r)-=^, 
the  number  n  representing  the  number  of  yeara^  during  Khid) 
the  interest  is  sufTorcd  to  accumulate. 

If  the  rate  of  interest  be  5  per  cent  for  example,  that  ix,  if  (vT 

1 00  dollars  during  one  year  105  dollars  are  paid  back ;  we  ban 

100r=5,     or    r  =  ^Jy  =  ,>,.     and     l+r  =  |i.         ' 

If  we  would  know  to  what  tbe  sum  a  amountiH  when  left  to  <& 

cumulate  during  35  yeara,  we  have 

n  =  25,     and     a  ( — ) 

instead  nf  the  oi  iginal  sum.  Tlie  25th  power  of  |^  may  be  euil; 
found  by  means  of  logarithms,  since  we  have  (352) 

I  (|i  j  "=  23  I J  J  =  25  (121  —  1 20)  =  0,5297382, 

(UV'=3,3B6    nearly,    J=S,S66a; 

and  hence  it  may  be  readily  seen,  that  1000  dollars  will  in  thji 
way  amount  at  cmnpound  interest  to  SS86  dollars,  at  the  end  </ 
aSyeara. 
If  ibe  sum  lent  were  for  100  years,  we  should  haw 


/2K1** 


13ia 


nearly;  tlins  1000  dollars  would  produce,  at  the  end  of  flit 
period,  a  sum  of  ISIOOO  dollars  nearly.  These  examples  will  ^ 
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mfkiBBt  to  show  with  what  rapidity  sums  accumulate  by  means 
of  compound  interest. 

258.  The  equation 

J  =  a(l+r)" 

gives  rise  to  four  questions ;  the  firsts  which  is  to  find  Jl,  when 
Oi  r  and  n  are  known^  presents  itself,  whenever  we  seeiL  the 
UMODtof  the  principal  at  the  end  of  a  numbern  of  years.  I 
Ittve  already  given  an  example  of  this* 

The  second,  ^ich  is  to  find  r,  when  a,  d  and  n  are  known, 
occurs  whenever  it  is  required  to  determine  tiie  rate  of  interest 
by  means  of  the  original  sum,  the  whole  amount  that  has  become 
dus,  and  the  time  during  which  it  has  been  accumulating ;  we 
have  in  this  case 


The  third,  which  is  to  find  a,  when  d,  r  and  n  are  known,  the 

lormula  for  which  is 

Ji 

lias  for  its  object  to  determine  the  principal,  which  it  is  neces- 
sary to  employ  in  order  to  be  entitled,  after  a  number  n  of  years, 
\o  a  sum  Ji. 

The  fourth,  which  is  to  find  n,  when  J9,  a  and  r  are  known, 
Iran  be  resolved  only  by  means  of  logarithms  (238,  252).  Tak- 
ing the  logarithm  of  each  member  of  the  proposed  equation,  we 

liave 

1  J=:la  +  nl(l  -fr), 
whence 

By  means  of  this  last  equation  we  determine  how  many  years 

the  principal  a  must  remain  at  interest  in  order  to  amount  to  a 

lum  Ji. 

To  illustrate  this  by  an  example,  I  shall  suppose  that  it  is  re- 

luired  to  find  the  time  in  which  the  original  sum  will  be  doubled, 

he  rate  of  interest  being  5  per  cent ;  wo  have 

«d  =  2a,    l.^=:la  +  l2, 
md  consequently 

—  I?.  —       ^g       _  0^010303  _ 
*  ""  If  j^ ""  1 21  —  i  20  "■  0,021 1893  ""      ' 

neariy. 
^59.  The  following  question  is  one  of  the  most  complicated, 
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thai  vre  meet  with  relating  to  this  subject  We  suppose*  that  flt 
lender  during  a  number  n  of  years,  adds  each  year  a  net 
sum,  to  the  amount  of  this  year ;  it  is  required  to  find  irint 
will  be  the  vsdue  of  these  several  sumSf  tog^er  with  the  oob- 
pound  interest  that  may  thence  arise,  at  the  expiration  of  tb 
term  proposed.  Let  a,  ft,  c,  d!,  • . . .  Ir,  be  the  sums  added  th 
first,  second,  third,  fourtli,  &c,  years  ;  the  sura  a  remaining  in  tk 
bands  of  the  borrower  during  a  number  n  of  years,  amounts  to 

0(1+0"; 
the  sum  b,  which  remains  only  n —  1  years*  becomes 

6(l+r)"-S 
the  sum  c,  which  remains  n  -—  2  years  only,  becomes 

c(l+r)-*, 
and  so  on ;  the  last  sum,  k,  which  is  employed  only  one  year*  In- 
comes simply 

fc(l+r); 
we  have  thcrcfoi'o 

•«  =  a(l+r)»+6fl+r)«-i  +  c(l+r)»-» +  ft(l+r). 

By  calculating  the  several  terms  of  the  second  member  s^ 
raiely,  we  obtain  the  value  of  Ji. 
The  operation  is  very  nmch  simplified  when 

a  =  6  =  c  =  d....  =  fc, 
for  in  this  case  we  have 

.i  =  a(l+r)''+fl(l+r)»-i+a(l+r)'«-«....  +  a(l+r); 
the  second  member  of  this  equation  forms  a  progression  by  quo- 
tients, of  wliich  the  first  term  is  a  (1  +  r),  the  last  term  a  (1  ^r)*! 
the  quotient  1  +  '*»  ^^^  ^^^  ^^^^  consequently 

we  have  tiiei*efore  in  t!iis  case 

r 
This  equation  gives  rise  also  to  four  questions  corresponding  to 
those  mentioned  in  connexion  with  the  equation 

.a  =  a(l+r)», 

260,  By  reversing  the  case  we  have  been  considering  we  miy 
represent  those  annual  sums,  or  sums  due  at  stated  intervals,  call- 
ed annuities;  here  the  borrower  discharges  a  debt  with  the 
inteiTst  due  u|)on  it  by  diflerent  payments  made  at  regular 
periods,    Thc^c  payments,  made  by  the  borrower  before  the 
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Mt  in  question  is  discharged,  may  be  considered,  as  sums  ad- 
vanced to  the  lender  toward  the  discharge  of  the  debt,  the  value 
[>f  which  soma  will  depend  upon  the  interval  of  time  between  the 
payment  and  the  expiration  of  the  annuity.  Thus,  if  we  i-epre- 
seut  each  sum  by  a,  the  first  payment,  which  wUl  take  place 
a— 1  years  before  the  expiration  of  the  term  of  the  annuity, 
nicrred  to  this  time,  is  worth  a(l+r)"*^;  the  second,  re* 
fcrred  to  the  same  epoch,  is  worth  only  a  (1  +  r)"*^;  the  third, 
a  (1  -f  r)"-^,  and  so  on  to  the  last,  which  amounts  only  to  the 
value  of  a.  But  on  the  other  hand  the  sum  lent  being  repre- 
sented by  Ji,  will  be  worth  in  the  hands  of  the  borrower,  after  n 
years,  Ji  (1  -fr)",  which  must  be  equal  to  the  amount  of  the  sev- 
eral payments  advanced  by  him  to  the  lender ;  we  have  therefore 

or  taking  the  sum  of  the  progression,  which  constitutes  tlie  se- 
cond member 

^ (I  +  r)»  =    ^^    \^ =^, 

an  equation,  in  which  we  may  take  for  the  unknown  quantity  suc- 
cessively, the  quantity  w9,  wliich  I  shall  call  the  value  of  tlie  an- 
nuity, because  it  is  the  sum,  which  it  represents,  the  quantity  a, 
which  is^  the  quota  of  the  annuity,  the  quantity  r,  which  is  the 
rate  of  interest,  and  lastly  the  quantity  n,  which  denotes  the  term 
of  the  annuity.  In  order  to  find  this  last  we  must  have  recourse 
to  logarithms.    We  first  disengage  (1  +  r)*,  which  gives 

then  taking  the  logarithms,  we  have 

iil(l+r)=la— l(a-— .ar), 

whence 

la—\(a—Jir\ 
n  = p-^ — /. 

1(1 +  f) 

S61.  To  give  an  instance  of  the  application  of  the  above  for- 
mulas, I  shall  take  the  following  question. 

nfind  what  sum  must  be  paid  annually  to  caned  in  12  years  a 
iAt  of  100  dolb.  with  iJie  iMerest  during  tliat  time,  the  rate  tf  in- 
terest being  5  per  cent. 

In  this  example  the  quantities  given  are 

J=100,     n=12,     r  =  l. 
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and  the  annaitj  a  is  required  to  be  found ;  raolFing;  ttie  equKtui 

with  reference  to  the  letter  a,  we  have 

£ra+£l« 

(i  +  r/— r 

The  values  of  the  letters  Jl,  r  and  n,  are  to  be  substituted  in  tUi 
expression ;  and  it  will  be  found  most  convenient  in  the  first  plaoi 
to  calculate,  by  the  help  of  logarithmsy  tiie  quantity  (1  +  rf^ 
which  becomes  (|^)^'  ;  and  I 

(«^)i>  =  1,79586. 
By  means  of  tliis  value  we  obtain 


_  100 .  j^ .  1 ,79586  _  5 . 1,79586 , 
^""     1,79j86— 1     ""   0,79j86    ' 


and  determining  tlie  values  of  this  last  expression  either  directly 
or  by  means  of  logarithms,  we  find 

«=  11,2826  5 

an  annuity  of  11,28  dolls,  therefore  is  necessary  to  cancel  in  \% 
years  a  debt  of  100  dolls,  the  i*ate  of  interest  being  5  per  cent. 

262.  1  am  prevented  from  entering  into  further  details  on  this 
subject  by  the  liniit-j  I  have  pivscribed  myself  in  this  treatise  ;  I 
will  mereir  add  then  fore,  that  in  order  to  compai*e  the  values  of 
diffei^ent  sums,  as  they  concern  the  person,  who  pays  or  receives 
them,  they  must  he  redui^cd  to  the  same  epoch,  that  is  we  must 
find  what  they  would  amount  to  when  referred  to  the  same  date, 
A  hanker,  for  instance,  owes  a  sum  a  payable  in  n  years  ;  as  aa 
equivalent  he  .i^ives  a  note,  the  nominal  value  of  which  is  repre- 
sented by  ^,  and  which  is  payable  in  p  yeai's,  the  first  sum,  at  the 

time  the  note  is  ffiven,  Is  worth  only ,  because  it  must 

•   (1  -fr)» 

he  considered  as  tlic  original  value  of  a  principal,  which  amounts 
to  a  at  the  expiration  of  n  years ;  llie  sum  ft,  for  the  same  rea- 

son,  is  worth  at  tlic  time  the  note  is  erivcn r- ;  thcdiffer- 

(«  +  »•)'* 

ence 

a  b 


(l+i')"        (l+r)/> 
rei)resents  therelort',  acconlin.:^  as  it  is  positive  or  negative,  what 
the  hanker  ought  to  give  or  receive  by  way  of  balance  :  if  this 
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balance  is  not  to  be  paid  until  after  a  number  of  years  denoted 
by  9>  c  representing  its  value  at  the  time  the  exchange  is  made^ 
'  it  will  amoont  at  the  expiration  of  this  term,  to 

c(l+r>; 

•0  that  it  will  be  equivalent  to 

The  several  sums  a,  ( ^,  in  art.  259,  were  reduced  to 

the  time  of  tlie  payment  of  the  sum  w9,  and  in  art  260,  each  of 
the  payments,  as  well  as  tlie  stim  Af  was  referrefl  to  the  time, 
when  the  annuity  was  to  cea.sc. 


I 


■         ? 


t- 


NOTE. 


(PI89  81.) 


articles  66  and  75  I  have  laterpreted  the  negative  'solutions  by 
anBimtion  of  the  equation,  which  they  immediately  verify,  as  I 
dgiie  before,  and  this  method  appeared  to  me  always  exact,  as 
dtgBCt  is  nerely  to  show,  that  these  solutions  have  a  rational 
sinoe  they  resolve  questions  analagous  to  the  one  proposed  I 
there  are  often  several  ways  of  forming  these  questions,  and  the 
which  was  communicated  to  me  by  M.  Fran^ais,  a  distin- 
geometeri  Professor  at  the  School  of  Artillery  of  Mayence, 
to  me  more  umple,  than  that  given  in  these  Elements. 
^  He  thinks,  that  we  ought  to  leave  out  of  the  enunciation  of  the 
tastion  of  art.  65  the  idea  of  the  departure  of  the  couriers,  and  to 
!|^Kise.  Aem  to  have  been  travelling  from  an  indefinite  time ;  the 
icstion  then  woald  be  stated  thus.  Two  couriers  travel  the  same 
mU  M  the  mrnie  direction  C  ABC  (page  70)  ;  after  they  have  pro- 
ffiedf  each  a  certain  time^  one  finds  himself  in  A  ht  the  instant  that 
)m  eiher  is  in  B^  their  distance  and  rate  of  going  are  known  ;  iti$ 
^ked^  sit  v^iot  point  of  the  route  they  wtU  encounter  each  other.** 

This  enunciation  leads  to  the  same  equation,  as  that  of  art  ^5 ; 
fet  ^  die  continuity  of  the  motion  being  once  establ'ished,  the  negative 
dvtion  admits  of  an  explanation  without  the  necessity  of  changing 
be  direction  of  one  of  the  couriers.  Indeed,  since  their  motion  does 
let  cominence  at  the  points  w9  and  J9,  but  botli,  before  arriving  at 
kese  points,  are  supposed  to  have  been  going  in  the  same  manner  for 
m  indefinite  time  from  C  toward  J9,  it  is  easy  to  conceive,  that  the 
fsnrier,  who  at  this  point  is  in  advance  of  the  one  at  Jij  who  travels 
lower,  must  at  a  certain  time. have  been  behind  him  and  have  over- 
men him  before  his  arrival  at  the  point  w9.  The  sign  — « then  indi« 
■tes  (as  in  the  application  of  Algebra  to  Geometry)  that  the  distance 
I JP  is  to  be  taken  in  a  direction  opposite  to  Ji  R,  which  is  regarded 

s  positife*    The  change,  to  be  n&ade  in  the  enunciation,  to  render 

S4 


Ue  ne^tive  soluHon  positive,  ia  reduced  tn  supposing,  (hat  the  I 
counera  must  liave  come  together  before  their  arrival  at  the  point, 
iDStead  of  it8  taking  place  afterward." 

Indeed,  when  we  place  tlie  point  R'  hetweeo  J  tnd  C  instead 
putting  it  between  J  and  B,  we  find  A  B=  BR' — Jff',  wheQcei 
suits  tlie  equation  y  — x  =o,  instead  of  a?  —  y=  a,  which  wefii 
obtained;  and  there  is  no  need  of  changing  the  t'lgu  of  c,  the  seui 
equutiun   remaining  _  =  ^ 

M,  Fraiifais  applies  not  less  happily  tlieM  considerations 

I  cane  of  art,  75,  by  subKtituting,  for  the  couriers,  moveable  bodiJ 

■u'ljected  tna  continued  motion  commencing  from  an  indefinite tiai 
He  enuoeiatee  the  problem  thus.  "  Two  movrabU  bodies  are  c«ii(| 
un^armii/ in  a  str/iighl  line  C  ^  {fage  HO)  ime  in  the  iiireflia»H 
end  the  other  in  the  direction  C  B  wiih  given  velotilit*  ;  that,  viit 
is  carried  in  the  first  direction,  i$  found  in  B,  a  knottn  nnvthm 
h'lUTS  before  the  other  has  arrived  at  A;  »(  m  eul-ed  at  what  pmit \ 
the  iadfflnite  tlraight  line  B  C  their  meeting  take*  plate  f 

The  solution  x  =  — Jg""^  implies,  that  the  two  moveable  WfJ 

met  at  the  point  It,  before  that,  which  ia  carried  from  C  towanltf 

^  had  reached  the  point  Jl,  and  tliat  the  second,  which  moves  fnrnl 

"  towards  C,  was  at  the  point  C,  wliere  he  is  found  when  (he  otherin! 

I  the  point  JI." 

' '  The  position  assigned  to  the  point  R,  verifies  itself  by  obserraj 

that   there    results   from  it  J  C  =  B  C— J  fl=- erf  —  o,  instead  rf 

Q  +  erf,  as  first  obtained  (page  80,)  and  consequently '—  =  — — 1 

an  equation  which  gives  or  =  46. 

In  this  manner  there  is  no  change  to  be  made  in  the  ilirectiocofi 
the  motion  ;  indeed  there  is  a  difference  in  the  circumstances  of  tht, 
problem,  and  as  I  said  before,  thiN  ])roves,  that  there  are  several  pli,^t- 
■cal  questions  corresponding  to  the  same  mathematical  relations.  Bit 
the  enunciations,  here  given,  have  the  advantage  of  not  breatEing  (be 
law  of  continuity,  and  this  is  derived  from  the  consideration  of  linM, 
which  represent,  in  a  manner  the  most  simple  and  general,  the  dr. 
cumstances  of  a  change  of  sign  in  magnitudes.  (See  the  Elemtn^sTj 
Treatiat  of  Trigonometry  and  .ipplieation  of  Algebra  to  Geometr-f.) 


NOTE. 

(page  185.) 
It  mBj  ite  ihov^t  timt,  in  order  to  discover  th^  rojrifi  Qf  alO j  ^ua- 

itwouM  be  sufficient  to  cpmpare  it  with  the  pr^nct  of  article  183, 
ifceeiiip^  to  pat  equal  to  each  other  the  quantities  b^  which  the 
flOM  power  of  x  is  multiplied ;  and  it  is  in  this  manner  that  most 
^lioieiitaiy  writers  think  to  demonstrate,  that  an  equation  qf  any 
i^gru  whaUter  i^  the  profuet  ^  a$  many  nmfk  factorsj  as  there 
mra^mUMimlke eocftmmJt  of  iU  A^gree.  It  will  hesf^fu  by  whft  fol- 
ymOf  Ait  4he  reasoning  by  which  this  is  i^ttempted  t^  !^  proved,  is 
Moelm.  We  steted  the  proposition  ivith  quali$catiqn  in  article 
IM^  baciMe  it  is  necessary,  in  ord^  to  establish  it  uQconditionally, 
that  an  equation  of  whatever  degree  hap  fi  root,  rf»l  or  imagi- 
spfaich  is  not  easily  done  in  #n  elementary  work,  and  which 
happily  is  not  necessary.  Some  xemarks  f  dating  to  tbi$  subject  may 
be  foaadiB  the  Bn^^plmeiU. 
By  tonning  the  equations 

—  a— 6  — c  — rfs=p 
ab  +  ae  +  ad  +  he  +  bd  +  cdssq 

—  abC'^abd — acrf— ftcrf  =  r 

ahcd  sa8 

m  order  to  deduce  from  them  the  value  of  the  letters  a»  6,  c,  i,  the 
footo  of  the  proposed  equation,  the  calculation  would  be  rery  com- 
plieated,if,in  the  determination  of  the  unknown  quantities  a,  ft,  c,  i, 
we  adopt  the  method  of  article  78 ;  but  if  we  multiply  the  first  of  the 
above  equations  by  a',  the  second  by  a*,  the  third  by  a,  and  add 
these  three  producte  to  the  fourth,  member  to  member^  we  shall  have 

'^a^ssipa^  +qa^  +  ra  +  s, 
fion  which  we  derive,  by  simple  transposition, 

a*  +pa*  +  5ra»  +  ra  +s  =  0. 
This  equation  contains  only  a,  but  it  is  entirely  similar  to  the  one 
proposed.    The  difficulty  of  obtaimng  a  therefore  is  the  same  as  that 
of  obteining  x. 

35 
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"Thus,"  ssTS  Casfillon  (Mfem.  de  Berlin,  annie  1789)  "it  is 
shown  in  every  work  on  algebra,  that  an  equatiuu,  of  any  ilcgree  we 
please,  is  rormecl  of  several  simple  biaumials,  but  it  is  nol  so  evident 
that  an  equation,  formed  by  the  mullipli  cation  of  several  simple  bi- 
noiniils,  can  have  such  coefficients  05  we  please," 

If  instead  of  multiplying  the  three  first  equations  in  a,  b,  e,  d,  by 
a',  a* t  and  a  respectively,  we  multiply  them  by  6*,  6*,  and  ft,  or  by 
c',  c*,  c,  or  byij',  i',rf,  and  add  the  products  to  the  fourth  equa- 
we  sh:  e  in  the  first 

—  b*=pbi  +  qb'+rb  +  gy 

~e*  =  i  +  rc  +s, 

—  rrf  +  sj 

,  itfollotvL      .V  ..c  ted  to  the  same  equation  in 

ase  of  Ihpf       £,&'  c<        e  quantities  n,  ft,  c,«/,  being 

mat  ...  .  [juation,  it  is  not  ro  be  sop- 

I  uui         3  den  J  t^"  a  different   operation  from 

ul  the  I       rs'  and  neral>  if        [he  investigation  of  several 

lown  Fti  ^.i   obliged   <.a  employ    for  each  the  same 

reusKuings,  me  same  operations,  and   the  same  known  quantities,  all 

tbese quaotities  witL oeceaaanly  be rootsof  the  same  equatisn. 


EBBATA  IK  THE  EXEBffEHTS  07  AXGEBBiu 

Page  29  Koe  9  from  the  bottom,  for  ^  d  e  instead  of  e  i/  read  e  d  in- 
wUtAjd  de. 

5l9Jine8     '«        «   for  ^abedef^^  read  aheedf. 
St        1£  from  the  top/or  ^  letters   are  considered  only'  read 
EOmbers  are  not  considered. 

68        19  "         /or  <  +  a.'^read  +  h. 

78         1  ^<         for  *  does  not  differ,'  read  differs, 

«  r  *«         /or* +»<+,' reflrf  ==  =.. 

90        SO  «         for  <  50000/  rearf  150000. 

126         5  «         /or '  1590/  read  1490. 

«  «  <•  <  1740/    "     1750. 

129       21  «         /or  *  6«  c»  d»/  rearf  6*  c^  rf«. 


QUESTIONS  FOR  PRACTICE 


Vf  UlCBOIX'S  AI.6BBR4. 


L  JUdUion,  Jir%  18. 

^*     Add  the  quantities  X -(. y  9S  +  42 «— 29 a: •« y 9(  —  9, 

Jins.  33  —  38  a;. 

^--    Addl47a  +  23ft  — a— ib+So. 

Ms.  148  a  +  22b. 

^^  Addlla  +  llafr+.llaftc— 11  a  +  aft  — 11  aic. 

Jns,  12  a  ft. 

^^  Add 43 0-^27  0  —  20a +  7 c—  61  ft  — 21  a +  57^  + 20c 

^ns.  Si  a  —  4  ft. 

^.  Adda  +  9d4.a— 7c+8a: — a  +  6d  +  6c— 7a;  — 14d. 

Ms.  a  —  c+d-f-a;. 

^.   Add7aftc+    aft  +  5  c*— aftc  + 21a;  +  9c — Q7xy  + 
^  c^ftc  +  lOa;  —  93»  +  10ft4-31a;-*.2aft  —  c  +  5xy — abc  + 

Ms.  13aftc  +  4aft  +  ldc  +  10ft-(.52a;— <22xy— i60i^ 

IL  SiMraction,  Art.  20. 

7.  From        6  a;  —  8  y  +  3 

subtract    2  as  +  9  y  —  2.  ,  Am.  4  a:— - 17 y  +  5. 

8.  From  5a;y — 8 

subtract    — 3a;y  +  l.  .Au.  8a;y  —  9. 

9.  Fi*om        4a;y — x+xy 

subtract    2a;y  +  2+a;y.  Ans.  Qxy — x  —  2. 

10.  From        5a;4-a:  —  8 — 4ft 

subtract    6a;  —  io  +  4ft  — a;.  .tfns.  2+a;— 8ft. 

11.  From        148 a +  47 aft — 23afte  +  1 — x 
subtract      99a— 47aft—   8aftc — 2-f.4a;. 

Jins.  49a  +  94aft— .15aftc  +  3  —  5x. 


IS.  Fkmb        7b  —  Sc  +  SS6xy~~4Sb  +  inc  +  a 
bUbtract     —  500  6  —  22  B  —  87  ar  y  +  7  C. 

Am.  484  (»  +  23a  +  n0c  +  413a:j. 

UL  Ja»ltiplicatim,  Art.  32. 
IS.  Multiply  12 ax  by  3a.  Ans.  iGa'x. 

14.  Multiiily  Sxy  —  s+Zxyx  byxy. 

A)is.  3 a:»  y»  —  exy  +  2x*y*z, 

15.  Multiply  I2ar"— 4j/»  by— 2a;». 

Ans.  —  24  **  +  S  a:^  y*. 

16.  Multiply  x^ +x' y  +  xy* +y'  hyx  — y. 

Ana.  X*  —  y*. 

17.  Multiply  x*+xy  +  y*  by  x" — a;y  +  y*. 

.ana.  X*  +x'y*  +y*. 
IS.  Multiply  Sx*  —  2xy  +  5  bya*  +  2ay  —  3. 

Avs.  3x*  -i-ix'  y  +  \4x*  — 4x'  y*  +  I6xy-~t5. 

19.  Multiply  Sx*+Zx*y'  +3y*  by2x>  —  5x'  y'  +5y', 

Avs.  6x'  — 5  a:*  y*  +21  x' y^  —  6x*<;*  +x*  y*+  15  y*. 

IV.  Dtvinm,  .tfri.  46. 
30.  Divide  lOa'  y—  15  y*-^  5y  by  5y. 

Ans.  Sx*  —  3 y —  1 . 
21.  Divide  3  a*  — 15  +6  a  +  3  6  by  S  a. 


22.  Divide  6a:*  — 96  by  3a:— G. 

Ans.  2  ar*  +  4  a;'  +  8  a:  +  16. 

23.  Divide  48a:' — 76fla:»  —  64a»a:  +  103a»  bySx  —  Sa. 

A^.  24 X'  —  Soa:' — Sfla*. 

V.  Seduelum  of  Fractums,  Art,  50  and  52. 

24.  What  is  the  greatest  common  measure  of  ~ j—  I 


f    _  £5.  What  is  te  ffreatest  cemnum  iMMire  nit  ^ — ; —  ? 

Jins.  X  +  1. 


a?*  — V* 


JS6.  What  ifl  the  greatest  cemmon  divisor  of  -^ — ^  7 

a?*  — y* 

Ms.  as*  — y*. 
ar*  ftedace  -^ — 5—-  to  its  iowe^  lerms. 

Jm8.  X*  ~  t*  gr.  c  d.  and     ^  ■  kMst  terms. 

5M.  Bfldace  ^,  ^  .T  >    «  .^ — r-T-nk  to  its  lowest  terms. 
Aa.  a-fa?y.c.d>ana   ^^*, '*"^f-.^  ^  lowest  terms. 

S    2  JP  ^  X 

89.  Bednce  —9  —  and  a  -{ to  equivalent  fractions  having 

a  comoM  temminator. 

9a    Sa»  _,    12o»  +  g4ar 
Ida'   Ida  Ik  a 


dO»  Bedace  ^9  -^  a»d  — ^ — to  fractions  having  a  common 
denominator. 

Oor-f^o'      6a?  +  6a  6jp4-6a^ 

31.  Bedore  r-.  9  :r-  &nd  —  to  fractions  having  a  common 
denominator. 

^        2a*  ft  2a*  c       ,  4a'  d 

•ans.     .    .  ,  -T— T-  ***d  -7—7- 
4  a*     4  a*  4  a* 


YI.  MdHplicalian  and  Dimim  of  Fradiom,  Jirl.  51. 
32.  What  is  the  product  of  ^  and  ^^  ? 

*  a  a  -t"C 

•91m.       >    , . 

a*  +ac 


S3.  Wh>t  is  (be  prodncl  of  — ,  —  and  li?  1 
He  26 

A 

M.  Wliat  is  the  pi-ojmt  of^'~''  and  "^  ^ '' ! 


S5.  Wliat  is  the  quotient  of  %  divided  by  -^  J  Ant.  \\, 


JM,.  i±i.   < 
37.  "Wliat  ia  the  quotient  of    ,  '^V^— *  -v.  divided  by 

-£.-ir'  •»«•  *+.7- 


yif.  .Sdififton  and  SnJttradvm  of  FrnetioTU,  .4rf.  53. 
£a-  — 3 


38.  Adda:+^^  to3x+- 


39.  Add  ~,  ^,  and  ^£±i  tosether. 

Ais.  g^ ^  ^    .-  j- 

40.  Add  together4  x,  ^,  and  2  +  ^> 

I58x        „  23jc 

41.  Rwin  '^■7"''  subtract-^.  Jns. 

42.  From  ~  subtract  - 


45 

Ad 


43.  From  Sx+j  subtract* 


5 

VIIL  FrMems  in  Simple  EquaiionSf  Jh^L  82. 

44.  In  5x  —  15  =  2  a:  +  6  to  find  the  value  of  or. 

Jlns,  07  =  7. 

45.  In  3  y  — 2  +  24  =  31  to  find  y. 

Jhu.  y=::3. 

46.  In  the  equations     J^    4-89  =  31  and  ^  ^    +  10  a?  =s 

192  to  find  X  and  y. 

•^n9.  0?  =  19  and  y  =  s. 

47.  Out  of  a  cask  of  wine,  Dvhich  had  leaked  away  one  third, 
SI  gidlons  were  drawn,  and  then  being  gauged  it  was  found  to 
lie  half  full :  how  much  did  it  hold  ?  Ms.  126  gallons. 

48.  What  two  numbers  are  those,  whose  difference  is  7  and 
sum  33?  ^ns.  13  and  20. 

49.  What  number  is  that  from  which  if  5  be  subtracted,  tWb 
thirds  of  the  remainder  will  be  40  ?  Jns.  65. 

50.  At  a  certain  election  375  persons  voted,  and  the  candi- 
date chosen  had  a  majority  of  91  votes :  how  many  voted  for 
each  candidate  7  Jhis.  233  for  one,  and  142  for  the  other. 

51.  A  post  is  ^  in  tlie  mud,  |  in  the  water,  and  10  feet  above 
the  water :  what  is  its  whole  length  ?  Ms.  24  feet. 

52.  A  man  arriving  at  Paris,  spent  the  first  day  ^  of  the 
money  he  brought  with  him,  the  second  day  ^,  and  the  third 
day  If  after  which  he  had  only  26  crowns  left :  how  much  did 
he  have  on  arriving  at  Paris  ?  Ms.  120  crowns. 

53.  A  horse  said  to  a  mule,  if  I  give  you  one  of  my  sacks  we 
shall  be  equally  loaded,  if  I  take  one  of  yours  I  shall  have  twice 
as  much  as  you :  how  many  sacks  had  each  7 

.9ns.  The  horse  7  and  the  mule  5. 

54.  A  man  being  asked  how  many  crowns  he  had,  replied,  if 
you  add  together  a  half,  a  third  and  a  quarter  of  what  I  have, 
the  sum  will  exceed  the  number  of  crowns  I  have  by  one :  what 
was  the  number  ?  Ans.  12. 

55.  A  privateer  running  at  the  rate  of  10  miles  an  hour  dis- 
covers a  ship  18  miles  off  making  way  at  the  rate  of  8  miles  an 
hour :  how  many  miles  can  the  ship  nm  before  being  overtaken  ? 

Ms.  72  miles  or  9  hours. 


56.  A  hire  is  50  kips  before  a  ftrey-lMMnd  and  tikes  4  leaps 
to  tlie  grey-boand's  5 ;  but  two  of  the  grey-houad's  leaps  air  ai 
much  as  three  of  the  hare's :  how  many  leaps  most  the  grey- 
bound  take  to  catch  the  hare  ?  Au,  SOO. 

57.  A  person  being  asked  liis  age,  replied,  that  |  of  his  age 
multiplied  by  -^j  of  his  age  would  give  a  product  equal  to  hii 
age :  what  was  his  age  ?  Jht$.  16. 

58.  A  person  has  a  lease  for  99  years  ;  and  being  adLed  haw 
much  of  it  was  already  expired,  answered,  that  two  thirds  of  the 
time  past  was  equal  to  four  fifths  of  the  time  to  come :  what  was 
the  time  past  ?  Jns.  54  years. 

59*  There  is  a  fish  whose  tail  weighs  9lb8.f  his  head  weighs 
as  much  as  his  tail  and  half  his  body,  and  his  Iiody  waighs  as 
much  as  his  head  and  tail :  what  is  the  whole  weight  of  the  fish  2 

•Sni.  7£lb& 

60.  There  is  a  certain  number^  consisting  of  two  digits^  the  aaai 
of  which  digits  is  5 ;  and  if  9  be  added  to  the  number  itself  the 
digits  will  be  inverted  :  what  is  the  number  ?  Jas.  A5. 

61.  A  person  found,  upon  beginning  the  study  of  bis  pro- 
fession, that  I  of  his  life  hitherto  had  passed  before  he  com- 
menced his  education,  ^  under  a  private  teacher,  •}  at  a  pub- 
lic school  and  four  years  at  the  university :  what  was  his  age  i 

Jhis.  21  years. 

m 

62.  To  find  a  number  such,  that,  whether  it  be  divided  into 
two  or  three  equal  parts,  the  continued  product  of  its  parts  shall 
be  equal  to  the  same  quantity.  Jtns.  6|. 

63.  A  person  has  two  horses  and  a  saddle  worth  501. :  now  if 
the  saddle  be  put  on  the  back  of  the  first  horse,  it  will  make  his 
value  double  that  of  the  second  5  but  if  it  be  put  on  the  back  of 
the  second,  it  will  make  his  value  triple  that  of  the  first :  what 
is  the  value  of  each  horse  ? 

Ms.  one  sol.  and  the  other  40/. 

64.  To  divide  the  number  90  into  four  such  parts  that  if  the 
first  be  increased  by  2,  the  second  diminished  by  2,  the  third 
multiplied  by  2,  and  the  fourth  divided  by  2,  the  sum,  difference^ 
product,  and  quotient  shall  each  equal  the  same  quantity. 

Ans.  The  parts  are  18^  22^  10,  and  40. 


65.  By  his  will  a  father  disposed  of  his  property  as  follows, 
ttunelyy  to  his  oldest  son  be  gave  100  dollars  of  the  property 
and  a  tenth  part  of  the  residue ;  to  the  second,  £00  duUars  and 
a  tenth  part  of  the  residue  ;  to  the  third,  SOO  dollars  and  a 
tenth  part  of  the  residue ;  and  so  on  to  the  last,  always  in- 
creasing the  sum  first  paid  out  by  100  dollars.  It  appeared  that 
the  portions  of  all  the  children  were  alike.  Required  tlie 
valae  of  tlie  property,  the  number  of  children,  and  the  portion 
of  each  child. 

Jins,  The  estate  was  8100  dollars,  the  children  9,  and  the  por- 
tion of  each  900  dollars* 

66.  Of  a  battalion  of  soldiers,  |  are  on  duty,  \  sick,  and  ^  of 
fke  residue  absent ;  and  there  are  48  officers  :  what  is  the  num- 
ber of  persons  in  the  battalion  7  ttfns.  800. 

67.  A  and  B  have  the  same  income  ;  A  is  extravagant  and 
contracts  an  annual  debt  amounting  to  4-  of  his  income  ;  but  B 
lives  upon  |  of  his ;  at  the  end  of  10  years,  B  lends  A  money 
enough  to  pay  off  his  debts,  and  has  1601.  to  spare  :  what  is  their 
income?  Jns,  280/« 

68.  A  person  passed  |  of  his  age  in  childhood,  ^  in  youth, 
^  and  5  years  besides  in  matrimony,  at  the  end  of  which  time 
he  had  a  son,  who  died  4  years  before  his  father,  and  reached  on- 
ly half  his  father's  age :  at  what  age  did  the  father  die  ? 

Ms.  84. 

69.  A  shepherd,  driving  a  flock  of  sheep  in  time  of  war, 
meets  with  a  company  of  soldiers,  who  plunder  him  of  half  his 
flock  and  half  a  sheep  over ;  and  he  receives  the  same  treatment 
from  a  second,  third,  and  fourth  company,  each  succeeding  com- 
pany plundering  him  of  half  the  flock  die  last  had  left  and  half 
a  sheep  beside,  insomuch  that  In  the  end  he  had  only  8  sheep 
left :  how  many  sheep  had  he  in  the  beginning  ? 

Ans.  143. 

70.  A  person,  fifteen  years  after  he  was  married,  being  asked 
the  age  of  himself  and  of  his  wife  at  the  time  of  their  marriage, 
replied,  that  he  was  then  thrice  as  old  as  his  wife,  but  that  now 
lie  was  only  twice  as  old  :  what  were  their  ages  7 

Jtns.  He  was  45  and  she  15. 
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